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After completing this chapter you should be able to
simplify expressions and collect like terms

apply the rules of indices

multiply out brackets

h W IN=

factorise expressions including quadratics
5 manipulate surds.

This chapter provides the foundations for many aspects of

A level Mathematics. Factorising expressions will enable

you to solve equations; it could help sketch the graph of a
function. A knowledge of indices is very important when
differentiating and integrating. Surds are an important way
of giving exact answers to problems and you will meet them
again when solving quadratic equations.

Algebra and functions

1.618 >

Did you know?
...that the surd

V5 +1
2
is a number that occurs both in nature and the arts?
It is called the ‘golden ratio’ and describes the ratio
of the longest side of a rectangle to the shortest. It
is supposed to be the most aesthetically pleasing
rectangular shape and has been used by artists and
designers since Ancient Greek times.

~ 1.618

| The Parthenon, showing the

4 ‘golden ratio’ in its proportions. g
N i s



CHAPTER 1

1,1 You can simplify expressions by collecting like terms.

Simplify these expressions:
ad3x+2xy+7—-x+3xy—9
c 3(a+b? —2(3a - 4b?)

a dx+2xy+7—x+3xy—29

b 3x2—6x+4—2x*2+ 3x—3

Rewrite the expression with the like terms

=2x—x+ 2xy+ 3xy+7-—9 J next to each other.
v [v4

+7-9=-2

=2x+D5xy—2

b 2x2—06x+4—2x>+3%x—3

=3x2—2x°—6x+3x+4-—3

3x2 and 3x are not like terms:
3x2=3XxXx 3x=3Xx
1x2 is written as x2.

=x?—2x+1

c 3(a+t+ b)) —2(33 — 4b%) .

Multiply the term outside the bracket by

=33+ 32— 6a+ B

= —3a + 11b*

Simplify these expressions:

1) 4x— 5y +3x + 6y

3 3m—-2n—-p+S5Sm+3n—6p
5 7x%—2x%+ 5x%— 4x?
1_i 7 Sx?+4x+1-3x2+20+7

X 9 3x2-5x+2+3x2—-7x-12

- L 11 2x2+3x+1+23x>+6)

Lo 13 2Gx2t4x+5) -3 -2x-3)

15| 4(a+b+30) —3a+2c

5—-3x2%2+ 2x — 5) + 3x?

10

12

14

16

18

both terms inside the bracket:
—2X3a= —6a

—2 X —4b? = 8b?

So —2(3a — 4b?) = —6a + 8b?

3r+7t— 5r+ 3t

3ab — 3ac + 3a — 7ab + Sac

4m?n + Smn? — 2m*n + mn® — 3mn?
6x%+ 5x — 12+ 3x> - 7x + 11

4c2d + Scd? — ¢2d + 3cd* + 7¢3d

4(a + a?b) — 3(2a + ab)

7(1 —x%) + 3(2 — 3x + 5x2?)
4(c+3d*) - 32c + d?)

(”2+ 32+ 9) — (272 + 32 — 4)




Algebra and functions

1,2 You can simplify expressions and functions by using rules of indices (powers).

B g" x g"=gmtn .

a"+a'=a"™"

(am)n = gmn
1
a—m —_——
am
_1_ _
am=\a The mth root of a.
a_r:l? = Va"

Simplify these expressions:
a x2xx° b 2r2 X 378 c b*+Dp
d 6x3+3x° e (a*)? X 2a? f (3x?)3 + x4

a x2Xx°

— x2+5 Use the rule a™ X g" = a™*" to simplify the
. index.
=X
b 2r>X3r? . . :
oo Rewrite the expression with the numbers
=2X5XreXr together and the r terms together.
_ 2+3 2X3=6
= Gr°
c br=pte Use the rule @” = a" = g™ "
— b4—4
=p=1" Any term raised to the power of zero = 1.
d _6x°+3x"°
:6+5><x_5+x_5 x 3= xS=x3"5=yx2
=2 X x?
= 2x?
e (2°)?X2z° Use the rule (a™)" = a™ to simplify the index.
a’x2a’?=1Xx2Xa®x a?
= a° X 24° —2 % gb+2
=2 X a°X g°
=2 X g6%2
=24°
£ (3x%)° = x* Use the rule (a™)" = a™ to simplify the index.
= 27x° + x*
=27 =1 X x8 = x*
=27 X x°~* -

= 27x%
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Simplify these expressions:
1 %3 Xuxt

4p* = 2p

k3 - k*Z

10x5 + 2x~3

(2a%)? + 2a3

2a74 X 3a>®

9x% X 3(x?)3

15 7a* X (3a*?

17 243+ 3a®> X 6a°

2x3 X 3x?

x4 +x?
(yZ)S

(p3)? + p

8p~t + 4p3
21a®b? = 7ab*
3x3 X 2x2 X 4x5
(4y%)* + 2y
3a* X 2a° X a?

term outside.

1.3 You can expand an expression by multiplying each term inside the bracket by the

a 5(2x+3)
c y*3—-2y%)
e 2x(5x+3) — 5(2x + 3)

Expand these expressions, simplify if possible:

b —3x(7x — 4)

Hint: A — sign outside a
bracket changes the sign
of every term inside the

d 4x(3x — 2x% + 5x3) brackets.

_a b2x+3)-

=10x + 15
b —2x(7x —4) -
= —21x%2 + 12x
A c_ Y45 —2y°)
d 3
J = 2 5e
'3 | Sy =2y
0
X d 4x(3x — 2x* + 5x°)
= 12x%2 — &x° + 20x*
Sl | e 2x(5x+3)—5(2x+3)
2 ol
~h =10x%+ 6x — 10x — 15

— =10x2—4x—15
L_I_l

5X2x+5x%3

—3x X 7x=-=-21x"t1=—-21x2
—3x X —4=+12x

y2>< —2}/3= _2y2+3= —2}/5

Remember a minus sign outside the brackets
changes the signs within the brackets.

—— Simplify 6x — 10x to give —4x.
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Expand and simplify if possible:

1 9x—-2) 2 x(x+9)

3 -3y(4-3y 4 x(y+5)

5 —x(3x+5) 6 —Sx(4x+1)

7 (4x + S)x 8 -3y(5-2y

9 —2x(5x —4) 10 (3x — 5)x?

11 30 +2)+@x—7) 12 56— 6-(3x—2)

13 x(3x>—2x +5) 14 7y*(2 — Sy + 3y?)

15 —2y*(5 -7y + 3y?) 16 7(x—2)+3(x+4)—6(x—2)
17 5x—3(4—-2x)+6 18 3x2—x(3—4x)+7

19 4x(x +3) — 2x(3x — 7) 20 3x2(2x + 1) — 522(3x — 4)

],4 You can factorise expressions.

B Factorising is the opposite of expanding expressions.

When you have completely factorised an expression, the terms inside do not have a common factor.

Example [}

Factorise these expressions completely:
a3x+9 b x? - 5x c 8x2+20x
d 9x%y + 15xy? e 3x2—-9xy

_a Sx+9

=3(x+3)* 3 is a common factor of 3x and 9.

b x?—5x
=x(x —5H)

x is a common factor of x2 and —5x.

c 5x%+ 20x

= A4x(2x + 5) 4 and x are common factors of 8x2 and 20x.
So take 4x outside the bracket.

d__9x?y + 15xy*
= 3xy(dx + 5y)

3, x and y are common factors of 9x2y and
15xy2. So take 3xy outside the bracket.

e  2x*—9xy
= dx(x = 3Y)
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Factorise these expressions completely:

1

4x + 8

20x + 15
4x% + 20
x%—7x

3x% -«
10y% - Sy
x4+ 2x

4x% + 12x
9xy? + 12x%y
Sx% — 25xy
15y — 20yz?

xy? —x%

2
4
6
8
10
12
14
16
18
20
22
24

6x — 24
2x>+ 4
6x% — 18x
2x% + 4x
6x% — 2x
35x2 — 28x
3y? + 2y
5y% - 20y
6ab — 2ab?
12x%y + 8xy?
12x% - 30
12y — 4yx

],5 You can factorise quadratic expressions.

Factorise:
a 6x2+9x b x2-5x-6
c x2+6x+8 d 6x2—11x - 10
e x2—-25 f 4x%—9y?
a o6x*+9x-*
=2x2x+ 3)*
- ! -
' X7 x*—bx—0o"*
&4 | ac=—6-+ [ %
X Sox>?—5x+6=x*+x—0x—06
=x(x+1)—6(x+1)- @
: Y =(x+Nx—6) t
== @
Ri‘. @

B A quadratic expression has the form ax? + bx + ¢, where q, b, c are constants and a # 0.

—— 3 and x are common factors of 6x2 and 9x.
—— So take 3x outside the bracket.

—— Herea=1,b=-5and c= —6.
You need to find two brackets that multiply
together to give x> — 5x — 6. So:

Work out ac.

Work out the two factors of ac which
add that give you b.

—6and +1=-5

Rewrite the bx term using these two
factors.

Factorise first two terms and last two
terms.

x + 1 is a factor of both terms, so take
that outside the bracket. This is now
completely factorised.
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c _xX*+ox+56
=x>+2x+4x+ 8"
=x(xt2)+4(x+2)"
=(x+2)(x+4)

Since ac= 8 and 2 + 4 = 6 = b, factorise.
—— X + 2 is a factor so you can factorise again.

d 6x2—11x-—10

=06x?>—15x + 4x —10* ac=-60and4—15=-11=b.
_ _  gye—— I Factorise.
=5x(2x = B) + 2(2x = ) l_ Factorise (2x — 5).

=(2x=5)(25x +2)*

e x*—25 This is called the difference of two squares as
o 5 the two terms are x? and 52.
=x"—=5 | The two x terms, 5x and —5x, cancel each
=(x+5)x —5) other out.

f 4x?—9y? This is the same as (2x)? — (3y)%
= D242 _ 322

= (2x + 2y)(2x — 3y)

B x?-y’=(x+y)x-y)
This is called the difference of two squares.

Factorise:

1 x2+4x 2 2x2+ 6x

3 x2+11lx+24 4| x2+8x+12

5 x2+3x-40 6 x2—8x+12

7 x2+5x+6 8| x2—2x—24

9 x2-3x-10 10 x2+x—20

11 2x%2+5x+2 12/ 3x2+10x -8

13 5x2—-16x+ 3 14 6x2—8x—8 Hi

ints:
15 2x2+ 7x — 15 16 2x* + 14x2 + 24 Question 14 — Take 2 out
as a common factor first.

17 x2—4 18 x2—49 Question 16 - let y = x2.
19 4x2-25 20 9x? — 25y? B
21 36x2—4 22| 2x2 - 50

23 6x2—10x+ 4 24| 15x2+42x -9
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1,6 You can extend the rules of indices to all rational exponents.

B a"xag"=qg"t"

1 3
b x? Xx?

d 2x15 + 4025

d 2x"° + 4x702°

1 ——
— §x1.5 0.25

1
h - — §x1‘75

C s _
: @ Example
'r:

Evaluate:
1
e a 92

3
c 492

b 643
d 25

Hint: Rational numbers
. a
can be written as 7 where

a and b are both integers,
eg. —3.5, 13, 0.9, 7, 0.i3

Use the rule "+~ g"= g™ ".
Remember — + — = +.

This could also be written as Vx.
Use the rule g™ X g" = gm*".

Use the rule (a™)" = a™.

Use the rule "+~ ag"= g™ ".

1.5--025=1.75
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a 97
1 m
=19 Using am = Va. A
=tz When you take a square root, the answer can
be positive or negative as + X + = + and
- X — =+,
b 64%
= V64, This means the cube root of 64.
=4 T As4X4X4=64.
3
c 492 -
— /20N Using am = Va".
(V49) This means the square root of 49, cubed.
= £343
d 25 :2
1 i 1
= 7 C singa m=—.
257 T
B 1
(£V25)° . V25 = +5
1
- (x5p
1
= +—
125

1| Simplify:
axd+x? b x°+ x’ cx%xx%
d (xz)% e x3)% £ 3x05 X 405
2 1 12 2 . -
g 9x3 + 3x% h 5x"s ~ x5 i 3xfXx2x73
2 | Evaluate:
a 252 b 812 c 273
d 42 e 92 £ (=52
3 1 . 9.3
g ()’ h 129634 i (15)2
2 2
i )3 K ! 1 G5
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1,7 You can write a number exactly using surds, e.g. V2, V3 — 5, V19.

You cannot evaluate surds exactly because they give never-ending, non-repeating

decimal fractions, e.g. V2 = 1.414 213 562...
The square root of a prime number is a surd.

B You can manipulate surds using these rules:

V(ab) =Va x Vb

a_\Va
b Vb

Simplify
a V12 b XEQ c 5V6—2V24 + V294
a V2
= V(4 X 3)
VA X V3 \L;%e:tgerule\/a_b=\/<_1><\/5.
=2V3
b X%é. V20 = V4 x V5
 V4=2
V4 x V5
= > T Cancel by 2.
_2xV5
2
=V5

¢ 5V6 — 2V24 + V294

V6 is a common factor.

=5V6 — 2V6V4 + V6 X V49«

[ Work out the square roots V4 and V49.

=V6(5 — 2V4 + V49).

T*5—4+7=8

=V6(BE—2X2+7).
=Vo(8)
= 8&V6
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Simplity:

1 V28 2 V72 3| V50

4| V32 5 V90 6 7

7 7 8 V20+ V80 9| V200 + V18 - V72
10 V175 + V63 +2V28 11/ 1V28 — 2V63 + V7 12 V80 — 2V20 + 3V45
13 3180 — 2V20 + 5V45 14 8 15 V12 + 3V48 + V75

=

1,8 You rationalise the denominator of a fraction when it is a surd.

B The rules to rationalise surds are:

1
® Fractions in the form \/:, multiply the top and bottom by Va.
® Fractions in the form \/—, multiply the top and bottom by a — Vb.

® Fractions in the form \/—, multiply the top and bottom by a + Vb.

Rationalise the denominator of:

QL b ! c V5 +V2
V3 3+V2 V5 -V2
N
2 V=
—1X—\/5 Multiply the t d bottom by V3.
\/5)(\/5 UIF\)/_Y (e3(;§>3 otto Yy
_V5
3
1
b 5—4_% Multuf/_ytop and bottom by (3 — V2).
1% (3 - V2) 9-2=7,-3V2+3V2=
3+ V2)(3—V2)
B 5-V2
9324V =2
3—V2
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VB+v2
° V6-Vz

(VB + V2)(VB + V2)

Multiply top and bottom by V5 + V2.

~ (V5 - V2)(V5 + V2)

_5+VBV2+V2vB +2
B 52

——  —V2V5 and V5V2 cancel each other out.
V5v2 =V10

_7+2V10
5

Rationalise the denominators:

I

4 g g

10 ————+—

1 -
3 V5ov3
16 ————

VT VT
V17 + V11

Mixed exercise m

§ 3 1 Simplify:
a y3xy’s
& c (4?3 + 2

19

Expand the brackets:
S a 35y +4)
c Sx(2x + 3) — 2x(1 — 3x)

a 3x2+ 4x
c x?+xy +xy?

11

14

17

20

Hﬁ
N —

B

o
-

3-\7
3-V2
4-V5
RS
3+V11
VA1 +V29
Va1 -v29

b 3x2 X 2x5
d 4b2 X 3b3 X b*

w
5 o

(=)}
@I
=)

\O
.
,_,;+
-

12

T
S

15

= Y
G

18

S &
:
=

1
Sl

b 5x%(3 — 5x + 2x2)
d 3x?(1 + 3x) — 2x(3x — 2)

Factorise these expressions completely:

b 4y2+ 10y
d 8xy? + 10x2y



Factorise:
ax2+3x+2
c x2—2x-35

e 5x2—13x -6

Simplify:
a 9x3+3x3

c 3x2X 2x*

Evaluate:
8\2
— 3

*(3)

Simplify:
3

2 V63

Rationalise:
1

a3

c 3
V3-2

b 3x% + 6x
d 2x2—x-3
f 6—5x—x2

3 1
b (42)3
d 3x% + 6%

2z
3

N |w

225
b (550

b V20 + 2V45 - V80

=2
|‘H

(=N
Sfm s
+ 1
Sk

Algebra and functions
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Summary of key points

1 You can simplify expressions by collecting like terms.

2 You can simplify expressions by using rules of indices (powers).

10

am X gh = gmtn

am = gh = gm—n

You can expand an expression by multiplying each term inside
the bracket by the term outside.

Factorising expressions is the opposite of expanding expressions.

A quadratic expression has the form ax? + bx + ¢, where a, b, ¢ are
constants and a # 0.

X-yr= +y)-y)
This is called a difference of squares.

You can write a number exactly using surds.
The square root of a prime number is a surd.

You can manipulate surds using the rules:

Vab =Va x Vb
/é _Va
b Vb
The rules to rationalise surds are:

1
® Fractions in the form Vo multiply the top and bottom by Va.

® Fractions in the form Elﬁ’ multiply the top and bottom by a — Vb.

1
® Fractions in the form TV multiply the top and bottom by a + Vb.



After completing this chapter you should be able to

1 plot the graph of a quadratic function

2 solve a quadratic function using factorisation
3 complete the square of a quadratic function
4

solve a quadratic equation by using the quadratic
formula

5 calculate the discriminant of a quadratic expression
6 sketch the graph of a quadratic function.

The above techniques will enable you to solve many types
of equation and inequality. The ability to spot and solve

a quadratic equation is extremely important in A level
Mathematics.

Quadratic functions

Did you know?

...that the path of a golf ball can be modelled
by a quadratic function?

graph showing height of a golf ball
against time in seconds
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2,1 You need to be able to plot graphs of quadratic equations.

y=ax*+bx+c

¢ Label the line of symmetry.

B The general form of a quadratic equation is

where a, b and c are constants and a # 0.

This could also be written as f(x) = ax? + bx + c.

__a
x |[—2| —1 1 2 4| 5
x2 | 4| 1| ol 1| 4| 9| 16| 25
—3x |+6|+3| 0| -3|-6|-9|-12|-15
—4 |—4| —4| 4| —4| —4| —4| 4| -4
y | 6| ol—-4|-6|-6|-4| 0| 6

(N

Vol |

\ ol

V1

-2\ ]L?Z ; ?é.\sﬂi
T
NP SRR

b Minimum value is y = —6.5 when x = 1.5,

¢ See graph.

a Draw the graph with equation y = x? — 3x — 4 for values of x from -2 to +5.

b Write down the minimum value of y and the value of x for this point.

(1) First draw a table of values.
Remember any number squared is positive.

@ Look at the table to determine the
extent of the y-axis. Use values of y
from —6 to +6.

@ Plot the points and then join all the
points together with a smooth curve.

The general shape of the curveisa \/,
it is called a parabola.

This is the line of symmetry. It is always
half-way between the X-axis crossing
points. It has equation x = 1.5.

This is the minimum.




Quadratic functions

Draw graphs with the following equations, taking values of x from —4 to +4.
For each graph write down the equation of the line of symmetry.
1 y=x*-3 2 y=x2+35

1, — a2
3 y=2x 4 y=-x Hint: The general shape
— o 1)\2 a2 for question 4 is an upside
5§ y=&-1) 6 y=x"+3x+2 down \_/-shape. i.e. N\.
7 8
9

y=2x>+3x—-35 y=x*+2x—-6

y=(2x+ 1)

2.7 You can solve quadratic equations using factorisation.

Quadratic equations have two solutions or roots. (In some cases the two roots are equal.)
To solve a quadratic equation, put it in the form ax? + bx + ¢ = 0.

Example £}
Solve the equation x? = 9x

X2 = 9x l_ Rearrange in the form ax? + bx + ¢ = 0.
X2 —9x=0
x(x=9)=0 Factorise by x (factorising is in Chapter 1).
Then either x = O Then either part of the product could be zero.

or xX—9=0=>x=9

= P = re the tw lution A quadratic equation has two solutions
) 5 (roots). In some cases the two roots are
of the equation x* = 9x. equal.
Example [}
Solve the equation x2 — 2x — 15=0
X¥—2x—15=0
(x+3)(x—5)=0 Factorise.
Then eitherx +3=0=x= =3
or x—5=0=x=5

The solutions are x = =3 or x = 5.
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Solve the equation 6x2 + 13x — 5

1
(e)

6x°2+12x—5=0

(3x —1)(2x +5)=0

Then either 3x — 1 =O:>x=1g

or 2x+5=0:>x=—2
The solutions are x = % orx = —2.

Solve the equation x? — 5x + 18 =2 + 3x

X2 —5x+18 =2+ 3x

X2 —8x+16=0

(x—4(x—4)=0

Then eitherx —4=0=>x=4

or X—4=0=x=4

= x=4

Solve the equation (2x — 3)? = 25

(2x —3)* =25
2x —5=*H
2x=3*5
Then either2x =3 +5=x =4
or 2x=35—"5=ox=—]
The solutions are x =4 or x = —1.

Solve the equation (x — 3)?>=7

(x —3)?=7
x—3=*\7
x=+3+\7
Then either x = 3 + V7
or x=3-1\7
The solutions are x=3 + V7 or x=3 — \/7.

Factorise.

The solutions can be fractions or any other
type of number.

Rearrange in the form ax? + bx + c= 0.

Factorise.

Here x = 4 is the only solution, i.e. the two
roots are equal.

This is a special case.

Take the square root of both sides.
Remember V25 = +5 or —5.

Add 3 to both sides.

Square root. (If you do not have a calculator,
leave this in surd form.)



Quadratic functions

Solve the following equations:

1 x?=4x 2 x?=25

3 3x?=6x 4 5x%2=30x

5 x>+3x+2=0 6 x2+5x+4=0

7 xX*+7x+10=0 8 x>-x-6=0

9 x2-8+15=0 10 x2-9x+20=0

11 x>-5x-6=0 12 x2-4x-12=0

13 2x2+7x+3=0 14 6x>2-7x—-3=0

15 6x2-5x—-6=0 16 4x>—-16x+15=0
17 3x2+5x=2 18 (2x—3)2=9

19 (x-7)2=36 20 2x2=8

21 3x2=35 22 (x-3)2=13

23 (3x-1)2=11 24 5x2—10x%= -7 +x +x2
25 6x>—-7=11x 26 4x2+ 17x = 6x — 2x?

2.3 You can write quadratic expressions in another form by completing the square.

2 2 _ 2
xz +2bx + bz (x+b )2 These are both perfect
x*—2bx +b*=(x —b) squares.

To complete the square of the function x? + 2bx you
need a further term b2. So the completed square form is
x%+ 2bx = (x + b)> — b?
Similarly
x%—2bx = (x — b)> = b?

Example ]
Complete the square for the expression x? + 8x

2
e 2b=8,50 b= 4
= (x +4)°— 42
=(x+4)2-16

In general

b\2 b\2
B Completing the square: x?> + bx = (x + E) - (E)
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Complete the square for the expressions

a x?+ 12x b 2x? - 10x
_a x*+12x 2b=12,50b=6
= (x+6)*—6°
=(x +6)?—-36
b 2x?—10x Here the coefficient of x2 is 2.
= 2(x? — 5x) So take out the coefficient of x2.
= 2[(x — %)2 — (%)2] Complete the square on (x2 — 5x).
=2(x—%)2—% Use b= —5.

N Exercise

Complete the square for the expressions:

1 x?+4x 2 x%2-—6x 3 x2-16x 4 x2+x
5 x%2—14x 6 2x2+ 16x 7 3x2-—24x 8 2x%—4x
9 5x2+ 20x 10 2x%— 5x 11 3x2+ 9« 12 3x2-x

2,4 You can solve quadratic equations by completing the square.

Solve the equation x2 + 8x + 10 = 0 by completing the square.

X+8x+10=0 - Check coefficient of x2=1.
x?+ 8x = —10 Subtract 10 to get LHS in the form ax? + b.
(x +4)? —42=—10 Complete the square for (x? + 8x).
(x +4)2=-10+16 Add 42 to both sides.
(x+4)F=06
(x+4)= +\6 Square root both sides.
x=—-4+V6 Subtract 4 from both sides.
Then the solutions (roots) of Leave your answer in surd form as this is a
non-calculator question.
X%+ 8x + 10 = O are either
x=—4+Voorx=-4-Ve.




Quadratic functions

Solve the equation 2x? — 8x + 7 = 0.

2x2—8x+7=0 -+ The coefficient of x2 = 2.
X2—4x+Z=0 - So divide by 2.
X2 — 4x = —% Subtract 5 from both sides.
(x —2)2—(2)2= —% Complete the square for x2 — 4x.
(x —2)?= L4+ 4. Add (2)? to both sides.
(x—2)2=% Combine the RHS.

Square root both sides.

—— Add 2 to both sides.

=

|

N

Il

|+
. S

XxX=2*—F—

V2

So the roots are either
2 + 1
= =
V2
x=2 1
orx=2-— —
V2

Note: Sometimes b? — 4ac is negative, and there are then no real solutions.

Solve these quadratic equations by completing the square (remember to leave your answer in
surd form):

1 x*2+6x+1=0 2 x2+12x+3=0
3 x>—-10x=5 4 x>+4x-2=0
5§ x2-3x-5=0 6 2x>-7=4x
7 4x>-x=8 8 10 =3x—«?

9 15-6x—2x>=0 10 Sx2+8x—-2=0




2,5 You can solve quadratic equations ax? + bx + c= 0 by using the formula

—b = V(b? - 4ac)
X=
2a

Show that the solutions of ax? + bx + ¢ = 0 are
—b = V(b? - 4ac)

= 2a
5 b
x+—x+—=0
a a
2+ 2= -2
a a
I7>2 & c
PN O . S
( 22 45° a
( b)Z & c
x+—| =——=
24 45> g
( I7>2 P — 4ac
x _— =
2a 452
_b__i\/(b2—4ac)_
24 24
—b + V(P2 — 4ac)
Thus x = .
24

Solve 4x? — 3x — 2 = 0 by using the formula.

Il Gt = =)o ) U
2X4
_ +3xV(9+32)

T 8

+3 = V41

el
&

+3 + Va1

Thenx = ————
&

+3 — V41

or xX=——_———
&

To do this complete the square.
The coefficient x? is a so divide by a.
Subtract £ from both sides.
a

Complete the square.

bZ
Add — to both sides.

4a?
Combine the RHS.
Square root.

Subtract 23 from both sides.
a

b%2 — 4ac is called the discriminant.

—b = V(b? — 4ac)
2a
wherea=4,b= -3, c=—-2.

—4X4X-2=+32

Use x =

Leave your answer in surd form.




Quadratic functions

Solve the following quadratic equations by using the formula, giving the solutions in surd form.
Simplify your answers.

1 x>+3x+1=0 2 x2-3x-2=0
3 x*’+6x+6=0 4 x>-5x-2=0
5 3x>+10x—-2=0 6 4x>—4x-1=0
7 7x*+9%+1=0 8 Sx2+4x-3=0
9 4x?-7x=2 10 11x2+2x—-7=0

2.6 You need to be able to sketch graphs of quadratic equations and solve problems
using the discriminant.

The steps to help you sketch the graphs are:

1  Decide on the shape.
When a is >0 the curve will be a U shape.

When a is <0 the curve will be a /\ shape.

2 Work out the points where the curve crosses the x- and y-axes.
Put y = 0 to find the x-axis crossing points coordinates.
Put x = 0 to find the y-axis crossing points coordinates.

3 Check the general shape of curve by considering the discriminant, b?> — 4ac.
When specific conditions apply, the general shape of the curve takes these forms:

b2 > 4acanda >0 b2 =4acanda >0 b2 < 4acanda >0
YA YA YA

0 ; ) X 0 ;
\—/ You can use the

discriminant to establish

Here there are two Here there are two Here there are no when a quadratic
different roots. equal roots. real roots. equation has
e equal roots: b? = 4ac
b%? > 4acanda < 0 b?=4acanda <0 b> < 4acanda <0 e real roots: b2 > 4ac
1 /—\ "t 4 e no real roots: b? < 4ac
o)/ x 0 x 0 x
Here there are two Here there are two Here there are no

different roots. equal roots. real roots.
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Sketch the graph of y = x? — 5x + 4

a>0s0itis a \J shape.
When y = O,
= x2 — -+
O=x"—Ooxt4 Factorise to solve the equation.

O=x—-4)(x—=1) -« (You may need to use the formula or
complete the square.)

xX=4orx=1

50 x-axis crossing points are

(4, 0) and (1, 0).

When x = O, y = 4, s0 Yy-axis crossing
point = (0, 4)

PP =25, 4ac =16

So b* > 4ac and a> 0.

So sketch of the graph is: Remember general shape:

a=1,b=-5c=4

A

yl\

0, 4) ]

Label the crossing points.

Find the values of k for which x? + kx + 9 = 0 has equal roots.

X+ kx+9=0

Here a=1b=kandc=9"* For equal roots use b? = 4ac
k¥=4X1X9

S50 =*6

1 Sketch the graphs of the following equations:
ay=x>+3x+2 b y=x*-3x+10 cy=x>+2x-15 dy=2x>+7x+3
e y=2x>+x-3 f y=6x2—-19x+ 10 gy=3x*>-2x-35 h y=3x>-13«x
iy=—x’>+6x+7 j y=4-7x—2x?




Quadratic functions

2 Find the values of k for which x? + kx + 4 = 0 has equal roots.

3 Find the values of k for which kx? + 8x + k = 0 has equal roots.

Mixed exercise m

1 Draw the graphs with the following equations, choosing appropriate values for x.
For each graph write down the equation of the line of symmetry.

ay=x*+6x+5 by=2x>-3x—-4

2 Solve the following equations:
ay’+3y+2=0 b 3x?+13x-10=0
c 5x>—10x=4x+3 d (2x—-572%=7

3 Solve the following equations by:
i completing the square
ii using the formula.

axt+5%+2=0 bx2-4x-3=0

Cc 5x2+3x-1=0 d 3x2-5x=4

4 Sketch graphs of the following equations:
ay=x>+5x+4 by=2x>+x-3
c y=6—10x — 4x? d y=15x — 2x?

5 Given that for all values of x:
32+ 12x + S=px+q*+r
a find the values of p, g and r

b solve the equation 3x? + 12x + 5 = 0. @

6 Find, as surds, the roots of the equation: Hint: Remember roots

mean solutions.
26+ Dx—4)— (x—2)2=0

7 Use algebra to solve (x — 1)(x + 2) = 18. Q
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After completing this chapter you should be able to

1 solve simultaneous equations by elimination
2 solve simultaneous equations by substitution
3 solve linear and quadratic inequalities.

You will meet simultaneous equations on many occasions
during the A level Mathematics course. In Core 1 you will

use them to find where lines intersect. You will also use
them to solve problems in sequences and series.

Equations and
inequalities

20

=500

- 40

= =50

Did you know?

...that there is only one value at Substitute F = Cinto F = 1.8C + 32.
which the Fahrenheit and Celsius Solve the resulting linear equation.
temperatures are the same? You should find that

C=F=—-40

The temperature in the Arctic can reach —40°F which is
identical to —40°C. So if you meet a polar bear and he asks
you how cold it is you don’t have to worry about units!
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3,1 You can solve simultaneous linear equations by elimination.

o’

Solve the equations:

a2x+3y=8 b 4x -5y =4
3x—-y=23 6x + 2y =25
a 2x+t2y=25
9x — 2y =69
Ww=7"7"7—
x=7
| 14+ 5y =6
2Yy=56—=14
y==2

So solutionis x =7,y = =2

You can consider the solution graphically.
The graph of each equation is a straight line.
The two straight lines intersect at (7, —2).

First look for a way to eliminate x or y.

Multiply the 2nd equation by 3 to get 3y in
each equation.

Then add, since the 3y terms have different
signs and v will be eliminated.

Use x = 7 in the first equation to find .

2x+3y=8

b 12x — 15y =12 *

S0 solution is x = 3%, y=2

12x + 4y =50 L
—19y = -38
y=2 S
4x =10 =4 .
4x =14
x=5%

Multiply the first equation by 3 and multiply
the 2nd equation by 2 to get 12x in each
equation.

Subtract, since the 12x terms have the same
sign (both positive).

Use v = 2 in the first equation to find the
value of x.




Equations and inequalities

¥4 \ g
Graphically, each equation is a straight line. f \V x-Sy =4
The two straight lines intersect at (3.5, 2). B A\
24 2 0 RN
// 2 \
// 3
N 6x +2y = 25\
Solve these simultaneous equations by elimination:
1 2x—y=6 2 7x+3y=16 3 Sx+2y=6
4x + 3y =22 2x +9y =29 3x — 10y = 26
4 2x—-y=12 5 3x—-2y=-6 6 3x+8y=33
6x +2y =21 6x +3y=2 6x =3+ Sy
3.2 You can solve simultaneous linear equations by substitution.
Example |3
Solve the equations:
2x—y=1
4x + 2y =-30
y=2x—1=: Rearrange an equation to get either x = ...
ory=...(herey=..).
4x + 2(2x — 1) = —30 Substitute this into the other equation (here
in place of y).
dx +4x — 2= —20 Solve for x.
&x = —25
X = —5%
Y= 2(—33)—1= -6 Substitute x = —37 into y = 2x — 1 to find
S0 solution is x = —3%, y = —8. the value of .

Exercise m

Solve these simultaneous equations by substitution:
1 x+3y=11 2 4x—3y=40 3 x—-y=7 4 2y=2x-3
4 -7y =6 2x+y=>5 10x+3y=-2 Jy=x-1
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3,3 You can use the substitution method to solve simultaneous equations where one
equation is linear and the other is quadratic.

—

¥

Solve the equations:
ax+2y=3 b3x—-2y=1

x%+ 3xy =10 x> +y2=25

a x=5—2y- /

(3 —2y)? + 3y(3 — 2y) =10
9— 12y + 42+ 9y —6y* =10
—2y*—32y—1=0

20+ 2y +1=0

y+NHy+1)=0 -

y=—%ory=—1/
Sox=4orx=5

Solutions are x = 4,y = _%

andx =5,y = —1

b 5x — 2y =1
2y =5x —1
_ %ot
2

—1\2
x% + (5—362—1) =25

4x2+ 9x% — 6x +1=100
12x°—6x —99 =0
(12x + 23)(x — 3) = 0O

33
X=—morx=23]

y=—%ory=4

Solutions are x = 3,y = 4

_ 5% _ _5
aﬂdx——15,]/— 13

(o) |

Rearrange the linear equation to get x = ...
ory=.. (herex=..).

Substitute this into the quadratic equation
(here in place of x).

(3 — 2y)?’ means (3 — 2y)(3 — 2y)

(see Chapter 1).

Solve for i using factorisation.

Find the corresponding x-values by
substituting the y-values into x = 3 — 2y.

There are two solution pairs. The graph of
the linear equation (straight line) would
intersect the graph of the quadratic (curve)
at two points.

Find y = ... from linear equation.

. 3x -1, .
Substitute y = —2— into the quadratic
equation to form an equation in x.

Now multiply by 4.
Solve for x.

. . 3x -1
Substitute x-values into y = e




Equations and inequalities

Graphically, the linear equation (straight line)

y A
intersects the quadratic equation (curve) at two 6 /
points. x2 +y%2=25 /
4
(This curve is a circle. You will learn about its B
equation in Book C2.) /

I
\§]

—
\S)

3x—2y=1

/

It is possible, of course, that a given straight line and a given curve do not intersect. In this case,
the quadratic equation that has to be solved would have no real roots (in this case b* — 4ac < 0).
(See Section 2.6.)

1 Solve the simultaneous equations:

ax+ty=11 b2x+y=1 cy=3x
xy =30 x2+y?=1 2y?—xy =15
dx+y=9 e 3a+b=38 f 2ut+tv=7
x2—3xy +2y*=0 3a*+ b*=28 uv==6

2 Find the coordinates of the points at which the line with equation y = x — 4 intersects the
curve with equation y? = 2x% - 17.

3 Find the coordinates of the points at which the line with equation y = 3x — 1 intersects the
curve with equation y2 — xy = 15.

4 Solve the simultaneous equations:

a3x+2y=7 b2x+2y=7

5 Solve the simultaneous equations, giving your answers in their simplest surd form:
ax—-y=6 b 2x + 3y =13
xy =4 x> +y>=178

3.4 You can solve linear inequalities using similar methods to those for solving linear
equations.

You need to be careful when you multiply or divide an inequality by a negative number.
You need to turn round the inequality sign:

5>2
Multiply by -2 -10< -4
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Find the set of values of x for which:

al2x—-5<7

b 5x+9=x+20

c 12-3x <27
d3x-5>5-2x-8)

a 2x—5<7

2x <12

b bx+9=x+ 20

4x + 9 =20

dx =11

x=275 ¢

c 12—=3x<27

—5x <15

x> =5

12 —2x <27

12<27+ 2x

—15 < 3x

—bH<x

xX>—5-¢

d 3(x—5)>5—2(x—8)

X —15>5—2x+ 16

5x>5+10+15

B5x > 36

x>72

B When you multiply or divide an inequality by a negative number, you need to change the
inequality sign to its opposite.

Add 5 to both sides.
Divide both sides by 2.

Subtract x from both sides.
Subtract 9 from both sides.
Divide both sides by 4.

For ¢, two approaches are shown:

Subtract 12 from both sides.

Divide both sides by —3. (You therefore
need to turn round the inequality sign.)

Add 3x to both sides.
Subtract 27 from both sides.
Divide both sides by 3.

Rewrite with x on LHS.

Multiply out (note: —2 X —8 = +16).
Add 15 to both sides.

Divide both sides by 5.



You may sometimes need to find the set of values of x for which two inequalities are true

together. Number lines are helpful here.

Find the set of values of x for which:

3x—5<x+8and 5x>x—8

x—5H<x+6 Sx>x—8&
2x —H5b <8 4x > =8
2x <15 x> —2

x<6b

< ‘o) x < 6.5
O > x> -2

S0 the required set of values is

—2<x<0ob.

Find the set of values of x for which:

x—5>1—-xand 15-3x>5+2x

X—5>1—x B=3x>5+2x
2x —5>1 10 — 3x > 2x
2X> 06 10 > bx
x>3 2>x
x <2

4 6 8
O——> x>3
O x <2

N

So there are no values of x for which both

inequalities are true together.

Equations and inequalities

Draw a number line to illustrate the two
inequalities.

The ‘hollow dots’ at the end of each line
show that the end value is not included in
the set of values.

Show an included end value (< or =) by
using a ‘solid dot’ (e).

The two sets of values overlap (or intersect)
where —2 <x <6.5.

Notice here how this is written when x lies
between two values.

Draw a number line. Note that there is no
overlap between the two sets of values.
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Example

Find the set of values of x for which:

dx+7>3and 17 <11 + 2x

4x +7>3 17 <11+ 2x
4x > —4 17 =11 <2x
= =] 6 <2x
> <x
xX>3

-4 -2 0 2 4 6 8 Draw a number line. Note that the two sets
o > x> -1 of values overlap where x > 3.

O——> x>3

50 the required set of values is
x> 5.

1 Find the set of values of x for which:

a2x—-3<5 b 5x +4=39

c 6x—3>2x+7 dSx+6<-12-x
e 15-x>4 f 21-2x>8+3x
g 1+x<25+3x h7x-7<7-7x
i 5-05x=1 j Sx+4>12-2x

2 Find the set of values of x for which:

a2x—-3=0 b 81-x)>x-1

c 3x+7)<8—x d2x-3)-(x+12)<0
e 1+112-x)<10(x — 4) f 2x—5)=34-x)

g 12x—3(x —3)<45 hx—2(5+2x) <11
ixx—4)=x%2+2 j xSG-x)=3+x—x?

3 Find the set of values of x for which:
a3x—-2)>x—-4and 4x +12>2x + 17
b2x-5<x—-1land 7(x +1)>23 —x
C 2x—3>2and3(x +2)<12+x
d15-x<2(11-x)and 53x —1)>12x + 19
e 3x+8<20and23x—-7)=x+6




Equations and inequalities

3,5 To solve a quadratic inequality you
e solve the corresponding quadratic equation, then
e sketch the graph of the quadratic function, then
e use your sketch to find the required set of values.

Find the set of values of x for which x% — 4x — 5 <0 and draw a sketch to show this.

X2 —4x —5=0 Quadratic equation.

Ey — Factorise (or use the quadratic formula).
(x+Nx=5)=0 (See Section 2.5.)

x=—lorx=5 —1 and 5 are called critical values.

ylk

Your sketch does not need to be accurate.
0 e All you really need to know is that the graph
_i\ S is ‘\_/-shaped’ and crosses the x-axis at —1
and 5. (See Section 2.6.)
x2 —4x — 5<0 (y <0) for the part of the

graph below the x-axis, as shown by the
S0 the required set of values is —1 < x <5, paler part in the rough sketch.

Find the set of values of x for which x% — 4x — 5> 0.

e ) The only difference between this example and
the previous example is that it has to be
x+Nx=5)=0 greater than 0 (> 0). The solution would be

exactly the same apart from the final stage.

x?—4x — 5> 0 (y > 0) for the part of the
x=-lorx=5 graph above the x-axis, as shown by the
darker parts of the rough sketch in Example 8.

yﬂ

Ky

A%

The required set of values is x < —1or x > 5.
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Be careful how you write down solutions like those on page 33.

—1<x <5 is fine, showing that x is between —1 and 5.

But it is wrong to write something like 5 <x < —1 or —1 >x > 5 because x cannot be less
than —1 and greater than 5 at the same time.

This type of solution (the darker parts of the graph) needs to be written in two separate parts,
x<-1,x>35.

Example [T

Find the set of values of x for which 3 — 5x — 2x? < 0 and sketch the graph of
y =3 - 5x — 2x°.

5= Bn=2i"={ Quadratic equation.

2x2+5x—3=0"* Multiply by —1 (so it’s easier to factorise).

2x—=Nx+3)=0

¥ and —3 are the critical values.

X = 15 orx=—5
y A
Since the coefficient of x? is negative, the
graph is ‘upside-down \_/-shaped’ and
crosses the x-axis at
\ —3 and % (see Section 2.6).
~ 3 — 5x — 2x? <0 (y < 0) for the outer parts
-3 0 1 x of the graph, below the x-axis, as shown by

the paler parts in the rough sketch.

So the required set of values is

x<—50rx>%.

You may have to rearrange the quadratic inequality to get all the terms ‘on one side’ before you
can solve it, as shown in the next example.



Equations and inequalities

Example m There are two possible approaches for

Find the set of values of x for which 12 + 4x > x2. isinee] 1, eapeneling @i T SR e i
inequality sign you put the expression.
Method 1: sketch graph

Find the set of values of x for which

12 + 4x > x? 12 + 4x > x2.
2+4x—-x*>0 Method 2: table
X —4x—12=0 12 + 4x > x2
(x+2)(x—6)=0 O>x2—4x —12
X=—20rx=6 x?—4x —12<0
Sketch of y =12 + 4x — x* X2 —dx —12=0
¥4 (x+2)(x—6)=0
X=—20rXx=06
Use the critical values to
split the real number line
27 0 6\ x into sets.
=2, 6
< O O >
12+ 4x — x2>0 x< =2 | —2<x<6|x>6
Solution: =2 <x <6 (x+2) - + 4
(x—0) = = +
(x+2)(x—0) F = +
12 + 4x > x?
O>x*=4x =12 For each set, check
X2 —4x — 12 <0 whether the set of values
makes the value of the
bracket positive or
X2 —4x — 12 =0 negative.
(x+2)(x—6)=0
X=—20rXx=06
Sketch of y = x* — 4x — 12
For example, if x < -2, (x + 2)
YA is negative, (x — 6) is negative,
x+2)(x—6)is
(neg) X (neg) = positive.
> x> —4x —12<0
-2\ 0 6 X
\ x+2)(x—06)<O
(x + 2)(x — ©) is negative for —2 < x < 6
Solution: —2<x <6
x> —4x —12<0
Solution: —2<x <6
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Find the set of values of x for which 12 + 4x > x2 and 5x — 3 > 2.

.

Solving 12 + 4x > x% gives =2 <x <6
(see Example 11).
Solving bx — 3 > 2 gives x > 1.

4 -2 0 2 4 6 8
O O -2<x<6
O > x>1
The tw f val rlap wher

1<x<ao.
So the solution is 1< x < ©.

1 Find the set of values of x for which:

ax?-11x+24<0 b 12-x-x>>0 c x2-3x-10>0
dx?+7x+12=0 e 7+13x—-2x2>0 f 10+x—-2x2<0
g ?>-8x+3<0 h -2+7x-3x2<0 ix?-9<0

j 6x2+11x—10>0 K x?>-5x>0 1 2x2+3x<0

2 Find the set of values of x for which:
a x2<10-3x b 11<x%2+ 10
c x3-2x)>1 dx(x+11)<3(1-x?

3 Find the set of values of x for which:

ax?—-7x+10<0and 3x +5<17 bx2—x—-6>0and 10 —2x <5
c 4>-3x—-1<0and4(x+2)<15—-(x+7) d2x’?-x—-1<0and 14<3x -2
e x2—x-12>0and3x+17>2 f x2-2x—-3<0andx?2-3x+2>0

4 a Find the range of values of & for which the equation x? — kx + (k + 3) = 0 has real roots.
b Find the range of values of p for which the roots of the equation px? + px — 2 = 0 are real.

Mixed exercise m

1 Solve the simultaneous equations:

x+2y=3
x*—4y?=-33 Q

o

-
~
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11

12

13

Equations and inequalities

Show that the elimination of x from the simultaneous equations
x—2y=1
3xy —y*>=8
produces the equation
5y*+3y-8=0.
Solve this quadratic equation and hence find the pairs (x, y) for which the
simultaneous equations are satisfied.

a Given that 3* =91, show thatx = 2y — 2.
b Solve the simultaneous equations:
x=2y—-2
x2=y*+7
Solve the simultaneous equations:
x+2y=3
x2— 2y +4y2=18
a Solve the inequality 3x — 8 >x + 13.
b Solve the inequality x> — 5x — 14 > 0.

Find the set of values of x for which (x — 1)(x — 4) <2(x — 4).

a Use algebra to solve (x — 1)(x + 2) = 18.
b Hence, or otherwise, find the set of values of x for which (x — 1)(x + 2) > 18.

Find the set of values of x for which:
ao6x—7<2x+3

b 2x>-11x+5<0

¢ both 6x —7<2x + 3 and 2x> - 11x + 5<0.

Find the values of & for which kx? + 8x + 5 = 0 has real roots.
Find algebraically the set of values of x for which (2x — 3)(x + 2) > 3(x — 2).

a Find, as surds, the roots of the equation 2(x + 1)(x — 4) — (x — 2)>= 0.
b Hence find the set of values of x for which 2(x + 1)(x — 4) — (x — 2)2> 0.

a Use algebra to find the set of values of x for which x(x — 5) > 36.

b Using your answer to part a, find the set of values of y for which y?(y? — 5) > 36.

The specification for a rectangular car park states that the length x m is to be Sm

more than the breadth. The perimeter of the car park is to be greater than 32 m.

a Form a linear inequality in x.

The area of the car park is to be less than 104 m?.
b Form a quadratic inequality in x.

¢ By solving your inequalities, determine the set of possible values of x.

@

@ 90 ©
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Summary of key points

1

You can solve linear simultaneous equations by
elimination or substitution.

You can use the substitution method to solve simultaneous
equations, where one equation is linear and the other is
quadratic. You usually start by finding an expression for x or y
from the linear equation.

When you multiply or divide an inequality by a negative number,
you need to change the inequality sign to its opposite.

To solve a quadratic inequality you

® solve the corresponding quadratic equation, then
® sketch the graph of the quadratic function, then
e use your sketch to find the required set of values.



After completing this chapter you should be able to

1 sketch cubic graphs

2 sketch the graph of the reciprocal function y =
3 find where curves intersect
4

understand how the transformations f(x + a), f(x) + g,
f(ax) and af(x) affect the graph of the curve y = f(x).

x| ==

You will analyse graphs in greater detail when you start
differentiation. It is worth remembering the techniques in
this chapter, because they will provide further information
about the shape of the function. Later on in the course
you will be asked to sketch complex graphs which are
simple transformations of a standard function..

Sketching curves

Did you know? ‘T

The following is a real life

example of a cubic function.
An open box is to be made  ;5cm
from a sheet of card 10cm

by 10 cm.
Identical squares are cut off . ,
the four corners of the card PRV S
as shown in Figure 1. i
Figure 1
The card is then folded
along the dotted linesto 1
make a box as shown in 16
Figure 2. «—10-2%— >
Figure 2

The volume of the box
varies according to the
formula

V= (10 — 2x)%x

Can you give a reason
why the graph has not
been drawn for values
of x greater than 5 and
less than 0? Tab size

Volume of box against tab size

Volume of box
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4,1 You can sketch cubic curves of the form y=ax3 + bx>+ cx+ d

Sketch the curve with the equationy = (x — 2)(x — 1)(x + 1)

0= (x—2)(x — N)(x+1)

Sox=2orx=1orx=—1

So the curve crosses the x-axis at

(2.0) (1,0) and (=1.0).

L

Whenx =0,y = =2 X —1X1=2

So the curve crosses the y-axis at (0, 2).

L

y 3
2X
X XK >
-1 0 1 2 X
When x is large and positive, y is
large and positive. *
When x is large and negative, y is
large and negative. «
y 3
x

Put ¥ = 0 and solve for x to find the roots
(the points where the curve crosses the
X-axis).

Put x = 0 to find where the curve crosses the
y-axis.

Check what happens to y for large positive
and negative values of x.

You can write this as
X —®©, Y —>®
X—> —®, 1 > —®

X — o, | - ©

This is called a maximum point because the
gradient changes from +ve to 0 to —ve.

This is called a minimum point because the
gradient changes from —ve to 0 to +ve.

X—> —®, > —®




Sketching curves

In your exam you will not be expected to work out the coordinates of the maximum or minimum
points without further work, but you should mark points where the curve meets the axes.

Example B3

Sketch the curves with the following equations and show the points where they cross the
coordinate axes.

ay=x-2)(1-x)(1+x) by=x@x+1)x+2)

a O=(x—2)1—x)1+ x)

Sox=2,x=lorx=—1 Put i = 0 and solve for x.
S0 the curve crosses the x-axis at

(2.0), (1,0) and (=1,0).

Whenx =0,y = —2X1X 1= =2

S0 the curve crosses the y-axis at

Find the value of ¥ when x = 0.

(0, =2).
yl
X X X >
-1 0 1 2 X
DX Y— —X Check what happens to y for large positive
X — —0 1 — ®© and negative values of x.

Notice that this curve is a reflection in the
X x-axis of the curve in Example 1.
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b y=x(x+NDN(x+2)
0=x(x+N(x+2) Put ¥ = 0 and solve for x.

So x=0,x=—lorx=—2

So the curve crosses the x-axis at
(0,0), (=1,0) and (=2,0).

So the curve crosses the y-axis at (0, 0).

KRy

Check what happens to y for large positive
and negative values of x.

Ky

Sketch the following curves.

ay=@x-1>%x+1)
‘byx32x23x



Sketching curves

_a  y=(x—17%(x+1)
0= (x—1%(x+1)
Sox=1lorx=—1.

Put ¥ = 0 and solve for x.

So the curve crosses the x-axis at (1, O)
and (—1, 0).

Whenx =0 y=(—1)2 X1=1

Find the value of ¥ when x = 0.

So the curve crosses the y-axis at (O, 1).

y A
1X
R0 X x
X—>®,y—>%0
Check what happens to y for large positive
X—= —R Y — —X and negative values of x.

T X ®, Yo ®

/ —— x =1 is a ‘double’ root.

1 0 1 * T X > —o, i > —o
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y=x°—2x*—3x
= x(x2 — 2x — 3)
=x(x=3)(x+1) |

First factorise.

=x(x=3)(x+1)
Sox=0,x=%o0rx=—1
50 the curve crosses the x-axis at (O, O) So the curve crosses the y-axis at (0, 0).

(3, 0) and (—1, O).

& *—
X —>®, Y — © ] g
Check what happens to y for large positive
X = =0, Y = =X and negative values of x.
A
x

1| Sketch the following curves and indicate clearly the points of intersection with the axes:

=@x-3)x—-2)x+1) by=x-1x+2)(x+3)

=@+ 1+ 2)(x+3) dy=x+1)1-x)x+3)

=@ —-2)x—-3)(4—-x) f y=x(x-2)x+1)
gy=x(x+1x—-1) hy=xx+1)(1-x)

y=x-2)2x—-1)(2x + 1) j y=x(2x-1)(x + 3)




Sketching curves

2 Sketch the curves with the following equations:

ay=@x+1>*x-1 by=@x+2)x-1)>
cy=02-x)x+1)7? dy=x-2)x+1)7?
e y=x*x+2) fy=@x-1%«
g§y=(010-x?@+x) hy=@-17?Q@-x)
iy=x*2-x) j y=x*(x-2)

3 Factorise the following equations and then sketch the curves:

ay=x3+x*-2x b y=x3+ 5x2+ 4x
cy=x3+2x>+x dy=3x+2x>-x°
e y=x3—x? fy=x-x3

g y=12x3-3x hy=x3-x*-2
i y=x3-9% j y=x%-9x?

4.2 You need to be able to sketch and interpret graphs of cubic functions of the form
y=x.

Sketch the curve with equation y = x3.

O=x2 -

So the curve crosses both axes at (O, O).

2
y=x° ‘—5‘—1‘0‘1 ‘8

Put ¥ = 0 and solve for x.

As the curve passes the axes at only one
point, find its shape by plotting a few points.

— Notice that as x increases, 1 increases rapidly.

— The curve is ‘flat’ at (0, 0). This point is
called a point of inflexion. The gradient is
> positive just before (0, 0) and positive just
x after (0, 0).

Notice that the shape of this curve is the
same as the curve with equation
y = (x + 1)3, which is shown in Example 5.
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Sketch the curve with equatlons
ay=- y=(@x+1)3 cy=03-x)3

y=—x
yk
y = —x3 y = x3
0 x
b y=(x+1)°
0= (x+17°
Sox=—1
S0 the curve crosses the x-axis at [
(—=1,0).

Whenx=0,y=1°=1"*

So the curve crosses the y-axis at (0, 1).

yn

= (x +]1)3

/

Show their positions relative to the curve with equation y = x3.

You do not need to plot any points. It is
quicker if you realise the curve y = —x3is a
reflection in the x-axis of the curve y = x3.
You can check this by looking at the values
used to sketch y = x3. So, for example, x = 2
will now correspond to v = —8 on the curve
y=—x3

The curve is still flat at (0, 0).

Put y = 0 to find where the curve crosses the
X-axis.
Put x = 0 to find where the curve crosses the
y-axis.

The curve has the same shape as y = x3.
You do not need to do any working if you
realise the curve y = (x + 1)3 is a translation
of —1 along the x-axis of the curve y = x3.

The point of inflexion is at (—1, 0).



Sketching curves

c y=(3—x)°

0= (3—x)°
‘ _ Put i = 0 to find where the curve crosses the
20X=3 X-axis.

th rve crosses the x-axis at

When x = 0, y = 3% = 27

Put x = 0 to find where the curve crosses the

y-axis.
S0 the curve crosses the y-axis at
(0, 27).
ya You can write the equation for the curve as
y=[-(x—-3)PFsoy=—(x—3)so the
curve will have the same shape as y = —x°.
J— y=(3 -1 You do not need to do any working if you

realise the curve y=(3 —x)}= —(x - 3)%is a
0 x translation of +3 along the x-axis of the

3
curve y = —x°.

The point of inflexion is at (3, 0).

1 Sketch the following curves and show their positions relative to the curve y = x3:
ay=x-2° by=2-x2° cy=@x-1)°
dy=@x+2)3 e y=—-(x+2)3

2 Sketch the following and indicate the coordinates of the points where the curves cross the
axes:

ay=(@x+3)3 b y=(x—3)} cy=(1-x)3
dy=-x-2° ey=-@-3)°

k
4,3 You need to be able to sketch the reciprocal function Y=y where k is a constant.

1
Sketch the curve y = X and its asymptotes.
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The curve does not cross the axes.

y=—
* The curve tends towards the x-axis when
_ Whenx =0,y is not defined. x is large and positive or large and negative.
_ . . The x-axis is a horizontal asymptote.
g&h&my;Q,mdezﬁﬂﬁd—
x>+, y—>0 The curve tends towards the y-axis when y
is large and positive or large and negative.
X ==%1y=0 The y-axis is a vertical asymptote.

Y=+, x—=0

4 X
1 1 1 1
a2 M s 2 0 20 I
Y —1‘—2‘—4‘ 4 ‘ 2 ‘ 1
yl\
44
The curve does not cross the x-axis or y-axis.
2+ You need to plot some points.
14

You can draw a dashed line to indicate an
X asymptote. (In this case the asymptotes are
the axes, but see Example 11.)

N
N[—=—

k
The curves with equations Y= fall into two categories:

Type 1 Type 2
k k
=— k>0 y=—k<O0
x
yh ylk




Sketching curves

Sketch on the same diagram:

4 dy— 12 by 1 dy— 3
ay=_andy=— y=-yandy=-—--
a
yl
_ 12
Y =%
The shape of these curves will be Type 1.
Yy :,%// In this quadrant, x > 0
12 4
0 x so for any values of x: ~
y=75
In this quadrant, x <0
=12 f | fx: E i
Y= so for any values of x:  —— <<
b

The shape of these curves will be Type 2.

In this quadrant, x <0

-3 _ -1
so for any values of x: - > -

In this quadrant, x >0

-3 -1
so for any values of x: < < -

Exercise

Use a separate diagram to sketch each pair of graphs.

2 4 2 2 4

1 y=;andy=; 2 y=;andy=—; 3 y=—;andy=—;
_ 3 andy= 2 _ 3yl

4y—xany—x 5| y= p andy= -~
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equations.

4.4 You can sketch curves of functions to show points of intersection and solutions to

y=x(x—23)
0=x(x—=2)

L

b Find the coordinates of the point of intersection.

Sox=0orx=2.

So the curve crosses the x-axis at

(0, 0) and (3, O).

Y= x*1=x)

0= x?(1—x)

L

—

Sox=0orx=1.

So the curve crosses the x-axis at

(0, O) or (1, 0).

X%, Y — —®

X — —0, Ju—)‘l‘oo—

Yy
A
y=xx—3)
B
0 7 X
C
y =x%1—x)

a On the same diagram sketch the curves with equations y = x(x — 3) and y = x?*(1 — x).

Put y = 0 and solve for x.

Put ¥ = 0 and solve for x to find where the
curve crosses the x-axis.

The curve crosses the y-axis at (0, 0).

Check what happens to y for large positive
and negative values of x.

A cubic curve is always steeper than a
quadratic curve, so it will cross over
somewhere on this side of the y-axis.




b From the graph there are three points

where the curves cross, labelled A, B

and C. The x-coordinates are given by

the solutions to the equation.
x(x —3) = x*(1 — x)

Sketching curves

X2 Bx=x°— x°»

Multiply out brackets (see Section 1.3).

Collect terms on one side.

Factorise.

x> —2x=0 -+

x(x*—3)=0*
x(x —V3)(x +V3)=0
5o xz—\/g,O,\/g

You can use the equation y = x*(1 — x)

to find the y-coordinates.

5o the point where x is negative is

A(=V3, 31+ V3)), Bis (0, 0) and C

is the point (\/5, 31 — \/5]).

Example ]

Factorise using a difference of 2 squares.

2
a On the same diagram sketch the curves with equations y = x?(x — 1) and y = —.
X

2
b Explain how your sketch shows that there are two solutions to the equation x?(x — 1) — P 0.

2 y=x*(x—1)

O =x%x—1)

Sox=0orx=1.

5o the curve crosses the x-axis at

(0, O) and (1, O).

X =%, | —®

Put ¥ = 0 and solve for x.

The curve crosses the y-axis at (0, 0).

X —> =%, Y — —x]

y A

SIS

-

Check what happens to y for large positive
and negative values of x.
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__ points of intersection of the curves,
of x where
2
xz(x -1 = ;
2 You would not be expected to solve this
or x—-1N——=0 equation in C1.
X

Exercise m

In each case:
i sketch the two curves on the same axes
ii state the number of points of intersection

iii write down a suitable equation which would give the x-coordinates of these points.
(You are not required to solve this equation.)

3
ay=x>y=x@x*—-1) by=x(x+2),y=-

2
cy=x*y=@+1)x-1)7 dyzxz(l—x),yz—; Hint: In question 1f,

1 1 check the point x = 2 in
€ yzx(x—4),y=; f y=x(x—4),y:—; both curves.
2

gy=x(x—4),y=@x-2)° hy=-xy=-—
iy=-xy=x* j y=-x%y=-x(x+2)

2| a On the same axes sketch the curves given by y = x?(x — 4) and y = x(4 — x).
b Find the coordinates of the points of intersection.

3 a On the same axes sketch the curves given by y = x(2x + 5) and y = x(1 + x)?
b Find the coordinates of the points of intersection.

a On the same axes sketch the curves given by y = (x — 1)3 and y = (x — 1)(1 + x).

b Find the coordinates of the points of intersection.




Sketching curves

27

5| a On the same axes sketch the curves given by y =x?and y = — <

b Find the coordinates of the point of intersection.

6 a On the same axes sketch the curves given by y =x? — 2x and y = x(x — 2)(x — 3).
b Find the coordinates of the point of intersection.

2
7 a On the same axes sketch the curves given by y = x*(x — 3) and y = e
b Explain how your sketch shows that there are only two solutions to the equation

x3(x —3)=2.

8 a On the same axes sketch the curves given by y = (x + 1)> and y = 3x(x — 1).
b Explain how your sketch shows that there is only one solution to the equation

x*+6x+1=0.
_ 1
9 a On the same axes sketch the curves given by y = X andy = —x(x — 1)%
b Explain how your sketch shows that there are no solutions to the equation
1+x%(x—1)>=0.
10, a On the same axes sketch the curves given by y =1 — 4x2 and y = x(x — 2).

b State, with a reason, the number of solutions to the equation x* + 4x — 1 = 0.

11/ a On the same axes sketch the curve y = x3 — 3x2 — 4x and the line y = 6x.

b Find the coordinates of the points of intersection.

12 a On the same axes sketch the curve y = (x> — 1)(x — 2) and the line y = 14x + 2.

b Find the coordinates of the points of intersection.

13| a On the same axes sketch the curves with equations y = (x — 2)(x+ 2)? and y = —x2 — 8.

b Find the coordinates of the points of intersection.

4.5 You can transform the curve of a function f(x) by simple translations of the form:
e f(x + a) is a horizontal translation of —a
e f(x) + a is a vertical translation of +a.

FENTI N 10

Sketch the curves for:
a f(x) =x? b gx) = (x — 2)? c hx)=x2>+2
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a f(x)=x?

y
0 X
. b g(x)=(x—2) Here a = —2 so g(x) is a horizontal
So alx) = f(x — 2) translation of —(—2) = +2 along the x-axis.
y A
A
0 z x
— 52
¢ h(x)=x"+2 Here a = +2 so h(x) is a vertical translation
So h(x) = f(x) + 2 of +2 along the y-axis.
y A
2
0 X

a Given that i f(x) =x3
ii gx) =x(x —2),

sketch the curves with equation y = f(x + 1) and g(x + 1) and mark on your sketch the points
where the curves cross the axes.

1
b Given that h(x) = L sketch the curve with equation y = h(x) + 1 and state the equations of
any asymptotes and intersections with the axes.



The graph of f(x) = x® is

y = f(x) = %

So the graph of y =f(x + 1) is

yl

y=fx+1) =@+ 1)>

4

KRy

-1 0
ii g(x)=x(x —2)
The curve is Iy =x(x —2)
0=x(x—2)

Sox=0orx=2

So the curve crosses the x-axis at

(0, 0) and (2, 0).

y =8k =x(x—2)

Sketching curves

First sketch f(x).

Here a= +1 so it is a horizontal translation
of —1 along the x-axis.

In this case the new equations can easily be
found as y = (x + 1)3 and this may help with
the sketch.

Put i = 0 to find where the curve crosses the
X-axis.

First sketch g(x).
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So the graph of y = g(x + 1) is

yl
y =g

+)=x+Dx-1)

Ky

1
b The graph of h(x) = L

0 x
So the graph of y = h(x) + 1is
¥4
______________________ W T
0 x

a= +1 so it is a horizontal translation of —1
along the x-axis.

You find the equation for g(x + 1) by replacing
x by (x + 1) in the original equation. So
y=gx+N)=@+N)x+1-2)=+T)(x—-1).

You can see this matches your sketch. The
intersection with the y-axis is now at (0, —1).

First sketch h(x).

Here a = +1 so it is a vertical translation of
+1 along the y-axis.



Sketching curves

The curve crosses the x-axis once.

1
= +1=—+
y=h(x)+1 . 1

4+ 1 Put i = 0 to find where the curve crosses the
X-axis.

0=

R | =R =

—1=

x = —1

So the curve intersects the x-axis

at (=1, 0).

The horizontal asymptote is y = 1.

The vertical asymptote is x = O.

1| Apply the following transformations to the curves with equations y = f(x) where:

i f(x) =x? ii f(x) =x3 iii f(x) = %

In each case state the coordinates of points where the curves cross the axes and in iii state
the equations of any asymptotes.

a f(x+2) b f(x) +2 c fx—-1)

d fx)—1 e f(x)—3 f f(x—3)

2 a Sketch the curve y = f(x) where f(x) = (x — 1)(x + 2).
b On separate diagrams sketch the graphs of i y = f(x+ 2) iiy = f(x) + 2.

¢ Find the equations of the curves y = f(x+ 2) and y = f(x)+ 2, in terms of x, and use these
equations to find the coordinates of the points where your graphs in part b cross the y-axis.

3 a Sketch the graph of y = f(x) where f(x) = x%(1 — x).
b Sketch the curve with equation y = f(x+ 1).

¢ By finding the equation f(x+ 1) in terms of x, find the coordinates of the point in part b
where the curve crosses the y-axis.

4 a Sketch the graph of y = f(x) where f(x) = x(x — 2)2.
b Sketch the curves with equations y = f(x) + 2 and y = f(x + 2).
¢ Find the coordinates of the points where the graph of y = f(x + 2) crosses the axes.

5 a Sketch the graph of y = f(x) where f(x) = x(x — 4).
b Sketch the curves with equations y = f(x + 2) and y = f(x) + 4.

¢ Find the equations of the curves in part b in terms of x and hence find the coordinates of
the points where the curves cross the axes.
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6 You can transform the curve of a function f(x) by simple stretches of these forms:

1
e f(ax) is a horizontal stretch of scale factor o’ SO you multiply the x-coordinates

by —‘1’ and leave the y-coordinates unchanged.

e af(x) is a vertical stretch of scale factor a, so you multiply the y-coordinates by
a and leave the x-coordinates unchanged.

Given that f(x) = 9 — x2, sketch the curves with equations:
= f(2x) b y = 2f(x)

a fx) =9 — x?

S0 fx) =B =x)(5+x) * You can factorise the expression.

The curveis Yy = (3 — x)(3 + x)

0=(3=x)(>+X) Put y = 0 to find where the curve crosses the
Sox=3orx=—=3 X-axis.

So the curve crosses the x-axis at
(3,0) and (=2, 0).

Whenx=0,y=3X3=9 Put x = 0 to find where the curve crosses the
So the curve crosses the y-axis at Yy-axis.

(0,9).

The curve y = f(x) is

First sketch iy = f(x).




y = f(2x) s0 the curve is

-1.5 0

b y = 2f(x)

So the curve is

ylk
18

Sketching curves

y = f(ax) where a = 2 so it is a horizontal
stretch with scale factor 5.

Check: The curve is y = f(2x).
Soy=(3—2x)(3 + 2x).
Wheny=0,x=-150rx=1.5.

So the curve crosses the x-axis at (—1.5, 0)
and (1.5, 0).

When x =0, y =9.
So the curve crosses the y-axis at (0, 9).

y = af(x) where a = 2 so it is a vertical
stretch with scale factor 2.

Check: The curve is y = 2f(x).
Soy=2(3—-x)(3 +x).
Wheny =0, x=3orx=—3.

So the curve crosses the x-axis at (—3, 0)
and (3, 0).

Whenx=0,y=2X9=18.
So the curve crosses the y-axis at (0, 18).
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a On the same axes sketch the graphs of y = f(x), y = 3f(x) and y = f(3x) where:
1
ifx)=x3 ii f(x) = X

b On the same axes sketch the graphs of y = f(x), y = —f(x) and y = f(—x) where f(x) = x(x + 2).

a i f(x)=x°

YA _ 3 y = 3f(x) is equivalent to y = 3x* and this
: y = 3fk) will be steeper than y = x3. It is a vertical
y = f(x) stretch of f(x) with scale factor 3.
y = f(5%)
\ x3
> This is equivalent to y = —= and this will be
0 x 27

more shallow than y = x3.

It is a horizontal stretch of f(x) with scale
factor 3.

i f(x) =

=R | =

K| -

will be above v =

K|w

y:

\\ I
(=)
Ry
| —

3
fGx) = — so this curve will be the
1 X

X

W

3
same as y = .




Sketching curves

b f(x)=x(x + 2)

y =f(—x)is y = (—x)(—x + 2) which is
Yy =x2—2x ory=x(x — 2) and this is a
yA reflection of the original curve in the y-axis.

3 y = i) Alternatively multiply each x-coordinate by

—1 and leave the y coordinates unchanged.

y=—fx)isy=—-x( + 2) and this is a
> reflection of the original curve in the x-axis.

2 x . .
Alternatively simply remember each
y-coordinate is multiplied by —1 and the
) X-coordinates remain unchanged.
y=—fk

1| Apply the following transformations to the curves with equations y = f(x) where:
. . 1
if(x) =x? ii f(x) =x° iii f(x) = X

In each case show both f(x) and the transformation on the same diagram.

a f(2x) b f(—x)
c f(3x) d f(4x)
e f(3x) f 2f(x)
g —f(x) h 4f(x)
i 2f(x) i i)

2| a Sketch the curve with equation y = f(x) where f(x) = x% — 4.
b Sketch the graphs of y = f(4x), y = 3f(x), y = f(—x) and y = —{(x).

3 | a Sketch the curve with equation y = f(x) where f(x) = (x — 2)(x + 2)x.
b Sketch the graphs of y = f(3x), y = f(2x) and y = —f(x).

4 a Sketch the curve with equation y = f(x) where f(x) = x?(x — 3).
b Sketch the curves with equations y = {(2x), y = —f(x) and y = f(—x).

5 a Sketch the curve with equation y = f(x) where f(x) = (x — 2)(x — 1)(x + 2).
b Sketch the curves with equations y = f(2x) and f(5x).
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4.] You need to be able to perform simple trans
function.

formations on a given sketch of a

The following diagram shows a sketch of the curve f(x)
which passes through the origin. The points A(1, 4)
and B(3, 1) also lie on the curve.

Sketch the following:

=fx+1) by=fx-1) c y=fx)—4
In each case you should show the coordinates of the
images of the points O, A and B.

_a f(x+1)

(0, 4)

2,1
/_1 0 z
b f(x — 1)
2,4)
4, 1)
[ ’“

1,0

(31 _3)

A, 4)
y = fx)

B@3,1)

Move f(x) 1 unit to the left.

This means move f(x) 1 unit to the right.

Move f(x) down 4 units.



1| The following diagram shows a sketch of the curve
with equation y = f(x). The points A(0, 2), B(1, 0),
C(4,4) and D(6, 0) lie on the curve.

Sketch the following graphs and give the coordinates

of the points A, B, C and D after each transformation:

af(x+1) b f(x) -4 c f(x +4)
d f(2x) e 3f(x) f f(3x)
g () h {(-x)

2 The curve y = f(x) passes through the origin and
has horizontal asymptote y = 2 and vertical
asymptote x = 1, as shown in the diagram.

Sketch the following graphs and give the equations
of any asymptotes and, for all graphs except a, give
coordinates of intersections with the axes after each

transformation.

a f(x)+2 b f(x +1) c 2f(x)
d f(x) -2 e f(2x) f f(3x)
g () h —f(x)

3 The curve with equation y = f(x) passes through the
points A(—4, —6), B(—2,0), C(0, —3) and D(4, 0)
as shown in the diagram.

Sketch the following and give the coordinates of
the points A, B, C and D after each transformation.

a f(x —2) b f(x)+6 c f(2x)
d f(x +4) e f(x)+3 f 3f(x)
g 3f@) h f(;x) i —f(x)
i f(=x)

4 | A sketch of the curve y = f(x) is shown in the
diagram. The curve has a vertical asymptote
with equation x = —2 and a horizontal
asymptote with equation y = 0. The curve
crosses the y-axis at (0, 1).

a Sketch, on separate diagrams, the

Sketching curves

B D
0 1 6\ X
| : \
Ly=2 A
N 1 x
y A
D,
X

graphs of:

i 2f(x) ii f(2x) iii f(x — 2)
iv f(x) -1 v f(—x) vi —f(x)

In each case state the equations of any
asymptotes and, if possible, points where
the curve cuts the axes.

b Suggest a possible equation for f(x).
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Mixed exercise m

1 a On the same axes sketch the graphs of y = x%(x — 2) and y = 2x — x2.
b By solving a suitable equation find the points of intersection of the two graphs.

6
a On the same axes sketch the curves with equationsy =—andy =1 +x.
X

b The curves intersect at the points A and B. Find the coordinates of A and B.

¢ The curve C with equation y = x2 + px + ¢, where p and q are integers, passes through A
and B. Find the values of p and 4.

d Add C to your sketch.

The diagram shows a sketch of the curve y = f(x). The point B(0, 0) lies on the curve and the
point A(3, 4) is a maximum point. The line y = 2 is an asymptote.

I A3, 4)

Ky

Sketch the following and in each case give the coordinates of the new positions of A and B
and state the equation of the asymptote:

a f(2x) b 3f(x) c f(x) -
d f(x +3) e f(x—3) f fx)+1

4 The diagram shows the curve with equation y = 5 + 2x — x? and the line with equation
y = 2. The curve and the line intersect at the points A and B.

ylk

7=

Find the x-coordinates of A and B. G




Sketching curves

5 The curve with equation y = f(x) meets the coordinate axes at the points (-1, 0), (4,0) and
(0, 3), as shown in the diagram.

©, 3)

-L0f 0 4,0\ *

Using a separate diagram for each, sketch the curve with equation

ay=fx-1) b y=—1fx)

On each sketch, write in the coordinates of the points at which the curve meets the
coordinate axes.

6 | The figure shows a sketch of the curve with equation y = f(x).

In separate diagrams show, for —2 < x < 2, sketches of the curves with equation:
ay=f(-x) b y=—fx)

Mark on each sketch the x-coordinate of any point, or points, where a curve touches
or crosses the x-axis.

7 The diagram shows the graph of the quadratic function f. fx) 4
The graph meets the x-axis at (1, 0) and (3, 0) and the
minimum point is (2, —1).

a Find the equation of the graph in the form y = f(x).

b On separate axes, sketch the graphs of
iy="fx+2 ii y = f(2x).
iy=fx+2) i y = f(2x) Lo /30

¢ On each graph write in the coordinates of the 0 x
points at which the graph meets the x-axis 2, -1)

and write in the coordinates of the minimum

point. Q
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Summary of key points

1 You should know the shapes of the following basic curves.

y=a2 7]
0 x
¥4 Y=
yl
y=@&—-—a)x—-b)x—c)
N /o c_,
: x VN
1
YT x
0 X

2 Transformations:
f(x + a) is a translation of —a in the x-direction.

f(x) + a is a translation of +a in the y-direction.

1 1
f(ax) is a stretch of p in the x-direction (multiply x-coordinates by E)'

af(x) is a stretch of a in the y-direction (multiply y-coordinates by a).




Review EXxercise

Factorise completely:
a 2x3 — 13x2 — 7x
b 9x2 - 16

c x*+ 7x* - 8.

Find the value of:
a 81
b 81:

c 8177, (E)

a Write down the value of 8%.
b Find the value of 87%. 9

a Find the value of 125,
b Simplify 24x2 + 18x’.

a Express V80 in the form aV/5, where a is
an integer.

b Express (4 — v5)%in the form
b + ¢/5, where b and ¢ are integers. 9

a Expand and simplify (4 + v3)(4 — V3).

b Express 4—26— in the form a + bv3,

+V3
where a and b are integers. 9

a Express V108 in the form av3, where a
is an integer.

b Express (2 — v3)?in the form b + ¢/3,
where b and c are integers to be found.

E

€) a Express (2/7) in the form av7, where
a is an integer.

b Express (8 + v7)(3 — 2V7) in the form
b + ¢/7, where b and c are integers.

6 + 27 in the form d + eV/7,
3-V7

where d and e are integers.

¢ Express

9 Solve the equations:
ax?-x-72=0
b 2x>+7x=0
c 10x2+9x —9=0.

m Solve the equations, giving your answers
to 3 significant figures:

axt+10x+17=0
b2x2-5%-1=0
c 2x—32=7.




X2 —-8x—29=(x+a?+b,
where a and b are constants.
a Find the value of a and the value of b.
b Hence, or otherwise, show that the
roots of
x2—-8—-29=0
are ¢ = dv5, where ¢ and d are integers.

E

Given that
f(x) =x2>—-6x +18,x = 0,

a express f(x) in the form (x — a)?> + b,
where a and b are integers.

The curve C with equation y = f(x), x = 0,

meets the y-axis at P and has a minimum

point at Q.

b Sketch the graph of C, showing the
coordinates of P and Q.

The line y = 41 meets C at the point R.
¢ Find the x-coordinate of R, giving your

answer in the form p + gv2, where
p and q are integers.

Given that the equation

kx? + 12x + k = 0, where k is a positive
constant, has equal roots, find the value
of k.

Given that
X+ 10x + 36 = (x + a)> + b,

where a and b are constants,
a find the value of a and the value of b.
b Hence show that the equation

x%2 + 10x + 36 = 0 has no real roots.
The equation x> + 10x + k = 0 has equal
roots.
¢ Find the value of k.

d For this value of k, sketch the graph
of y = x2 + 10x + k, showing the
coordinates of any points at which the
graph meets the coordinate axes.

x>+ 2x +3=(x+a?+b.

a Find the values of the constants a
and b.

b Sketch the graph of y = x2 + 2x + 3,

indicating clearly the coordinates of any

intersections with the coordinate axes.

¢ Find the value of the discriminant of
x? + 2x + 3. Explain how the sign of
the discriminant relates to your sketch
in part b.

The equation x + kx + 3 = 0, where kis a

constant, has no real roots.

d Find the set of possible values of k,
giving your answer in surd form.

m Solve the simultaneous equations:
x+y=2

X2+ 2y =12

a By eliminating y from the equations:

y=x—4,

2x> —xy = 8,
show that

x>+ 4x -8 =0.

b Hence, or otherwise, solve the
simultaneous equations:
y=x-4
2x> —xy =8,
giving your answers in the form
a = b/3, where a and b are integers.

Solve the simultaneous equations:
2x—y—5=0
x*+xy—-2=0

Find the set of values of x for which:
a32x+1)>5-2x
b 2x2-7x+3>0,

¢ both 3(2x + 1) > 5 — 2x and
26— 7x +3>0.

o



Find the set of values of x for which:
a x(x—5) <7x—x?
b x(3x +7)> 20

a Solve the simultaneous equations:
y+2x=3
2x> — 3x — y = 16.
b Hence, or otherwise, find the set of
values of x for which:

22 - 3x - 16>5-2¢. ()

The equation x* + kx + (k + 3) = 0, where
k is a constant, has different real roots.

a Show that k? — 4k — 12 > 0.
b Find the set of possible values of k. G

Given that the equation
kx? + 3kx + 2 = 0, where k is a constant,
has no real roots, find the set of possible
values of k.

The equation (2p + 5)x? + px + 1 = 0,
where p is a constant, has different real
roots.

a Show that p?> — 8p — 20 > 0.

b Find the set of possible values of p.

Given that p = -3,

¢ find the exact roots of
2p+35x>+px+1=0.

a Factorise completely x* — 4x.

b Sketch the curve with equation
y = x3 — 4x, showing the coordinates of
the points where the curve crosses the
X-axis.

¢ On a separate diagram, sketch the curve
with equation

y=@—-13—-4@x—-1)
showing the coordinates of the points
where the curve crosses the x-axis.

P33, —2)

The figure shows a sketch of the curve
with equation y = f(x). The curve crosses
the x-axis at the points (2, 0) and (4, 0).
The minimum point on the curve is

P(3, —2).

In separate diagrams, sketch the curve
with equation

ay=—fx) b y = f(2x)
On each diagram, give the coordinates of
the points at which the curve crosses the

x-axis, and the coordinates of the image of
P under the given transformation. g

YA

©,3)

4, 0)

ol 1,0 \

The figure shows a sketch of the curve
with equation y = f(x). The curve passes
through the points (0, 3) and (4, 0) and
touches the x-axis at the point (1, 0).
On separate diagrams, sketch the curve
with equation

ay=fx+1) b y = 2f(x)
c y = f(zx)
On each diagram, show clearly the

coordinates of all the points where
the curve meets the axes.

X




Given that f(x) = &, x # 0,
a sketch the graph of y = f(x) + 3 and

state the equations of the asymptotes

b find the coordinates of the point
where y = f(x) + 3 crosses a coordinate
axis.

@ Given that f(x) = (x> — 6x)(x — 2) + 3x,

a express f(x) in the form
x(ax? + bx + ¢), where a, b and ¢ are
constants

b hence factorise f(x) completely

¢ sketch the graph of y = f(x), showing
the coordinates of each point at which
the graph meets the axes.

a Sketch on the same diagram the
graph of y = x(x + 2)(x — 4) and the
graph of y = 3x — x?, showing the
coordinates of the points at which
each graph meets the x-axis.

b Find the exact coordinates of each
of the intersection points of
y=x+ 2)(x —4)andy = 3x — x2.



After completing this chapter you should be able to

1 understand the link between the equation of a line, and its
gradient and intercept

2 calculate the gradient of a line joining a pair of points

3 find the equation of a line in either the form y = mx + ¢
or alternatively ax + by = ¢

4 find the equation of a line passing through a pair of points
5 determine the point where a pair of straight lines intersect
6 know and use the rule concerning perpendicular gradients.

Understanding this chapter will help you find the equation
of a tangent and normal to a curve in Chapter 7.

Coordinate geometry
in the (x, y) plane

Did you know?

...that many bills (including mobile phones) are linear and
will produce straight lines when they are graphed?

The problem below can easily be answered by solving
where pair of straight lines intersect.

If C = the cost of the calls in £s and t = the time in
minutes, then the graphs are

Cost of calls

20+
—¢ Tariff A _Tariff A
. £15 per month
15 —>¢ Tariff B &R OoNLY! AR
£ 10-
k7
8 r Tariff B| A STANDING CHARGE
] OF £10 PER MONTH PLUS 3p
PER MINUTE FOR CALLS
o+—+—r—r"rr—TTrT T

2
0 t minutes

Can you work out when it would be cheaper to use Tariff A?
You may wish to work out if your mobile phone contract
is the most suitable one for the number of calls you make.
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:

» 5,1 You can write the equation of a straight line in the formy =mx + ¢
’*i_', orax + by + c=0.

B In the general form y = mx + ¢, m is the gradient and

(0, ¢) is the intercept on the y-axis.

YA

ay=-3x+2

a y=-5x+2

The gradient = —3 and the intercept

on the y-axis = (0, 2).

b 4x—2y+5=0

4x +5= 2y
So 2y=4x+5 »
y=2x+3"*

The gradient = 2 and the intercept

on the y-axis = (O, %).

B In the general form ax + by + ¢=0, a, b and c are integers.

Write down the gradient and intercept on the y-axis of these lines:

Compare y = —3x + 2 with y = mx + c.
From this, m= —3 and c= 2.

Rearrange the equation into the form
y=mx+c

Add 2y to each side.
Put the term in v at the front of the equation.
Divide each term by 2, so that:

2y=2=y
4+-2=2
5+ 2 =3. (Do not write this as 2.5)

Compare y =2x + 3 toy = mx + c.
From this, m =2 and ¢ = 3.




Coordinate geometry in the (x, y) plane

Write these lines in the form ax + by + ¢ =0:

ay=4x+3 by=-3x+5
_ Rearrange the equation into the form
a y=4x+o ax + by + c=0.
O=4x+3-y Subtract i from each side.

S50 4x —y+3=0

Collect all the terms on one side of the

b y= —tx+5 equation.
—;—x +y=5. Add 3x to each side.
X+ y—5=0-¢ Subtract 5 from each side.
So x+2y—10=0* Multiply each term by 2 to clear the
fraction.

Example [}

A line is parallel to the line y = 1x — 5 and its intercept on the y-axis is (0, 1). Write down the
equation of the line.

Remember that parallel lines have the same
: gradient.
y=x+1

Compare y = 3x — 5 with y = mx + ¢, som= 3.
The gradient of the required line = 3.

The intercept on the y-axis is (0, 1), so c=1.

Example [}

A line is parallel to the line 6x + 3y — 2 = 0 and it passes through the point (0, 3). Work out the
equation of the line.

Rearrange the equation into the form

ox+23y—2=0 Yy = mx + c to find m.
Y —2=—0x* Subtract 6x from each side.
By =—6x+ 2 ¢ Add 2 to each side.
y=—2x+2 . Divide each term by 3, so that
) 3y+3=y
—6x+3=—-2x
The aradient of this line is —2. 2+3= § (Do not write this as a decimal.)
Compare y = —2x + 5 with y = mx + ¢, so
m=—2.

The equation of the line is y = —2x + 3.

Parallel lines have the same gradient, so the
gradient of the required line = —2.

(0, 3) is the intercept on the y-axis, so ¢ = 3.
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2

;_,, The line y = 4x — 8 meets the x-axis at the point P. Work out the coordinates of P.
s
y=4ar—o The line meets the x-axis when 1y = 0, so
Substituting, substitute y = 0 into y = 4x — 8.
dx—5=0 Rearrange the equation for x.
4y =5 ¢ Add 8 to each side.
x=2 ¢ Divide each side by 4.
So P(2. 0). Always write down the coordinates of the
point.
Work out the gradients of these lines:
ay=-2x+5 by=-x+7 c y=4+3x
dy=1x-2 e y=—3%x fy=5x+3%
g 2x—4y+5=0 h 10x-5+1=0 i x+2y-4=0
j 3x+6y+7=0 K4x+2y-9=0 1 9x+6y+2=0
These lines intercept the y-axis at (0, c). Work out the value of ¢ in each case.
ay=-x+4 by=2x-5 cCy=1x—7%
dy=-3x e y=5x+1% fy=2-7x
g 3x—4y+8=0 h 4x-5y-10=0 i 2x+y-9=0
j 7x+4y+12=0 K7x—-2y+3=0 1 -5x+4y+2=0

Write these lines in the form ax + by + ¢ = 0.

ay=4x+3 by=3x-2 cCy=-6x+7
dy=%%-6 ey=3x+2 f y="1x

gy=2x-73 hy=-3x+3% iy=-6x—3%
jy=-tx+3 ky=35x+3 1 y=3x+;

A line is parallel to the line y = 5x + 8 and its intercept on the y-axis is (0, 3). Write down
the equation of the line.

A line is parallel to the line y = —2x + 1 and its intercept on the y-axis is (0, —4). Work out
the equation of the line. Write your answer in the form ax + by + ¢ = 0, where a, b and c are
integers.

A line is parallel to the line 3x + 6y + 11 = 0 and its intercept on the y-axis is (0, 7). Write
down the equation of the line.

A line is parallel to the line 2x — 3y — 1 = 0 and it passes through the point (0, 0). Write
down the equation of the line.
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8 The line y = 6x — 18 meets the x-axis at the point P. Work out the coordinates of P.
9 The line 3x + 2y — 5 = 0 meets the x-axis at the point R. Work out the coordinates of R.

10 The line 5x — 4y + 20 = 0 meets the y-axis at the point A and the x-axis at the point B. Work
out the coordinates of the points A and B.

yﬂ
(x2, y2)
5.2 You can work out the gradient m of the line joining the
point with coordinates (x;, y;) to the point with
coordinates (x,, y,) by using the formula m = L‘L.
X2 — X,
@1, y1)
0 x
Example 3
Work out the gradient of the line joining the points (2, 3) and (5, 7).
Draw a sketch.
7-3=4
ya _
(5,7) >—2-3
Remember the gradient of a line
4 _ difference in y-coordinates
difference in x-coordinates’
7-3
2,3) 3 som=z——.
0 > This is m= 2= with (e, y1) =(2,3)
X2 = X
and (xZI ]/2) = (51 7)
The gradient of the line is =
Example
Work out the gradient of the line joining these pairs of points:
a (—2,7)and (4,9) b (2d, —5d) and (6d, 3d)
__977 Y2~ Y
m = 4— (-2 . Use m= ;_71 Here (x;, 1) = (=2, 7) and
_ _2 . (‘xZI ]/2) = (4/ 5)
(&) L —(-2)=+2,504+2=6
1
= == Remember to simplify the fraction when
5 possible, so divide by 2.

—1 1
The gradient of the line is —g. = is the same as -3
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__ 34— (—5d)
W, 6d — 24
ol _&d
4d
5. |

The gradient of the line is 2.

'

a—(=5 _
4 -2
a+b
So — = —]
2 —— |
at+b= -2
a=—7"

Here (x4, 1) = (2d, —5d) and
(xZI ]/2) = (6dl 3d)

—(—5d) = +5d, so 3d+ 5d = 8d.

8d+4d=2.

The line joining (2, —5) to (4, a) has gradient —1. Work out the value of a.

Use m=yii. Here m= —1,
X2 — X

(x1l ]/1) = (21 _5) and (XZI yZ) = (41 a)'
a—(—5)=a+5

Multiply each side of the equation by 2 to
clear the fraction.

Subtract 5 from each side of the equation.

Work out the gradient of the line joining these pairs of points:

a (4,2),(6,3) b (-1,3), (5,4

c (—4,5),(1,2) d (2,-3), (6,5)

e (—3,4),((7,-6) f (-12,3),(-2,8)
g (-2,-4),(10,2) h (3,2), (5,4

i &) G4 j (—2.4,9.6), (0,0)
k (1.3,-2.2), (8.8, —4.7) 1 (0, 5a), (10q, 0)
m (3b, —2b), (7D, 2b) n (p,p?), 4, 9°)

The line joining (3, —5) to (6, a) has gradient 4. Work out the value of a.
The line joining (5, b) to (8, 3) has gradient —3. Work out the value of b.
The line joining (c, 4) to (7, 6) has gradient 3. Work out the value of c.

The line joining (—1, 2d) to (1, 4) has gradient —+. Work out the value of d.
The line joining (-3, —2) to (2e, 5) has gradient 2. Work out the value of e.

The line joining (7, 2) to (f, 3f) has gradient 4. Work out the value of f.



8 The line joining (3, —4) to (—g, 2¢) has gradient —3. Work out the value of g.

9 Show that the points A(2, 3), B(4, 4), C(10, 7) can be joined by a straight line.
(Hint: Find the gradient of the lines joining the points: i A and B and ii A and C.)

10 Show that the points (—2a, Sa), (0, 4a), (64, a) are collinear (i.e. on the same straight line).

Coordinate geometry in the (x, y) plane

5,3 You can find the equation of a line with

coordinates (x;,y,) by using the formula
Yy —y1=m(x —x).

gradient m that passes through the point with

Find the equation of the line with gradient 5 that passes through the point (3, 2).

YA
@, )
y—2
(3,2) x—3
0 x
The gradient = 5, so L2 _p
x=25

y—2=5x—-23) *

y—2=5x—=15

y=5x—13

1

Find the equation of the line with gradient —5 that passes through the point (4, —6).

y=(=6)= —z(x—4) -
So  y+6=—3(x—4)

y+6=—7x+2"°
y=——12-x—4.

3
Y gradient
m
(xll yl)
b
0 x

(x,y) is any point on the line.

Multiply each side of the equation by x — 3
to clear the fraction, so that:

Yy-2 23 _, >

=3 1
5X(x—3)=5x-3)

This is in the form y — y; = m(x — x;). Here

m =5 and (x, 1) = (3, 2).

Expand the brackets.

Add 2 to each side.

Use vy — y; = m(x — x,). Here m = —3 and
(x1/ ]/1) = (4/ _6)

Expand the brackets. Remember —3 X —4 = +2, )

Subtract 6 from each side.
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. Theline y = 3x — 9 meets the x-axis at the point A. Find the equation of the line with gradient 5
1 that passes through the point A. Write your answer in the form ax + by + ¢ =0, where a, b and ¢
are integers.

The line meets the x-axis when iy = 0, so

!'!u y=3x—9 substitute 1 = 0 into y = 3x — 9.
. Zx—9=0 — Rearrange the equation to find x.
By =9 — Always write down the coordinates of the
3 point.
x =
So A(3,0). / Use y — y; = m(x — x;). Here m= % and

y_ O :%(x_ 5) / (x1ly1)=(3/ 0)

Rearrange the equation into the form

: y=3(x—3) ax + by +c=0.
S dy=2(x—23) - Multiply by 3 to clear the fraction.
=3 SYy=2x—06- Expand the brackets.
—2x+3%y=-6 - Subtract 2x from each side.
—2x+2y+6=0- Add 6 to each side.

Find the equation of the line with gradient m that passes through the point (x,, y;) when:

a m=2and (x;,y,) =(2,5) b m=3and (x;,y,) =(-2,1)

¢ m=-1and (x,y,) =3, —6) d m=—-4and (x,y,) = (-2, -3)
e m=73and (x,,y, = (—4, 10) f m=—-%and (x,y,) = (-6,—1)
g m=2and (x,y;) = (a, 2a) h m=—%and (x,,y,) = (—2b, 3D)

The line y = 4x — 8 meets the x-axis at the point A. Find the equation of the line with
gradient 3 that passes through the point A.

The line y = —2x + 8 meets the y-axis at the point B. Find the equation of the line with
gradient 2 that passes through the point B.

The line y = 3x + 6 meets the x-axis at the point C. Find the equation of the line with
gradient  that passes through the point C. Write your answer in the form ax + by + ¢ =0,
where a, b and ¢ are integers.

The line y = x + 2 meets the y-axis at the point B. The point C has coordinates (-5, 3).
Find the gradient of the line joining the points B and C.

The lines y =x and y = 2x — 5 intersect at the point A. Find the equation of the line with
gradient £ that passes through the point A. (Hint: Solve y =x and y = 2x — 5
simultaneously.)
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7  The lines y = 4x — 10 and y = x — 1 intersect at the point 7. Find the equation of the
line with gradient —% that passes through the point T. Write your answer in the form
ax + by + ¢ =0, where a, b and c are integers.

8 The line p has gradient 5 and passes through the point (6, —12). The line g has gradient —1
and passes through the point (5, 5). The line p meets the y-axis at A and the line g meets the
x-axis at B. Work out the gradient of the line joining the points A and B.

9 The line y = —2x + 6 meets the x-axis at the point P. The line y = 3x — 4 meets the y-axis at
the point Q. Find the equation of the line joining the points P and Q. (Hint: First work out
the gradient of the line joining the points P and Q.)

10 The line y = 3x — 5 meets the x-axis at the point M. The line y = —3x + % meets the y-axis at
the point N. Find the equation of the line joining the points M and N. Write your answer in
the form ax + by + ¢ = 0, where a, b and c are integers.

5.4 You can find the equation of the line that passes through

the points with coordinates (x;, y;) and (x,, y,) by using
Y-V, _xX—X (x2, y2)

Ya— VY, xz_x1.

the formula

/ (xl) yl)

Example [}

Work out the gradient of the line that passes through the
points (5, 7) and (3, —1) and hence find the equation of the line.

=)
R

Y2—
—1) — =21 H =(5,7
o (=) =7 // Use m [ ere (Xq, Y1) = (5,7) and
5-5 (2 y2) =3, 1)
_—8
9 — -8+ -2=+4
So m=4. ’7 Use y — y; = m(x — x;). Here m= 4 and
y - 7 - 4(x - 5) ¢ (xh %) = (5/ 7)
y—7=4x—20"+ Expand the brackets.
y=4x—13 * Simplify into the form y = mx + c.

Add 7 to each side.

Example [H

— X —X

e S=N L to find the equation of the line that passes through the points (5, 7)
Yo= Y1 X7 X%

and (3, —1).

Us
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Y= _ X%
Useyz—%_xz—x]'
f
i y—(~1) x—>3 Here (x;, 1) = (3, —1) and (x5, ¥2) = (5, 7).
7 — (—1) = 5— 3% il (x1, 1) and (x5, ,) have been chosen to
make the denominators positive.
So y+l _ 5 —— Multiply each side by 8 to clear the fraction,
o) 2 so that:
+1
y+1=4(x—3) - gx L =y+1
y+1=4x—12 Y
8 X = 4(x — 3)

Expand the brackets.

Subtract 1 from each side.

The lines y = 4x — 7 and 2x + 3y — 21 = 0 intersect at the point A. The point B has coordinates
(—2, 8). Find the equation of the line that passes through the points A and B. Write your answer
in the form ax + by + ¢ = 0, where a, b and c are integers.

y=4x—-7,2x+2y—21=0

2x+3(4x—7)—21=0
2x+12x—21—21=0 »

4x —42=0*
14x =42
X=23 -+
Substituting, ’—
y=43)—7"
y=5 o
So A(3,5). *

A(3.5) and B(—2, &)

y—5 x—3
\/ 4 8—5 —-2-3
. y-5_x-3
:', 3 - -5

5(y =5)= —3(x = 3)
by —26=—-3x+9
5x +5y —25=9¢
Sx +5y—34=0"

Solve the equations i = 4x — 7 and
2x + 3y — 21 = 0 simultaneously to find the
point A.

Substitute y =4x — 7 into 2x + 3y — 21 =0
to eliminate y.

Expand the brackets.
Collect like terms.

Add 42 to each side.
Divide each term by 14.

Substitute x = 3 into either equation to
find y. y = 4x — 7 is easier.
Write down the coordinates of A.
Y=  xXx—X B
Use Vot T =X Here (xq,171) = (3, 5)

and (x2' }/2) = (_2/ 8)
Simplify the denominators.

Clear the fraction. Multiply each side by 15

so that
y—5
15 X 3 =5 —5)

x—3
15X < =-3(x—3)
Expand the brackets.
-3X-3=+49

Add 3x to each side.

Subtract 9 from each side.
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1

10

Find the equation of the line that passes through these pairs of points:
a (2,4) and (3, 8)

b (0,2) and (3, 9)

¢ (—2,0)and (2, 8)

d (5,-3)and (7,5)

e (3,-1)and (7,3)

f (-4,-1)and (6,4)

g (—1,-5)and (-3, 3)

h (—4,-1)and (-3, -9)

i (33 and (5

. 31 1 3
j (=3,7)and (3,7

The line that passes through the points (2, —5) and (-7, 4) meets the x-axis at the point P.
Work out the coordinates of the point P.

The line that passes through the points (-3, —95) and (4, 9) meets the y-axis at the point G.
Work out the coordinates of the point G.

The line that passes through the points (3, 23) and (—1%, 4) meets the y-axis at the point J.
Work out the coordinates of the point J.

The line y = 2x — 10 meets the x-axis at the point A. The line y = —2x + 4 meets the y-axis at
the point B. Find the equation of the line joining the points A and B. (Hint: First work out
the coordinates of the points A and B.)

The line y = 4x + 5 meets the y-axis at the point C. The line y = —3x — 15 meets the x-axis at
the point D. Find the equation of the line joining the points C and D. Write your answer in
the form ax + by + ¢ =0, where a, b and c are integers.

The lines y =x — 5 and y = 3x — 13 intersect at the point S. The point T has coordinates
(—4, 2). Find the equation of the line that passes through the points § and T.

The linesy = —2x + 1 and y = x + 7 intersect at the point L. The point M has coordinates
(=3, 1). Find the equation of the line that passes through the points L and M.

The vertices of the triangle ABC have coordinates A(3, 5), B(—2, 0) and C(4, —1). Find the
equations of the sides of the triangle.

The line V passes through the points (=5, 3) and (7, —3) and the line W passes through the
points (2, —4) and (4, 2). The lines V and W intersect at the point A. Work out the
coordinates of the point A.
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» 5.5 You can work out the gradient of a line that is perpendicular to the line y = mx + c.
N/
¥
YA
m
_1
0 x

1
B If a line has a gradient of m, a line perpendicular to it has a gradient of T
B If two lines are perpendicular, the product of their gradients is —1.

¢

Work out the gradient of the line that is perpendicular to the lines with these gradients:
a3 b} c —%

m=23
So the gradient of the perpendicular e ——= sl = 3
m
line is —%.
1
m=z
So the gradient of the perpendicular Use _1 with m = 1__
line is m
1 1 1
= iy Remember —— = é, SO T = E
(2) (2) a " (1) 1
b 2
= _2
=7
=-2
2
m="5 e —— i = —=
So the gradient of the perpendicular m
line is 1 5 1 5
1 Here o B = 5
(—2) (E) (‘E)
=-(-3 STx-2=4
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Show that the line y = 3x + 4 is perpendicular to the line x + 3y — 3 = 0.

y=2%x+4 Compare y = 3x + 4 withy =mx + ¢,
som=3.

The gradient of this line is 3.

Rearrange the equation into the form

x+3y—3=0 Yy =mx + ¢ to find m.
Yy —d3=—x¢ Subtract x from each side.
dy=—x+23- Add 3 to each side.
y= —3x + 1 Divide each term by 3.
The gradient of this line is —3.—— —x+3= —Tx = —Ix
BX —%=—1 + Compare y = —3x + 1 with y = mx + ¢,
The lines are perpendicular because the som= —3.
product of their gradients is —1. — Multiply the gradients of the lines.
Example
Work out whether these pairs of lines are parallel, perpendicular or neither:
ay=-2x+9 b3x-y-2=0 cy=3x
y=-2x-3 x+3y—-6=0 2x—y+4=0

a y=—-2x+9 Compare y = —2x + 9 with y = mx + ¢,

The gradient of this line is —2. — som=-2.
y=-—2x—25. Compare y = —2x — 3 withy =mx + ¢,

The gradient of this line is —2. S0 (= =2
So the lines are parallel, since . Remember that parallel lines have the same
- gradient.
the gradients are equal.
b 5x—y—2=0- Rearrange the equation into the form
5x_2:y y=mx+c
So y=23x—2 Add y to each side.
The gradient of this line is 3. « ;Zqoingare Y= S = 2l i = e o € 59
x+2y—6=0 Subtract x from each side.
2y —6=—x — Add 6 to each side.
dy=—x+06 — Divide each term by 3.
yz—%x+2'/ — CompareTy=—-13-x+2withy=mx+c,
som= —3.

The gradient of this line is —%.

So the lines are p@rpendicular as
BX5=—1.
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. c y=1§x' Comparey=%xwithy=mx+c,som=%.
’.ﬁ’ The gradient of this line is .

i
2x—y+4=0 Rearrange the equation into the form
2x+4=y L Yy = mx + c to find m.
So y=2x+4 Add y to each side.
The gradient of this line is 2. Compare y = 2x + 4 with y = mx + ¢,

som=2.

The lines are not parallel as they have

different gradients.

The lines are not perpendicular as
TX2=1.

]

Find an equation of the line that passes through the point (3, —1) and is perpendicular to the
liney = 2x — 4.

y=2x—4 Compare y = 2x — 4 with y = mx + c.
m=2 Use the rule - with m = 2.
So the gradient of the perpendicular Iineé Use iy — y; = m(x — x). Here m = —% and
is —%, Ly =G, —1).
y=(=1) = —3(x = 3)-
y+l=—3x+% Expand the brackets.
y=-3x+3 -Fx-3=3

—— Subtract 1 from each side, so that 3 — 1 = 3.

1 Work out whether these pairs of lines are parallel, perpendicular or neither:

ay=4x+2 by=%-1 cy=++9
y=—x—7 y=3%x-11 y=5x+9
dy=-3x+2 e y=3x+4 f y=3x
y=3—7 y=-3-1 y=3%-3
gy=5x-3 hsx-y-1=0 i y=—3x+8
S5x—y+4=0 y=—1x 2x—3y—-9=0
j 4x—-5y+1=0 K3x+2y-12=0 1 S5x-y+2=0

8x—-10y—-2=0 2x+3y—-6=0 2x+ 10y —4=0
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2 Find an equation of the line that passes through the point (6, —2) and is perpendicular to
the line y = 3x + 5.

3 Find an equation of the line that passes through the point (-2, 7) and is parallel to the line
y = 4x + 1. Write your answer in the form ax + by + ¢ = 0.

4 Find an equation of the line:
a parallel to the line y = —2x — 5, passing through (-3, 3)
b parallel to the line x — 2y — 1 = 0, passing through (0, 0)
¢ perpendicular to the line y = x — 4, passing through (-1, —2)
d perpendicular to the line 2x +y — 9 = 0, passing through (4, —6).

5 Find an equation of the line:
a parallel to the line y = 3x + 6, passing through (-2, 5)
b perpendicular to the line y = 3x + 6, passing through (-2, 5)
¢ parallel to the line 4x — 6y + 7 = 0, passing through (3, 4)
d perpendicular to the line 4x — 6y + 7 = 0, passing through (3, 4).

6 Find an equation of the line that passes through the point (5, —5) and is perpendicular to
the line y = 3x + 5. Write your answer in the form ax + by + ¢ = 0, where a, b and c are
integers.

7 Find an equation of the line that passes through the point (-2, —3) and is perpendicular to
the liney = —%x + 5. Write your answer in the form ax + by + ¢ = 0, where a, b and c are
integers.

8 The line r passes through the points (1, 4) and (6, 8) and the line s passes through the
points (5, —3) and (20, 9). Show that the lines r and s are parallel.

9 The line [ passes through the points (-3, 0) and (3, —2) and the line n passes through the
points (1, 8) and (—1, 2). Show that the lines / and n are perpendicular.

10 The vertices of a quadrilateral ABCD has coordinates A(—1, 5), B(7, 1), C(5, —3), D(=3, 1).
Show that the quadrilateral is a rectangle.

Mixed exercise m

1 The points A and B have coordinates (—4, 6) and (2, 8) respectively. A line p is drawn
through B perpendicular to AB to meet the y-axis at the point C.

a Find an equation of the line p.
b Determine the coordinates of C. 9
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_ 2 The line [ has equation 2x —y — 1= 0.
e The line m passes through the point A(0, 4) and is perpendicular to the line I.
v, { a Find an equation of m and show that the lines I and m intersect at the point P(2, 3).

The line n passes through the point B(3, 0) and is parallel to the line m.

b Find an equation of n and hence find the coordinates of the point Q where the
lines I and n intersect. e

The line L; has gradient 7 and passes through the point A(2, 2). The line L, has gradient —1
and passes through the point B(4, 8). The lines L, and L, intersect at the point C.

a Find an equation for L, and an equation for L,.
b Determine the coordinates of C. e

The straight line passing through the point P(2, 1) and the point Q(k, 11) has gradient —3.
a Find the equation of the line in terms of x and y only.
b Determine the value of k. 9

a Find an equation of the line / which passes through the points A(1, 0) and B(5, 6).
The line m with equation 2x + 3y = 15 meets / at the point C.
b Determine the coordinates of the point C. 9

The line L passes through the points A(1, 3) and B(—19, —19).
Find an equation of L in the form ax + by + ¢ = 0, where a, b and c are integers. 9

The straight line I; passes through the points A and B with coordinates (2, 2) and (6, 0)
respectively.

a Find an equation of ;.

The straight line /, passes through the point C with coordinates (-9, 0) and has

gradient .

b Find an equation of ,. G

The straight line I; passes through the points A and B with coordinates (0, —2) and (6, 7)
respectively.

a Find the equation of [; in the form y = mx + c.

The straight line I, with equation x +y = 8 cuts the y-axis at the point C. The lines I, and /,
intersect at the point D.

b Calculate the coordinates of the point D.
¢ Calculate the area of AACD. 9

The points A and B have coordinates (2, 16) and (12, —4) respectively. A straight line I,
passes through A and B.

a Find an equation for /; in the form ax + by = c.
The line I, passes through the point C with coordinates (-1, 1) and has gradient 3.
b Find an equation for I,. 9
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Coordinate geometry in the (x, y) plane

The points A(—1, —2), B(7, 2) and C(k, 4), where k is a constant, are the vertices of AABC.
Angle ABC is a right angle.

a Find the gradient of AB.
b Calculate the value of k.

¢ Find an equation of the straight line passing through B and C. Give your answer
in the form ax + by + ¢ = 0, where a, b and c are integers. 9

The straight line / passes through A(1, 3V3) and B(2 + V3, 3 + 4V3).
a Calculate the gradient of / giving your answer as a surd in its simplest form.

b Give the equation of / in the form y = mx + ¢, where constants m and c are surds given in
their simplest form.

¢ Show that I meets the x-axis at the point C(—2, 0). 9

a Find an equation of the straight line passing through the points with coordinates (-1, 5)
and (4, —2), giving your answer in the form ax + by + ¢ = 0, where a, b and c are integers.

The line crosses the x-axis at the point A and the y-axis at the point B, and O is
the origin.

b Find the area of AOAB. 9

The points A and B have coordinates (k, 1) and (8, 2k — 1) respectively, where k is a constant.
Given that the gradient of AB is 5:

a show that k=2
b find an equation for the line through A and B. 9

The straight line [; has equation 4y + x = 0.
The straight line I, has equation y = 2x — 3.

a On the same axes, sketch the graphs of /; and /,. Show clearly the coordinates of all
points at which the graphs meet the coordinate axes.

The lines /; and I, intersect at the point A.
b Calculate, as exact fractions, the coordinates of A.

¢ Find an equation of the line through A which is perpendicular to I;. Give your
answer in the form ax + by + ¢ = 0, where a, b and c are integers. 9

The points A and B have coordinates (4, 6) and (12, 2) respectively.
The straight line [; passes through A and B.

a Find an equation for /; in the form ax + by + ¢ =0, where a, b and c are integers.
The straight line I, passes through the origin and has gradient —4.

b Write down an equation for /,.

The lines [, and I, intersect at the point C. !
¢ Find the coordinates of C. 9 ’




Summary of key points

1

® In the general form
Yy =mx +c,
where m is the gradient and (0, ¢) is the intercept on
the y-axis.
e In the general form
ax + by +c=0,

where a, b and c are integers.

You can work out the gradient m of the line joining the
point with coordinates (x,,y,) to the point with
coordinates (x,, y,) by using the formula

Y2= )1

Xy — X

You can find the equation of a line with gradient m
that passes through the point with coordinates (x4, y,)
by using the formula

Y=y =mx —x,)

You can find the equation of the line that passes
through the points with coordinates
(x1,y1) and (x,,y,) by using the formula

Y= _ X%

Y2=Y1 X227 X%

If a line has a gradient m, a line perpendicular to it has

1
a gradient of ——.
m

If two lines are perpendicular, the product of their
gradients is —1.

y A
m
1
©, 0
/|
0 x
y A
(x2, ¥2)
(xlr .')’1)
0 X
Yy
gradient
m
(X1, ¥1)
yd
0 X
y A
(2, y2)
(xlr yl)
1
0 x
y A
m
_1
0 X




After completing this chapter you should be able to
1 generate a sequence from the nth term, or from a
recurrence relationship

2 know how to find the nth term of an arithmetic
sequence, U,

3 know how to find the sum to n terms of an arithmetic
series, S,

4 solve problems on arithmetic series using the
formulae for U, and §,,

5 know the meaning of the symbol ..

Sequences and series

Did you know?

...the famous story about a young boy named Carl
Friedrich Gauss? His primary school teacher,
J.G. Buttner, tried to occupy his pupils by making
them add up the integers from 1 to 100. The young -

L P Carl Friedrich Gauss
Gauss produced the correct answer within seconds. (1777-1855), painted by
You will find out how he did it in this chapter. 5 Christian Albrecht Jensen

-

o




6.1 A series of numbers following a set rule is called a sequence.

3,7,11, 15, 19, ... is an example of a sequence.

B Each number in a sequence is called a term.

Work out:
i the next three terms in each of the following sequences and ii the rule to find the next term.
a 14,11,8,5, ...
| b 1,248, ..
c13715,..
Look for the rule that takes you
NN from one term to the next.
a 14.1.56.5,...
y i__The next three terms are
2. —land -4. —— To go from one term to the next you
ii Term no. | 1 | 2 | ) | 4 | 5 subtract 3.
Term 14|11 |8 ][5 |2

The rule to find the next term is

‘subtract 3 from the previous term’,

b 1/\*2/\2{?9 o To go from one term to the next you
multiply by 2.
i__The next three terms are
16, 32 and 4.
i T@rmno.|1 |2|5|4|5
Term | 1]2]4 8|16
The rule to find the next term is
‘multiply the previous term by 2.
c 1/,\‘5/,\7’/\1‘5, . To go from one term to the next you

multiply by 2, then add 1.
i The next three terms are

21, ©3 and 127.

i Termno. [1]2]32]4]5

Term | 1]3|7]15]3

The rule to find the next term is

‘multiply the previous term by 2 then

add 1.




Sequences and series

Work out the next three terms of the following sequences. State the rule to find the next term in

each case:

1 4,9, 14,19, ... 2 2,-2,2,-2,..

3 30,27,24,21, .. 4 2,6,18, 54, ... Hints: Question 6 — Look
. 1 for two operations.

5 4, -2,1, —, ... 6 1,25, 14, .. Quesition © = Tz

7 1,1,2,3,5, ... 8 1,% %4 .. numerator and

denominator separately.
9 4,63,25,2.25,2.125, ... 10 0, 3,8, 15, ...

6,2 When you know a formula for the nth term of a sequence (e.g. U,=3n—1) you
can use this to find any term in the sequence.

B The nth term of a sequence is sometimes called the general term.

Example £}

The nth term of a sequence is given by U, = 3n —
Work out:

a The first term. b The third term.

a U=3X1—1

1.

¢ The nineteenth term.

b U,=3X3—1

Substitute n =1

C U19=5><19_1

Substitute n=3

=50

Example [}
The nth term of a sequence is given by U, =

2

Work out:
a The first three terms. b The 49th term.

Substitute n =19

(n+1)

b=l eupet =1 Use U, = ——
a =131 2 (Substitute n=1) se Up=—"—
2X2 4 L e
U, =222 =2 (substitute n=2) withn=1, 2.and 3.
2+1 3
2X3 9 _
Us = —— = — (Substitute n = 3)
2+1 4
b U_£><i9 Substi =49 U U——nz— ith n=49
" a9+ 1. (Substitute n = 49) [ Use Up=——— with n=49.
_ 240

50




Find the value of n for which U, has the given value:
aU,=5n-2,U,=153

b U,=n*>+5,U,= 149

c U=nm-7n+12,U,=72

Here U, = 153, so we substitute and solve

a 155=56n—2 the equation for n.
= 15 =56n* Add 2 to both sides.
d n=231-¢ Divide by 5.
y |
b 149=n*+5 Here U, = 149.
144 = p? Take 5 from both sides.
’ n=*12 - Find square root.
n=12 - n can only be positive so n=12.
¢ _72=n*—=—7n+12 Here U, = 72.
O=n*—7n—60
O=(n—=12)n+5)- Solve the quadratic equation by
= 2 i = —15 factorisation.
n=12 ¢ n is positive so accept only n=12.

A sequence is generated by the formula U, = an + b where a and b are constants to be found.
Given that U; = 5 and Ug = 20, find the values of the constants a and b.

We know Uz =5, 50 24 + b =5, @

i — Substitute n=3 and Us;=5in U,=an+ b.
We know Ug = 20, 50 &2+ b=20. @
g m— Substitute n = 8 and Uy = 20 in U, = an + b.

@ — @ gives:

52=15 Solve simultaneously.

a=>3

Substitute a = 3 in @:

9+b=5

b= —4

Constants are a =3 and b = —4.




Sequences and series

1

Find the U;, U,, U; and U, of the following sequences, where:

aU,=3n+2 b U,=10-3n

c U,=n*+5 dU,=(n-3)>
n

U,=(-2)" f U,=

e Ui=(=2) n+2

g Up= (-1 —— = (n—2)’

Find the value of n for which U, has the given value:

aU,=2n-4,U,=24 =n-4)?% U,=25
2n+1 1
¢ U=n-9, U, =112 dU,,——” v, -2
n—3' 6
e U =n*+5n-6,U,=60 f U=n*-4n+11,U,=56
7
=12+ 4n— =91 hU,=(-1)—:,U,-==
g U,=n n-35,U0, U()_I_4U9
3_|_ 3
i Un=n—5—3,U,,=13.4 i Un=%+3,Un=28

Prove that the (2n + 1)th term of the sequence U, = n?> — 1 is a multiple of 4.

Prove that the terms of the sequence U, = n> — 10n + 27 are Hint: Question 4 -
all positive. For what value of n is U, smallest? Complete the square.

A sequence is generated according to the formula U, = an + b, where a and b are constants.

Given that U; = 14 and Us = 38, find the values of a and b.

A sequence is generated according to the formula U, = an? + bn + ¢, where a, b and ¢ are
constants. If U; = 4, U, = 10 and U; = 18, find the values of a, b and c.

A sequence is generated from the formula U, = pn® + g, where p and g are constants. Given
that U, = 6 and U; = 19, find the values of the constants p and q.

6,3 When you know the rule to get from one term to the next, you can use this

information to produce a recurrence relationship (or recurrence formula).

Look at the following sequence of numbers:

5,8,11, 14, 17, ...

We can describe this by the rule ‘add 3 to the previous term’.
We can see that:

U2=U1+3
U3=U2+3
U4=U3+3

etc.




This sequence can also be described by the recurrence formula: It works for all values of k

bigger than or equal to 1.
Uk+1:Uk+3 (k?l)

The kth term in the
The (k + 1)th term in the sequence.
sequence.

You must always state the first term of the sequence, as many different sequences have the same
recurrence relationship. For example, the sequences

- 4,7,10, 13, 16, ...
a and
2

58,11, 14,17, ...
could both be described by the recurrence formula Uy . ; = Uy + 3, but we can distinguish
between them by stating

U 1= U+ 3, k=1 with U, = 4 in the first example
but

Uc.1=U+ 3, k=1and U, =5 in the second example.

B A sequence can be expressed by a recurrence relationship. For example, the sequence 5, 9,
13, 17, ... can be formed from U, , ; = U, + 4, U; =5 (U, must be given).

| )

Find the first four terms of the following sequences:
au,,,=U,+4, U,=7 bU,,=U,+4,U,=5 «¢U,,,=3U,,1-U,, Uy=4and U,=2

a U,.,=U,+4U=7
Substituting n=1,U,=U,+4=7+4=11. .
Substitute n=1, 2 and 3. As you
Substitutingn=2,Us=U, +4=1+4=15. —— are given U, you have the first
Substituting n=3, Uy = Uy + 4 =15 + 4 =19, | term.
Sequence is 7,11, 15,19, ...

b U, .,=U,+4 U =5" This is the same recurrence
B B B B formula. It produces a different
Subetitutingn=1,U, = U, +4=5+4=9. sequence because U, is different.

Substituting n=2, U= U, + 4 =9+ 4 =13.
Substituting n=3, U, = Us +4=13+4=17.
Sequence is 5, 9,15,17, ...

c U, ,=3U,.— U, U=4U,=2.¢ This formula links up three terms.
_ Simply substitute in the values of n
Substituting n =1, Us =30, — h=5X2 -4 =2. to see how the relationship works.
Substituting n=2, U, = 3Us— U, =3 X2 — 2 =4,
Sequence is 4, 2,2, 4, ...




Sequences and series

Example

A sequence of terms {U,}, n=1 is defined by the recurrence relation U, , , = mU, , ; + U, where m

is a constant. Given also that U; = 2 and U, = 5:
a find an expression in terms of m for Us

b find an expression in terms of m for U,.
Given the value of Uy = 21:

c find the possible values of m.

a Us=mlU,+ U, * Substitute n = 1.
=bm+2 - Substitute U; = 2 and U, = 5.

b U4 = mUz + U, » Substitute n = 2.
=mbBm+2)+5 e Substitute U; = 5m + 2 and U, = 5.
=5m?+2m+5 ¢ Simplify.

c Up=21 ¢ Set U, = 21.

Bm? + 2m + 5 = 21 / Subtract 21 from both sides.
Bm? +2m—16 =0 / Factorise (if possible).
Bm—=8)m+2)=0

m =106 or —2.

Exercise

1 Find the first four terms of the following recurrence relationships:

aUn+1:Un+3,U1:1 bUn+1:Un_5,U1:9

CUn+1=2Un,U1=3 dUn+1=2Un+1,U1=2
U,

eUn+1:?n,U1:10 f U, =U)>-10U,=2

g Un+2:2’Un+1+Unl U1=3' U2:5

2 Suggest possible recurrence relationships for the following sequences (remember to state the

first term):

a3s5709,.. b 20, 17, 14, 11, ...

c 1,248, .. d 100, 25, 6.25, 1.5625, ...
el -1,1-11,.. f 3,7, 15,31, ...
g0,1,25,26, .. h 26,14, 8, 5, 3.5, ...

il 1,235,813 .. j 4,10, 18,38, 74, ...




By writing down the first four terms or otherwise, find the recurrence formula that defines
the following sequences:

aU,=2n-1 bU,=3n+2
+

c Uy=n+2 dUn=n—2—1

e U,=n? f U,=(-1mn

4 A sequence of terms {U,} is defined n =1 by the recurrence relation U, , ; = kU, + 2, where
k is a constant. Given that U, = 3:

- a find an expression in terms of k for U,
ﬁ b hence find an expression for Us.
2 Given that U; = 42:
c find possible values of k.

5 A sequence of terms {U,} is defined k = 1 by the recurrence relation U , , = Uy ; — pUj,,
y where p is a constant. Given that U; = 2 and U, = 4:

a find an expression in terms of p for U;

b hence find an expression in terms of p for U,.
Given also that U, is twice the value of Us;:

c find the value of p.

64 A sequence that increases by a constant amount each time is called an arithmetic
sequence.

The following are examples of arithmetic sequences:

3,7,11, 15, 19, ... (because you add 4 each time)
2,7,12,17, 22, ... (because you add 5 each time)
17, 14, 11, 8, ... (because you add —3 each time)
a,a+td, a+2d,a+ 3d, ... (because you add d each time)
B A recurrence relationship of the form
Uis1=Ui+n k=1 ne’z
is called an arithmetic sequence.

Find the a 10th, b nth and c 50th terms of the arithmetic sequence 3, 7, 11, 15, 19, ...

Sequence is 3,7, 11,15, ... The sequence is going up in fours.
First term = 3 * It is starting at 3.
Secondterm =3 +4 — The first term is 3 + 0 X 4.

The second term is 3 + 1 X 4.
The third term is 3 + 2 lots of 4.
The fourth term is 3 + 3 lots of 4.

Thirdterm=3+4+4 ~——_

Fourthterm=3+4+4+4 — |




Sequences and series

a 10th term is
A+9X4=3+36=239 ¢ 10th term = first term + 9 fours.

b nthtermis
2+ (n—1NX4=4n—1 ¢ nth term = first term + (n — 1) fours.

¢ b50th term is
2+ (B0—NX4=3+196 =199

50th term = first term + 49 fours.

Example B

A 6 metre high tree is planted in a garden. If it grows 1.5 metres a year:
a How high will it be after it has been in the garden for 8 years?
b After how many years will it be 24 metres high?

It starts at 6 m.

a 6+8X15

A T It has 8 years’ growth at 1.5 m a year.
=18 metres
b 24— 06=15 metres » Find out how much it has grown in total.
So humber of years = 11(2— . It grows at 1.5 metres a year.
= 12 years

Find the number of terms in the arithmetic sequence 7, 11, 15, ..., 143:

T i f ‘ Work out how to get from one term to the
he sequence goes up in fours. T

It goes from 7 to 143, a difference of 126. «——

136 in fours is ' = 34 jumps.
7,115, ..., ..., 145

NN AN A _A\_A

—— Work out the difference between largest and
smallest numbers.

There is one more term than the number

of jumps, s0 34 jumps means 35 terms.




a3570911,..
cy 2,3y 4y, ..

e 16,8,4,2, 1, ...

SN S S AT

i U, ,=3U,-2U-=4

1 Which of the following sequences are arithmetic?

b 10,7,4,1, ...

d 1,409, 16,25, ..
f1,-1,1 -1,1, ..
htU,,,=U,+2,U,=3
j Uy 1=(Up% Uy =2
1 U,=2n+3

Ti| KU, =n@n+1)
- 2 Find the 10th and nth terms in the following arithmetic progressions:

a5 70911,..
c 24,21,18, 15, ...
e x, 2x, 3x, 4x, ...

b 5,8, 11, 14, ...
d -1,3,7,11, ...
f aa+da+2d a+3d,...

3 An investor puts £4000 in an account. Every month thereafter she deposits another £200.
How much money in total will she have invested at the start of a the 10th month and b
the mth month? (Note that at the start of the 6th month she will have made only
S deposits of £200.)

4 Calculate the number of terms in the following arithmetic sequences:

a 3,711, ..., 83, 87
c 90, 88, 86, ..., 16, 14
e x, 3x, 5x, ..., 35x

b 5,8, 11, ..., 119, 122
d 4,9, 14, ..., 224, 229
f aqa+da+2d ..,a+n-1)d

6,5 Arithmetic series are formed by adding together the terms of an arithmetic
sequence, U, + U+ Us + ... + U,.

In an arithmetic series the next term is found by adding (or subtracting) a constant number.
This number is called the common difference d.
The first term is represented by a.

B Therefore all arithmetic series can be put in the form

at+(@+d)+(@+2d)+ (a+3d)+ (a+4d) + (a + 5d)

A R R

Ist term 2nd term 3rd term 4th term 5th term 6th term

Look at the relationship between the number of the term and the coefficient of d. You should be
able to see that the coefficient of d is one less than the number of the term.

We can use this fact to produce a formula for the nth term of an arithmetic series.

B The nth term of an arithmetic series is a + (n — 1)d, where a is the first term and d is the
common difference.




Sequences and series

Find i the 20th and ii the 50th terms of the following series:
a4+7+10+13+... b 100 +93 +86+79 + ...

a 4+7+10+13+ ...

In this series a =4 and d =3 « First calculate the values of a and d. (In this

i 20th term case dis 7 — 4.)
=4+ (20 = 1) X 3
=44+19X3
= ol

i DBOth term
=44+ BO-1NX3-* Use the formula a + (n — 1)d, with n = 20 for
— 44 49X3 the 20th term and n = 50 for the 50th term.

=151

b 100+93+856+79 + ...

In this series 2 = 100 and 4 = —7 ~—————— dis negative this time.
. d= (93— 100) = —7.
i 20th term To calculate d you can use U, — U,
=100 + (20 — ) X —7 or U3 — U, or U, — U3, etc.
=100 +19 X =7
=—-33
i B0th term
=100+ (50 =) X =7
=100+ 49 X =7
= —242

For the arithmetic series 5 +9+ 13+ 17+ 21 + ... + 80S5:
a find the number of terms b which term of the series would be 129?

Series 55+ 9 +15+ 17+ 21+ ... + 805.
In this series a =5 and d = 4. « A good starting point in all questions is to

find the val f dd.
a_Usingnthterm=a+ (n—1)d |_I|r;re ae:vg :ﬁ;%ignzg so d = 4.
605 =5+ (n—1) X4

&05=5+4n—4

The nth term is a + (n — 1)d.

805 = 4n+ 1 So replace U, with 805 and solve for n.
804 = 4n Subtract 1.
n= 201 Divide by 4.

There are 201 terms in this series.




b Using nth term =a + (n—1)d
129=54+ (n—1)X 4

This time the nth term is 129. So replace U,

129 = 4pn + 1 with 129.
1286 = 4n Subtract 1.
n= 532 Divide by 4.

The 32nd term is 129.

W )
>

Given that the 3rd term of an arithmetic series is 20 and the 7th term is 12:
a find the first term b find the 20th term.

(Note: These are very popular questions and involve setting up and solving
simultaneous equations.)

>
r rm = + 24 = 20. Use nth term = a + (n — 1)d, with n= 3 and
\ Tthterm =12, 50 4+ 6d=12. @ Ukl
Taking ® from @:
4d= =56
d= —2

The common difference is —2.
a+2X —2=20
a—4=20
a=24
The first term is 24.

Substitute d = —2 back into equation @©.
Add 4 to both sides.

b 20thterm= g+ 194 ° Use nth term is a + (n — 1)d with n = 20.
=24+19X =2 « Substitute a = 24 and d = —2.
=24 — 36
=—14

The 20th term is —14.

1 Find i the 20th and ii the nth terms of the following arithmetic series:

a2+6+10+14+18 ... b4+6+8+10+12+ ...
c 80+77+74+71+... d1+3+5+7+9+...
e 30+27+24+21+... f 2+5+8+11+...

gpt3p+Sp+7p+ ... h Sx+x+ (=3x)+ (=7x) + ...
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2 Find the number of terms in the following arithmetic series:

asS+9+13+17+...+121 b1+125+15+1.75...+8
¢ 4+-1+2+5...+89 d 70+61+52+43...+-200
e 100 +95+90 + ... + (—1000) f x+3x+35x..+153

3 The first term of an arithmetic series is 14. If the fourth term is 32, find the common
difference.

4 Given that the 3rd term of an arithmetic series is 30 and the 10th term is 9 find a and d.
Hence find which term is the first one to become negative.

5§ In an arithmetic series the 20th term is 14 and the 40th term is —6. Find the 10th term.

6 The first three terms of an arithmetic series are 5x, 20 and 3x. Hint: Question 6 — Find

Find the value of x and hence the values of the three terms. two expressions equal to
the common difference
and set them equal to

7 For which values of x would the expression —8, x? and 17x
each other.

form the first three terms of an arithmetic series?

6,6 You need to be able to find the sum of an arithmetic series.

The method of finding this sum is attributed to a famous mathematician called Carl Friedrich
Gauss (1777-1855). He reputedly solved the following sum whilst in Junior School:

1+2+3+4+5+...+99+ 100
Here is how he was able to work it out:
Let §=1+2+3+4...+98+99+ 100
Reversing the sum §=100+99+98+97 ...+3+2+1
Adding the two sums 25 =101 + 101 + 101 + ... + 101 + 101 + 101

2§ =100 x 101
§= (100 X 101) + 2
§= 5050

In general:
Sp=a+t@+d)+@+2d)+..+@+mn-2)d)+ @+ (n-1)d)
Reversing the sum:
Sp=(@a+mn-Dd)y+(a+n-2)d)+@+mn-3)d)+...+(@a+d)+a
Adding the two sums:
28, =[2a+(n—1d]+[2a+(n—-1)d]+ ...+ [2a+ (n—1)d]
28, =n[2a+ (n—1)d]

Hint: There are n lots of

$,= 5 120+ (1= 1)d] R




Prove for yourself that it could be §, = g (a+L)whereL=a+ (n— 1)d.

B The formula for the sum of an arithmetic series is

S, = n [2a+ (n— 1)d] You could be asked to
2 prove these formulae.

n
or S,,—E(a+L)

where a is the first term, d is the common difference, n is the
“ number of terms and L is the last term in the series.

= Example I

Find the sum of the first 100 odd numbers.

y S=1+3+5+7+ ...

S

n
=—[2a+ (h— 1)d]
2 This can be found simply using the formula

100
——2—[2><1+(1OO—1)2] S=§[20+(n—1)d]
= 50[2 +1396] with a=1, d=2 and n=100.
= 50 X 200
= 10 000 |
L=a+ (n—"1d
=1+99X2
— 199 Alternatively, find L and use
n
n S==(a+D
= (a+1) 2¢
This is a very useful formula and is well
= 1_09 (1 +199) worth remembering.
2
=10 000

Find the greatest number of terms required for the sum of 4 + 9 + 14 + 19 + ... to exceed 2000.

Always establish what you are given in a
question. As you are adding on positive
terms, it is easier to solve the equality
S, =2000.



4+9+14+19+ ... >2000

Using 5= g[Za + (= 1)d] »

2000 = g[z X 4+ (n—1)5]
4000 = n(8 + 5n — 5)
4000 = n(bn + 3)
4000 = 5n® + 3n

0 = Br? + 3n — 4000

—3 + V(9 + 80 000)
10

=279, =265

28 terms are needed. «

”:

Sequences and series

Knowing a =4, d=5 and S, = 2000, you
need to find n.

Substitute into S = g [2a+ (n— 1)d].

—b + V(b? - 4ac)
2a ’

Solve using formula n=

Accept positive answer and round up.

Robert starts his new job on a salary of £15 000. He is promised rises of £1000 a year, at the end
of every year, until he reaches his maximum salary of £25 000. Find his total earnings (since
appointed) after a 8 years with the firm and b 14 years with the firm.

a Total earnings
= £15000 + £16 000 + ... (for & years)

a=15000, d=1000 and n =6 .—L

5=g[23+(n—1)d]-

8
5= —[30000 +7 X 1000]

= £148 000

b Total earnings
= £15000 + £16 000 + ... + £25 000
+ £25000 + £25000 + £25000 ~——+—
a=15000, 4 = 1000 and
n =11 for the first 11 years.

52%[23+(n—1)d] :

11
5 = — [30 000 +10 X 1000]

= £220 000
3 years at £25 000 = £75 000.
Total amount earned = £295 000.

Note that it will take Robert 11 years to
reach his maximum (his first year and 10
wage rises).

Write down what you know.

Use S=§[Za+(n— 1)d]

This time there are 10 years of increases,
taking him to the end of his 11th year,
and 3 years of the same salary.

Use § = g [2a + (n — 1)d] for the first

11 years.




Example

Show that the sum of the first n natural numbers is 3n(n + 1).

S=1+2+23+4+...+n n
UseS=E[Za+(n—1)d]with a=1,d=1

This is an arithmetic series with
and n=n.

5=g[23+(n—1)d]

-
q S=2[2X1+ (n—1)X1]

2
"
S=—(2+n—1)

1 Find the sums of the following series:
a3+7+11+14+ ... (20 terms) b2+6+10+ 14 + ... (15 terms)
c 30+27+24+ 21+ ... (40 terms) d5+1+-3+-7+ ... (14 terms)
e S5+7+9+...+75 f 4+7+10+..4+091
g 34+29+24+19+...+-111 hx+)+2x+1)+@Bx+1)+...+2lx+1)

=

2 Find how many terms of the following series are needed to make the given sum:
alS+8+11+14+..=670 b 3+8+13+18+...=1575
c 64+62+60+...=0 d34+30+26+22+..=112

3 Find the sum of the first 50 even numbers.

4 Carol starts a new job on a salary of £20 000. She is given an annual wage rise of £500 at
the end of every year until she reaches her maximum salary of £25 000. Find the total
amount she earns (assuming no other rises), a in the first 10 years and b over 15 years.

5 Find the sum of the multiples of 3 less than 100. Hence or otherwise find the sum of the
numbers less than 100 which are not multiples of 3.

6 James decides to save some money during the six-week holiday. He saves 1p on the first day,
2p on the second, 3p on the third and so on. How much will he have at the end of the
holiday (42 days)? If he carried on, how long would it be before he has saved £100?

7 The first term of an arithmetic series is 4. The sum to 20 terms is —15. Find, in any order,
the common difference and the 20th term.



Sequences and series

8 The sum of the first three numbers of an arithmetic series is 12. If the 20th term is —32,
find the first term and the common difference.

9 Show that the sum of the first 2n natural numbers is n(2n + 1).

10 Prove that the sum of the first n odd numbers is n?.

6,7 You can use Y, to signify ‘the sum of'.

For example:

10
Z 2n means sum of 2n fromn=1ton= 10

n=1

=2+4+6+8+10+12+14+ 16+ 18 + 20

10

Z Un=U1+U2+ U3+...+U10

n=1

10

> (2 + 3r) means the sum of 2 + 3r from r= 0 to r= 10

r=0
=2+5+8+..+32
r=15
Z (10 — 2r) means the sum of (10 — 2r) from r=35tor=15
r=35

=0+ -2+-4+...+-20

r= 20
Calculate > 4r+ 1

r=1

§ (4r+1)

r

54+9+13+ ...+ 81 Substitute r= 1, 2, etc. to find terms in
series.

n
S=—[2a+ (n—"1)d] .
2 L Substitute a=5, d =4 and n= 20 into
20 n
=7[2><5+(20—1)4] $=3l2a+(n—1)d].

= 10[10 + (19) X 4]
=10 X 86
= 860




1

2

Rewrite the following sums using 2 notation:

a4+7+10+...+31 b2+5+8+11+...+89
c 40+36+32+...+t0 d The multiples of 6 less than 100
Calculate the following:
5 10

a Z 3r b Z (4r—1)

r=1 r=1

20 S
c > (5r-2) d> rr+1)

r=1 r=0

For what value of n does Z (5r + 3) first exceed 1000?
r=1

For what value of n would > (100 — 4r) = 0?

r=1

Mixed exercise m

The rth term in a sequence is 2 + 3r. Find the first three terms of the sequence.
The rth term in a sequence is (r + 3)(r — 4). Find the value of r for the term that has the
value 78.
A sequence is formed from an inductive relationship:
U,.1=2U,+5
Given that U, = 2, find the first four terms of the sequence.

Find a rule that describes the following sequences:

a5, 11,17,23, .. b 3,6,9,6 12, ...
c130927,.. d 10,5,0, -5, ...
e 1,409 16, .. f 1,1.2,1.44,1.728, ...

Which of the above are arithmetic sequences?
For the ones that are, state the values of a and d.

For the arithmetic series 5 +9 + 13 +17 + ...
Find a the 20th term, and b the sum of the first 20 terms.

a Prove that the sum of the first # terms in an arithmetic series is
n
S= E[Za + (n— 1)d]

where a = first term and d = common difference.

b Use this to find the sum of the first 100 natural numbers.

Find the least value of n for which > (4r — 3) > 2000.

r=1
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14
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Sequences and series

A salesman is paid commission of £10 per week for each life insurance policy that he has
sold. Each week he sells one new policy so that he is paid £10 commission in the first week,
£20 commission in the second week, £30 commission in the third week and so on.

a Find his total commission in the first year of 52 weeks.

b In the second year the commission increases to £11 per week on new policies sold,
although it remains at £10 per week for policies sold in the first year. He continues
to sell one policy per week. Show that he is paid £542 in the second week of his
second year.

¢ Find the total commission paid to him in the second year. e

The sum of the first two terms of an arithmetic series is 47.
The thirtieth term of this series is —62. Find:

a the first term of the series and the common difference
b the sum of the first 60 terms of the series. G

a Find the sum of the integers which are divisible by 3 and lie between 1 and 400.

b Hence, or otherwise, find the sum of the integers, from 1 to 400 inclusive, which
are not divisible by 3.

A polygon has 10 sides. The lengths of the sides, starting with the smallest, form an
arithmetic series. The perimeter of the polygon is 675 cm and the length of the longest side
is twice that of the shortest side. Find, for this series:

a the common difference
b the first term. 9

A sequence of terms {U,} is defined for n= 1, by the recurrence relation
U,,,=2kU,,,+ 15U, where k is a constant. Given that U; =1 and U, = —2:

a find an expression, in terms of k, for U;
b hence find an expression, in terms of k, for U,
¢ given also that U, = —38, find the possible values of k. 9

Prospectors are drilling for oil. The cost of drilling to a depth of S0m is £500. To drill a
turther 50 m costs £640 and, hence, the total cost of drilling to a depth of 100 m is £1140.
Fach subsequent extra depth of 50 m costs £140 more to drill than the previous 50 m.

a Show that the cost of drilling to a depth of 500 m is £11 300.

b The total sum of money available for drilling is £76 000. Find, to the nearest 50 m,
the greatest depth that can be drilled.

Prove that the sum of the first 2n multiples of 4 is 4n(2n + 1). Q

A sequence of numbers {U,} is defined, for n = 1, by the recurrence relation U, = kU, — 4,
where k is a constant. Given that U, = 2:

a find expressions, in terms of k, for U, and Us
b given also that U; = 26, use algebra to find the possible values of k. Q

»~
roy .
| !



16 Each year, for 40 years, Anne will pay money into a savings scheme. In the first year she
pays in £500. Her payments then increase by £50 each year, so that she pays in £550 in the
second year, £600 in the third year, and so on.

a Find the amount that Anne will pay in the 40th year.

b Find the total amount that Anne will pay in over the 40 years.

¢ Over the same 40 years, Brian will also pay money into the savings scheme. In the
first year he pays in £890 and his payments then increase by £d each year. Given
that Brian and Anne will pay in exactly the same amount over the 40 years, find
the value of d.

|
a 17 The fifth term of an arithmetic series is 14 and the sum of the first three terms of the series
= is —3.
a Use algebra to show that the first term of the series is —6 and calculate the common
difference of the series.

b Given that the nth term of the series is greater than 282, find the least possible
A value of n.

The fourth term of an arithmetic series is 3k, where k is a constant, and the sum of the first
six terms of the series is 7k + 9.

a Show that the first term of the series is 9 — 8k.

b Find an expression for the common difference of the series in terms of k.

Given that the seventh term of the series is 12, calculate:

c the value of k

d the sum of the first 20 terms of the series. 9




Summary of key points

1

10

A series of numbers following a set rule is called a sequence.

3,7,11, 15, 19, ... is an example of a sequence.
Fach number in a sequence is called a term.
The nth term of a sequence is sometimes called the general term.

A sequence can be expressed as a formula for the nth term. For
example the formula U, = 4n + 1 produces the sequence
5,9,13,17, ... by replacing n with 1, 2, 3, 4, etc in 4n + 1.

A sequence can be expressed by a recurrence relationship.
For example the same sequence 5, 9, 13, 17,... can be formed
from U,, ,=U,+ 4, U =5. (U, must be given.)
A recurrence relationship of the form

Uk+1:Uk+n,k>1 TZEZ

is called an arithmetic sequence.

All arithmetic sequences can be put in the form

a+(a+d)+@a+2d)+(@+3d)+ (a+4d)+ (a+5d)

T T T T T T
1st 2nd 3rd 4th 5th 6th
term term term term term term

The nth term of an arithmetic series is a + (n — 1)d, where a is the
first term and d is the common difference.

The formula for the sum of an arithmetic series is

n

S, =—[2a+ (n-1)d]

\S)

or S, = g(a +1)

where a is the first term, d is the common difference, n is the
number of terms and L is the last term in the series.

You can use % to signify ‘sum of’. You can use 3 to write series in
a more concise way

10
eg. > 5+20=7+9+...+25

r=1

Sequences and series




After completing this chapter you should be able to

1 estimate the gradient of a curve
dy

' dx for simple

2 calculate the gradient function
functions

3 calculate the gradient of a curve at any point
4 find the equation of the tangent and normal to a
curve at a specified point
. . d?
5 calculate the second differential ﬁ;

Differentiation

Sir Isaac Newton who,
along with Gottfried =
Liebniz, devised the

Did you know?
Differential calculus is an important part of A level Mathematics and is widely used

in many branches of Science, Engineering and Business. Understanding it will help
you to sketch a function by finding the maximum and minimum values.

At

Volume of box against tab size

80
>V . N
604 Differentiation enables us to
find the exact value where the
40 volume of the box described in

2 Chapter 4 is maximised.

Volume of box

- Tab size s
Successful businesses maximise profits and minimise costs.
A simple example to explain this might be a drinks manufacturer using cans that
hold 330 ml. If the surface area of the can is as small as possible, then profits are
maximised as the amount of aluminium used is minimised.




Differentiation

/.1 You can calculate an estimate of the gradient of a tangent.

In Section 5.1, you found the gradient of a straight line by calculation and by inspection of its
equation.

The gradient of a curve changes as you move along it, and so:

B The gradient of a curve at a specific point is defined as being the same as the gradient of
the tangent to the curve at that point.

The tangent is a straight line, which touches, but does not cut, the curve. You cannot calculate
the gradient of the tangent directly, as you know only one point on the tangent
and you require two points to calculate the gradient of a line.

yﬂ
B Tangent to
the curve
at B.
0 X

To find the gradient of the tangent at a point B on a curve with a known equation, you can find
the gradient of chords joining B to other points close to B on the curve. You can then investigate
the values of these gradients as the other points become closer to B. You should find the values
become very close to a limiting value, which is the value of the gradient of the tangent, and is
also the gradient of the curve at the point B.

Example |

The points shown on the curve with equation y = x?,
are 0(0,0), A3, D), B(1,1), C(1.5,2.25) and D(2, 4).

a Calculate the gradients of:
i OB
ii AB
iii BC
iv BD

b What do you deduce about the gradient
of the tangent at the point B?




Gradient of the chord OB
Y—W

a i

X — X
_1=0

1-0
=1

ii  Gradient of the chord AB

NN

2
iii Gradient of the chord BC
2251
151
_ 125
- 05

—

=25

iv  Gradient of the chord BD
4 —1

2 —1
=3

b The gradient of the tangent at the
point B is between 1.5 and 2.5.

You can now ‘zoom in’ on to the section
of the curve near to the point B(1, 1). This
section, shown below, is almost a straight
line and is close in gradient to the tangent
at the point B.

The formula for the gradient of a straight
line is used.

(JC], y1) iS (0/ 0) and (xZI yz) iS (1I 1)

T1he1same formula is used with (x4, v4) as
2, 7) and (x, Y) as (1, 1).

3.1 _32_3_
2T2=3X7=3=15.

This time (xy, y1) is (1, 1) and (xy, V,) is
(1.5, 2.25).

125 _ 125 _
0.5 - 5 - 2.5.

Note that the chords are steeper and the
gradients are larger as you move along the
curve.

The gradient of the tangent at B is less than
the gradient of the chord BC, but is greater
than the gradient of the chord AB.




Differentiation

a For the same curve as Example 1, find the gradient of the chord BP when P has coordinates:

i(1.1,1.21) ii (1.01, 1.0201)

iii (1.001, 1.002001)

iv (1+h, (1+h)?

b What do you deduce about the gradient of the tangent at the point B?

a i Gradient of the chord joining (1, 1)

to (1.1, 1.21)
_121—1
-1
021
~of
=2

ii Gradient of the chord joining (1, 1)

to (1.01, 1.0201) |

10201 —1
101 -1

_ 0.0201

001

= 2.01

iii Gradient of the chord joining (1, 1)
to (1.001, 1.002 001)

 1.002001 — 1
~ 1.001—1
_ 0.002 00t
- 0001
= 2.001

iv. Gradient of the chord joining (1, 1)
to (1+ h, (1+ h)?)
(14 h)E—1
(R =1
1+ 2h+ h*—1
1+ h—1
_2h+ h?

h
=2+h

b When his small the gradient of the chord
is close to the gradient of the tangent,
and 2 + his close to the value 2. So we
deduce that the gradient of the tangent
at the point (1,1) is 2.

When x=1.1, y=1.12=1.21
2.1

021 021x10 2.1
01 01x10 1

The gradient is

This point is closer to (1, 1) than
(1.1,1.21).

This gradient is closer to 2.

The point (1.001, 1.0012) is very close to
amn.

The gradient is very close to 2.

his a constant.
A+h?=0+h0+h=1+2h+ h

This becomes h(—z;—h)

You can apply this formula to the chords in
i, ii and iii,

e.g. (1.1,1.21)= (1 + 0.1), (1 + 0.12).

So h= 0.1 and the gradient of chord BP is
2+0.1=21.

If you let h become very close to zero, the
gradient is very close to 2.




Exercise

Questions like these will not appear in the examination papers.

1 Fis the point with co-ordinates (3, 9) on the curve with equation y = x2.

a Find the gradients of the chords joining the point F to the points with coordinates:
iii (3.1,9.61)

i 416 ii (3.5,12.25)
iv (3.01,9.0601) v G+h (3+h?

b What do you deduce about the gradient of the tangent at the point (3, 9)?

2 G is the point with coordinates (4, 16) on the curve with equation y = x2.

a Find the gradients of the chords joining the point G to the points with coordinates:
iii (4.1,16.81)

i (525 ii (4.5,20.25)
iv (4.01,16.0801) v (4+h, 4+ h?

b What do you deduce about the gradient of the tangent at the point (4, 16)?

7,2 You can find the formula for the gradient of the function f(x) = x2 and other

functions of the form f(x) =x", n€ R.

Examples 2 to 4 show you how to derive the
formulae and will not be tested.

In the following sketch, the gradient of the
tangent y = f(x) at a point B is found by starting
with the gradient of a chord BC.

B The gradient of the tangent at any particular
point is the rate of change of y with
respect to x.

The point B is the point with coordinates (x, x%) and
the point C is the point near to B with coordinates
(x+h, (x+h?).

(x, x%) B

x+h x+h>C

(x + h)?2— x?

The gradient of the chord BC is
(x+h) —x

(% + 2hx + h?) — x?

This can be written as
x+h—x

2hx + h?

which simplifies to give 2

Ch@2x+h)
~n

=2x+h.*

Hint:
Use the gradient formula
for a straight line.

Expand (x + h)(x + h).

Factorise the numerator.

Cancel the factor h.

KRy




Differentiation

As h becomes smaller the gradient of the chord becomes closer to the gradient of the tangent to
the curve at the point B.

The gradient of the tangent at the point B to the curve with equation y = x? is therefore given by
the formula: gradient = 2x.

In general you will find that the gradients of the tangents to a given curve can be expressed by a

formula related to the equation of the curve.

B The gradient formula for y = f(x) is given by the equation: gradient = f'(x), where f'(x) is
called the derived function.

f'(x) is defined as the gradient of the curve y = f(x) at the general point (x, f(x)). It is also the
gradient of the tangent to the curve at that point.
So far you have seen that when f(x) = x2, f'(x) = 2x.

You can use this result to determine the gradient of the curve y = x2 at any specified point on the
curve.

You can also use a similar approach to establish a gradient formula for the graph of y = f(x),
where f(x) is a power of x, i.e. f(x) = x", where n is any real number.

(x + h, fx + b)) C

(x, f(x)) B

Ky

Again you need to consider the gradient of a chord joining two points which are close together
on the curve and determine what happens when the points become very close together.

This time the point B has coordinates (x, f(x)) and the point C is the point near to B with
coordinates (x + h, f(x + h)).

The gradient of BC is

f(x + h) — f(x)
(x+h—x

So as h becomes small and the gradient of the chord becomes close to the gradient of the
tangent, the definition of f'(x) is given as

- [f(x +h) - f(x)}

h—0 h

Using this definition you can differentiate a function of the form f(x) = x".




Find, from the definition of the derived function, an expression for f'(x) when f(x) = x3.

. o f(x + h) —f(x)
f'(x) = lim
h—>0 (x+h)—x
(x + h)> — (x)°
h=>0 (x+h)—x
x2 + 3x%h + 2xh? + h® — x°

—

= lim 2x% + 3xh + h?

= lim = -
h— 0 (x +h) —x
_ Bx%h + 3xh? 4+ W
= lim
h—0 h
. h(3x? + 3xh + h?)
= lim
h—0 h

h— O

As h — O the limiting value is 2x2.

So when f(x) = x3, f'(x) = 3x2

v fxe 4 h) = f(x)
f(x)_hllﬂqo (x+h)—x

= lim S
h—0 (x+ h)—x

1
As h— O the limiting value is —— = —x=,
X

So when f(x) = x71, f'(x) = (—=1)x"2

2

(x + h)3 = (x + h)(x + h)?

=(x + h)(x?+ 2hx + h?)
which expands to give
X3+ 3x%h + 3xh? + W

Factorise the numerator.

The 3xh term and the h? term become zero.

1
Find, from the definition of the derived function, an expression for f'(x) when f(x) = —.
X

Use a common denominator.

A fraction over a denominator h is the same
as the fraction divided by h, and the h then

cancels.

The xh term becomes zero.



Differentiation

You have found that:
) Hint: Notice the pattern
f(x) = x? gives f'(x) = 2x2 ! in these results is the

f(x) = x3 gives f'(x) = 3x3 ~ ! same each time.
f(x) =x"! gives f'(x) = —1x"1 !

Also, you know that the gradient of the straight line y = x is 1, and that the gradient of the
straight line y = 1 is 0.

Ry
Ry

So f(x) = x! gives f'(x) = 1x! ! Hint: Notice the same

and f(x) = x° gives f'(x) = 0x° ~ ! pattern for these linear
functions.

B In general it can be shown that if
f(x) =x", n€R then f'(x) = nx"-1

So the original power multiplies the expression and the power of x is reduced by 1.

Example |H

Find the derived function when f(x) equals:

1 X
a x° b x?2 cx? d— e x2xx?
X
a 6x° The power 6 is reduced to power 5 and the
6 multiplies the answer.
1
b f(x)=x?
) i =L The Power% is reduced to + — 1 = —+, and
fflx)=2x 2 the 3 multiplies the answer. This is then
rewritten in an alternative form.
]
2Vx

The power —2 is reduced to —3 and the —2

f'(x) = —2x=2 multiplies the answer. This is also rewritten
in an alternative form using knowledge of
2 negative powers.




d Let f(x)=x=+2x° —— Simplify using rules of powers to give one
4 simple power, i.e. subtract 1 — 5= —4.
=X
5 & — —4y5 Reduce the power —4 to give —5, then
0 (x) = * multiply your answer by —4.
4
S
e Let f(x)=x*Xx" Add the powers this time to give 2 + 3 = 5.
— x5
—— Reduce the power 5 to 4 and multiply your
So f'(x) = bx*, answer by 5.

Exercise

Find the derived function, given that f(x) equals:

1 x/ 2 x8 3 xt
1 1 3—

4 x3 5 x¢ 6 Vx
1

7 x3 8§ x* 9 -
X

1 1

0 L 11 12—

x5 Vx \/;C

x2 x3 X6

13 — 14 - 15 =
X X X

16 x3 X x6 17 x2Xxx3 18 x X x?

7,3 You can find the gradient formula for a function such as f(x) = 4x?> — 8x + 3 and
other functions of the form f(x) = ax? + bx + ¢, where a, b and c are constants.

You can use an alternative notation when finding

the gradient function. y4
(x+dx,y +0y) C
Again, you find the gradient of the tangent at a

point B by starting with the gradient of a chord
BC. This time the point B is the point with
coordinates (x, y) and the point C is the point
near to B with coordinates (x + éx, y + dy). &x is
called delta x and is a single symbol which stands @,y)B
for a small change in the value of x. This was

denoted by h in Section 7.2. Also dy is called
‘delta y" and is a single symbol which stands for a
small change in the value of y.

Ky



Differentiation

The gradient of the chord BC is then

But both B and C lie on the curve with equation y = f(x) and so B is the point (x, f(x)) and C is
the point (x + &, f(x + &)).

So the gradient of BC can also be written as

fx + ox) — f(x)  f(x + ox) — f(x)
(x+ &x)—x - o

You can make the value of éx very small and you will find that the smaller the value of &, the
smaller the value of &y will be.

The limiting value of the gradient of the chord is the gradient of the tangent at B, which is also
the gradient of the curve at B.

This is called the rate of change of y with respect to x at the point B and is denoted by gxz

dy . (53’)
— = 1lim |—
S

dx -0\ &x
_ lim f(x + ox) — f(x)
& —0 ox

% is called the derivative of y with respect to x.
dy
Also — = f'(x).
dx )
oo dy o . .
The process of finding e when y is given is called differentiation.

d
B When y=x", d—y = nx" 1 for all real values of n.
x

You can also differentiate the general quadratic equation y = ax? + bx + c.

d f(x + ax) — f(x
Using the definition that Y lim ( k()
dx &-0 ox
2 — (ax2
Then d—y=lim ax + &x)? + b(x + 6x) + ¢ — (ax> + bx + ¢)
dx a0 X+ & —x
— lim 2ax6x + a(8x)? + box Hint:
=0 ox Factorise the numerator to give.

&x(2ax + adx + b)

= 2ax+b then simplify the fraction as éx is
dy a common factor.
Therefore when y = ax? + bx + ¢, P 2ax + b.

adx term becomes zero.




Consider the three sketches below:

YA YA YA
x x x
y = ax? y =bx y=c
gradient = a(2x) gradient = b gradient = 0

Combining these functions gives y = ax? + bx + ¢, with gradient given by % = 2ax + b.

._

dy
Find — when y equals:
dx yeq

a x? b 4 c 12x +3 dx?-6x—4 e 3 — 5x?
a 2x
b O The line y = 4 has zero gradient.
c 12 Using ¥ = mx + ¢, the gradient is the value
A Pn— 6 of m.
. I— Use the result given above with a=1,
e —10x b=—-6,c=—4

—— a=-5,b=0and c=3.

Let f(x) = 4x2 — 8x + 3.

a Find the gradient of y = f(x) at the point (3, 0).

b Find the coordinates of the point on the graph of y = f(x) where the gradient is 8.

¢ Find the gradient of y = f(x) at the points where the curve meets the line y = 4x — 5.

a Asy=4x*—6x+3

dy First find f'(x), the derived function, then
—=f(x)=8x—8+0 substitute the x-coordinate value to obtain
dx the gradient.

o f'(3) = —4




Differentiation

QZ =f(x)=6x—8+0=28 Put the gradient function equal to 8. Then
dx solve the equation you have obtained to
S =2 give the value of x.
Soy=1f2)=23 Substitute this value for x into f(x) to give
the value of d int t i
The point where the gradient is & is Wgréz.ue S el s e e
(2.2).
, — Putf(x) =4x — 5, then rearrange and collect
Axc=6x+ 25 =4x =5 ] terms to give a quadratic equation.
2 — =
4 —lox+ =0 [ Divide by the common factor 4.
x2=2x+2=0
. W = — Solve the quadratic equation by factorising,
(x=2)x=1=0 or by using the quadratic formula
S0 x=lorx=2 b V(B - 4a0)
At x =1the gradient is O. = 2a
At x = 2 the gradient is &, as in part b. Substitute the values of x into f'(x) = 8x — 8

to give the gradients at the specified points.

Exercise

1

dy
Find — when vy equals:
dx w Yy eq

a 2x2-6x+3 b X%+ 12x
c 4x2-6 d 8x2+7x+ 12
e 5+ 4x — 5x2

Find the gradient of the curve whose equation is

a y = 3x? at the point (2, 12) b y =x% + 4x at the point (1, 5)
¢ y=2x2—x— 1 at the point (2, 5) d y = 3x% + 3x at the point (1, 2)
e y=3—x?at the point (1, 2) f y =4 - 2x? at the point (-1, 2)

Find the y-coordinate and the value of the gradient at the point P with x-coordinate 1 on
the curve with equation y = 3 + 2x — x2.

Find the coordinates of the point on the curve with equation y = x2 + 5x — 4 where the
gradient is 3.

Find the gradients of the curve y = x> — 5x + 10 at the points A and B where the curve meets
the line y = 4.

Find the gradients of the curve y = 2x? at the points C and D where the curve meets the line
y=x+3.




1

7.4 You can find the gradient formula for a function such as f(x) = x3 + x2 — x2 where
the powers of x are real numbers a,x"+a,_x"~'+ ... + ao, where a,, a,, _,, ...,

a, are constants, a,# 0 and n€ R.

You know that if y = x”, then % =nx" L

This is true for all real values of n.

It can also be shown that

Hint: Note that you again
reduce the power by 1
and the original power
multiplies the expression.

W if y = ax". where ais a constant then % =am" -1,
X
Also
. dy
Wi y= f(x) * g(X) then a = f’(x) + gr(x).

These standard results can be assumed without proof at A Level.

Use standard results to differentiate:

—_

1

axd+xt-x? b 2x73
1
2

a y=x>+x2—x

c 3x2 + 4x2

Differentiate each term as you come to it.
1

d 1
So —y=5x2+2x—%x z
dx

d
So Y —ox 4

First x3, then x2, then —x2.

Differentiate x~3, then multiply the answer

by 2.

Take each term as you come to it, and treat

dx
0
Rz
1
c X = zx2 + 4x°
d _1
So —y=%><%x 2+ &x
dx
_1
=&sXx 2+8x

Exercise

1 Use standard results to differentiate:
axt+x! b 2

each term as a multiple.

(g}
g)l
No|—=




Differentiation

2 Find the gradient of the curve with equation y = f(x) at the point A where:
a fx)=x>-3x+2and Aisat (—1,4) b f(x) = 3x>+2x 'and A is at (2, 13)

3 Find the point or points on the curve with equation y = f(x), where the gradient is zero:
a f(x)=x2-5x b f(x) =x3— 9x% + 24x — 20
3

c fx)=x>—6x+1 d f(x)=x '+ 4x

/.5 You can expand or simplify polynomial functions so that they are easier to
differentiate.

Use standard results to differentiate:

! b 233 + 1) x-2
a —~ x>(3x cC ——
4Vx x?
Let 1
a Le = =
YT A
1 Express the 4 in the denominator as a
= %x_Z * muItipIier1 of & and express the x term as
dy .3 power —7.
Therefore E; =—3X 2 Then differentiate by reducing the power of
x and multiplying % by —3.
b Let y=x3(3x + 1)
= 3x* + x%e Multiply out the brackets to give a
dy 5 ) polynomial function.
Vligiz o E; =2 = - Differentiate each term.
= 2x%(4x + 1)
x—2
c Llet y= —xz—
1 2 . .
=—— — Express the single fraction as two separate
x X2 ' o x
fractions, and simplify — as —.
= xiﬂ — 2x*2 X X
dy Then express the rational expressions as
Therefore P —Xx 2+ 4x7° negative powers of x, and differentiate.
A [ Simplify by using a common denominator.
Cox2 x®
_ —(x—4)

x5




28 Exercise

1 Use standard results to differentiate:

a 2Vx b 3 c L
x2 3x3
1 2 3 1
d 3x3(x - 2) e —+Vx f Vot —
X 2%
22+3 p -6 , i3
8 X X \/D—C
i x@-x+2) K 3022 + 2x) 1 Gx— 2)(4x ; %)

2 Find the gradient of the curve with equation y = f(x) at the point A where:

a f(x) =x(x + 1) and A is at (0, 0) b f(x) = %;—6 and A is at (3, 0)
1 . 1 4 .

c f(x)= Vi and A is at (3, 2) d f(x) =3x —— and A is at (2, 5)
x X

7.6 You can repeat the process of differentiation to give a second order derivative.

d2
B A second order derivative is written as d—yz, or f'(x) using function notation.
x

4
Given that y = 3x° + — find:
X

dy d?y
a— b —
dx dx?
oz O
a y=23x"+ 2
=3x° + 4x7 2 Express the fraction as a negative power.
So d_}/ = 15x% — &x~2 Differentiate a first time.
dx
&
— 154 —
= 15x "
4y 5 ’
b i 60x° + 24x Differentiate a second time.
24
= 60%'5 i Y

X




Differentiation

Given that f(x) = 3Vx + i find:

a f'(x) b {'(x)
—— Express the roots as fractional powers.
a f(x)= 2Z\/x + . Multiply 3 by a half and reduce power of x.
2Vx
1 1 Multiply a half by negative a half and reduce
= By2 + % 2 power of x.
frix) = él 7% -2 Note that X 3 = 3 and the product of two
(x) = 2x 24X negatives is positive.
_3 5
b P(x)=—5x 2+ 35x 2
Exercise
d. d
Find S and &y when y equals:
dx dx?
3 3
1 1262 +3x+8 2 15x+6+= 3 Vx-=
x x
3x +8
4 (5x+4)(3x-2) 5 ——
x

/./" You can find the rate of change of a function f at a particular point by using f'(x)
and substituting in the value of x.

The variables in the relationship y = f(x) are such that x is the independent variable and y is the
dependent variable.

These variables often stand for quantities, where it is more meaningful to use letters, other than
x and y, to suggest what these quantities are.

For example, it is usual to substitute t for time, V for volume, P for population, A for area, r for
radius, s for displacement, h for height, v for velocity, 6 for temperature, etc.

dv
So ar might represent the gradient in a graph of volume against time. It therefore would

represent the rate of change of volume with respect to time.

dA
Also O might represent the gradient in a graph of area against radius. It therefore would
represent the rate of change of area with respect to radius.

You should know that the rate of change of velocity with respect to time is acceleration, and
that the rate of change of displacement with respect to time is velocity.




Given that the volume (V c¢m?) of an expanding sphere is related to its radius (rcm) by the
formula V = 3773, find the rate of change of volume with respect to radius at the instant when
the radius is 5 cm.

V=2
av . . .
S =42 Differentiate V with respect to r.
ar
av ,— Substitute r= 5.
When r=5,— =47 X 52 ¢ . .
dar Interpret the answer with units.

= 514

So the rate of change is 314 cm® per cm.

R Exercise

1 Find a6 where 6 =t2— 3t 2 Find aa where A = 277
dt dr
dr 12 dv
ind — =— ind — =9.8t+
3 Find Qi where r . 4 Find T, where v=9.8t+6
5 Find % where R=r+ % 6 Find % where x =3 — 12t + 42

N

Find % where A = x(10 — x)

/.2 You can use differentiation to find the gradient of a tangent to a curve and
you can then find the equation of the tangent and normal to that curve at a
specified point.

The tangent at the point A (a, f(a)) has gradient {'(a). You Y4
can use the formula for the equation of a straight line,
y —y; = m(x —x;), to obtain the equation of the tangent at

(a, f(a)).

B The equation of the tangent to a curve at a point Normal
(a, f(a)) is y — f(a) =f'(a)(x — a).

A (a, f(a))

The normal to the curve at the point A is defined as being
the straight line through A which is perpendicular to the
tangent at A (see sketch alongside). Tangent

Ky




Differentiation

1
The gradient of the normal is _f_’(a_)' because the product of the gradients of lines which are at

right angles is — 1.
1
f'(a)

B The equation of the normal at point Ais y — f(a) = — (x — a).

Example [H
Find the equation of the tangent to the curve y = x3 — 3x% + 2x — 1 at the point (3, 5).

y=x>—2x+2x — 1

d_y =2x>—0x+2 First differentiate to determine the gradient
dx of the curve and therefore the gradient of
the tangent.
When x = 3, the gradient is 11. Then substitute for x to calculate the value
So the equation of the tangent at (3, 5) of the gradient of the curve and of the
i tangent when x = 3.
You can now use the line equation and
y—5=Nx-23) simplify.

y=1x—-25

Find the equation of the normal to the curve with equationy =8 — 3Vx at the point
where x = 4.

Express the function simply as powers of x,
and differentiate to obtain the gradient

y=6- B3Vx function.
1
— 8 2,2
=6—5 You find the y-coordinate when x = 4 by
substituting into the e\?uation of the curve

dy 5 _% and calculating 8 — 3V4.
- 2y
dx

Then find the gradient of the curve, by
Where x = 4, y = 2 and gradient of +————— calculating

curve and of tangent = —% dy _ _§(4)‘17 _ 3
So gradient of normal is %. e 2 2%2
Equation of normal is
4 L .
y—2=35x—4) — Use normal gradient 1
By — 6=4x — 16 S N B
gradient of curve -3 3

Sy —4x +10 =0

—— Then simplify by multiplying both sides by 3
and collecting terms.




28 Exercise

1 Find the equation of the tangent to the curve:

1
a y=x%— 7x + 10 at the point (2, 0) b y =x + — at the point (2, 23)
X
. 2x —1 .
cy= 4Vx at the point (9, 12) dy= T at the point (1, 1)
-7
e y=2x3+ 6x + 10 at the point (-1, 2) f y=x>+ —, at the point (1, —6)
X

2 Find the equation of the normal to the curves:

8
a y =x?— Sx at the point (6, 6) by=x>- Ve at the point (4, 12)
3 Find the coordinates of the point where the tangent to the curve y = x2 + 1 at the point
(2, 5) meets the normal to the same curve at the point (1, 2).

4 Find the equations of the normals to the curve y = x + x? at the points (0, 0) and (1, 2), and
find the coordinates of the point where these normals meet.

5 For f(x) = 12 — 4x + 2«2, find an equation of the tangent and normal at the point
where x = —1 on the curve with equation y = f(x). Q

.l Mixed exercise
1
1 A curve is given by the equation y = 3x* + 3 + —, where x> 0. At the points A, B and
x

C on the curve, x = 1, 2 and 3 respectively. Find the gradients at A, B and C.
2 Taking f(x) = jx* — 4x2 + 25, find the values of x for which f'(x) = 0.

3 A curve is drawn with equation y = 3 + 5x + x2 — x3. Find the coordinates of the two
points on the curve where the gradient of the curve is zero.

4 Calculate the x-coordinates of the points on the curve with equation y = 7x% — x3 at
which the gradient is equal to 16.

5 Find the x-coordinates of the two points on the curve with equation y =x3 — 11x + 1
where the gradient is 1. Find the corresponding y-coordinates.

6 The function f is defined by f(x) =x + 2, xER, x#0.
X

@ © @ © 00

a Find f'(x). b Solve f'(x) = 0.

7 Given that

348
y=x*+— x>0,
X

@

find the value of x and the value of y when gi—/ =0.

8 Given that

1 1

y=3x2—4x 2, x>0,

find %. ()




10

11

12

13

14

15

16

17

Differentiation

1
A curve has equation y = 12x 2 —x 2.

N w

1
a Show that Y _ ixf 2(4—x)
dx 2

b Find the coordinates of the point on the curve where the gradient is zero. 9

3 1

a Expand (x* — 1)(x 2 +1).

3 1
= - d
b A curve has equationy = (x* — 1)(x 2 + 1), x> 0. Find ay

Differentiate with respect to x:

2
203 + Vg + E L (E ]

X
The volume, Vcm?, of a tin of radius rcm is given by the formula V = 7(40r — 2 — 13).

%
Find the positive value of r for which % =0, and find the value of V which

corresponds to this value of r. e

The total surface area of a cylinder A cm? with a fixed volume of 1000 cubic cm is given by

2000
the formula A = 2mx? + ! where x cm is the radius. Show that when the rate of change

500
of the area with respect to the radius is zero, x* = —. 9
w

The curve with equation y = ax? + bx + ¢ passes through the point (1, 2). The gradient
of the curve is zero at the point (2, 1). Find the values of a, b and c.

A curve C has equation y = x3 — 5x2 + 5x + 2.
a Find L in terms of x.
dx

b The points P and Q lie on C. The gradient of C at both P and Q is 2. The x-coordinate of P
is 3.
i Find the x-coordinate of Q.
ii Find an equation for the tangent to C at P, giving your answer in the form y =mx + ¢,
where m and ¢ are constants.
iii If this tangent intersects the coordinate axes at the points R and §, find the
length of RS, giving your answer as a surd.

Find an equation of the tangent and the normal at the point where x = 2 on the curve

8
with equationy = — —x + 3x?, x > 0. Q
X

The normals to the curve 2y = 3x® — 7x? + 4x, at the points O(0, 0) and A(1, 0), meet at the
point N.

a Find the coordinates of N.
b Calculate the area of triangle OAN. Q




Summary of key points

1

The gradient of a curve y = f(x) at a specific point is equal to
the gradient of the tangent to the curve at that point.

The gradient of the tangent at any particular point is the rate of
change of y with respect to x.

The gradient formula for y = f(x) is given by the equation
gradient = f'(x) where f'(x) is called the derived function.

Hint: You reduce the

If f(x) = x", then f'(x) = nx" ~ .. power by 1 and the
original power multiplies
the expression.

The gradient of a curve can also be represented by %

d,
a% is called the derivative of y with respect to x and the process

of finding % when y is given is called differentiation.

d
7 y= 1), a% — F(x)

dy

8 y=x", & = nx"~ ! for all real values of n.
Hint: You again reduce
9 It can also be shown that if y = ax" where a is a constant, the power by 1 and the
dy original power multiplies
then o nax" 1. the expression.

10

11

12

13

14

If y = f(x) = g(x) then % =f{'(x) £ g'(x).

d2
A second order derivative is written as Ex% or f(x), using function notation.

You find the rate of change of a function f at a particular point by
using f'(x) and substituting in the value of x.

The equation of the tangent to the curve y = f(x) at point A, (a, f(a))
isy —f(a) = f'(a)(x — a).

The equation of the normal to the curve y = f(x) at point A, (a, f(a))

isy —f(a) = _f_'(la_) (x —a).



After completing this chapter you should be able to

1 integrate simple functions
2 understand the symbol /dx )
3 find the constant of integration by substituting in a
given point (x, y). _

Did you know?

...that understanding integration will help you find the
area and volume of most standard shapes.

For example, the volume of a sphere

V= %fn'r3

can be proved by integration.

You will integrate more complex functions in Core 2, 3

and 4. Integration can be used to solve many real life
problems from the world of Science and Economics.



8,1 You can integrate functions of the form f(x) = ax” where n€ R and a is a constant.

In Chapter 7 you saw that if y = x?

then d_y = 2x.
dx

Alsoify =x>+1

then d_y = 2x.
dx

So if y = x> + ¢ where c is some constant

then d_y = 2x.
dx

d;
Integration is the process of finding y when you know Ey

then y = x2 + ¢ where c is some constant.

[ | If:—y=x",theny= x"tV+¢, n# —1.
x

n+1
Example |
Find y for the following:
dy dy
-~ — x4 b ~= x75
? d
d
a W
dx
x5
-t N
Yy Fla—
. W
dx

Hint: This is called
indefinite integration
because you cannot find
the constant.

d—y = x" where n = 4.
dx

1
So usey=n—+—1x”+1 + cfor n=4.

Raise the power by 1.

Divide by the new power and don’t forget
to add c.

Remember raising the power by 1 gives
-5+1=—-4.

Divide by the new power (—4) and add c.




Find y for the following:

dy 1
dx dx
d
a —]i=2x5
dx
=2 Xx°
x4
S0 y=2X—+c>
4
x4
=— 1+ C »
2
d 1
b L=z —
dx

dy

Integration

Use the formula first with n = 3.

Then simplify the % to 5.
dy _ 4 _

Check —
dx

2x3.

It is always worth writing down this line as
sometimes marks are given for unsimplified
expressions.

Remember 3 ~ 3 =3x%=2.

It is always worth simplifying your answers
as you may need to use this expression in a
later part of the question.

d
Notice that you treat ay =x" and o kx" in the same way. You only consider the x” term when

integrating.

So in general

n+1
u Ifd—y=kx", theny=ﬁ—+c,n¢ -1.
dx n

+1

Find an expression for y when % is the following:

1 x5 2 10x*
4 —x? 5 —4x3
1
7 4x? 8 —2x¢
1
10 3x 4 11 x 2
_3 1
13 —2x 2 14 6x°
2
16 —14x8 17 —3x @

19 o6x 20 2x 04

wo

N w

12 5x
15 36x!!

18 -5




dy

8.2 You can apply the principle of integration separately to each term of o

X

: dy _ 3 e
Given e 6x + 2x~3 —3x?, find y.

ex: 2 =
y=—+—x"?— dx%+¢
2 nZ % Apply the rule from Section 8.1 to each term
B of the expression.
=2x?—x2—-2x*+c Then simplify each term and don’t forget to

add c.

o v
In Chapter 7 you saw that if y = f(x), then o =t'(x). Hint: Both types of

notation are used in the
next exercise. Sometimes
we say that the integral of

dy
—1is the integral of
dxlyor e integral o

f'(x) is f(x).

d
1 Find y when axx is given by the following expressions. In each case simplify your answer:

1 5

adx—x2+6x2 b 15x2+6x3—3x 2
3 1 2
cx3—§x 2 —6x? d4xd+x * —x?
1 2
e 4—12x*+2x 2 f S5x —10x*+x3
4 _* 3
g—§x3—3+8x h Sx*—x > —12x>°

2 Find f(x) when f'(x) is given by the following expressions. In each case simplify your

) . answer:
3 _3 1 .7
a 12x+§x Z+5 b 6x5+6x‘7—gx 6
1 .1 1 _3
C Ex Z—Ex 2 d 10x + 83
1 s 1 1
e 2x P +4x ° f 9x2+4x‘3+zx 2

1 1
g x>+x2+x? h —2x73-2x+2x?




Integration

8,3 You need to be able to use the integral sign.

The integral of x” is denoted by |x"dx and the formula you met in Section 8.1 is:

+¢ n#-1

H /x”dx =
This dx tells you
The elongated S \\ which letter is the
means integrate. i i

variable to integrate

The expression to with respect to. See
be integrated. example 4.
Example [}
Find:
L 3
af(x2+2x3)dx bf(x 4 2)dx

C f(?,xz + p2x 2+ q)dx d f(4t2 + 6)dt

> ox
= % F=—=FaC First apply the rule term by term.
2 4 Then simplify each term.
23 1 /
=—x2+—x*+tc¢
5) 2
k)
b |(x 2+ 2)dx
x_% Remember =3 +1= 1 and the integral
=X~ +2x+o¢ 2 2 2

= of a constant like 2 is 2x.

=—2x ?+2x+c¢
The dx tells you to integrate with respect to
c f(g)xz + sz—z + q)dx the variable x, so any other letters must be
treated as constants.
2x° P
= —5— + —1x tagx+c

=x’—px '+ grtec

The dt tells you that this time you must

d j (4¢° + 6)dt « integrate with respect to t.

4t°
=—+o0t+c
3




Exercise

Find the following integ
[(x® + 2x)dx

sk

3
3 [(5x? — 3x?)dx
5 [(4x3—3x 4+ rdx
3
7 [ -3t 2+ 1)dt

9 [(px*+2t+3x?)dx

rals.

N

=

(<))

8

[(2x72+ 3)dx
j(Zx% S 4)dx
[(3t2 = t~2)dt

1 3

[ +x ? +x ?)dx

10 [(pf + ¢ + pxd)dt

8.4 You need to simplify an expression into separate terms of the form x", n€R,

before you integrate.

Find the following integrals:

a f(%— 3\/a€)dx

a J(% - 5\/§>dx

1
= [(2x7° — Zx2)dx »

c f [(zx)z o

First write each term in the form x".

Apply the rule term by term.

Then simplify each term.

5
=ix‘2— ng +c
3
=—x?—2x2+¢
or = —%—2Vx5+ Z
X

Sometimes it is helpful to write the answer
in the same form as the question.

First multiply out the bracket.

Then apply the rule to each term.




Integration

Vx+5
c f (2x)2 + ——— |dx
X
1
5 5
J 4x= + x_ + S ldx e Simplify (2x)2 and write Vx as x2.

B
= J(Arxz +x 2 + 5x2)dx

‘ —_

Write each term in the x” form.

Apply the rule term by term.

1 [ Finally simplify the answer.

4 1
=—x°—2x 2 —5x"+¢
3
or 5.’)( \/; P c

1 Find the following integrals:

(2x% + 3)
aj(2x+3)x2dx bj—xz—dx C f(2x+3)2dx
df(2x+3)(x—1)dx ef(2x+3)\/?cdx

2 Find j f(x)dx when f(x) is given by the following:
a (x+2)? b (x+l>2 c (Vx+2)2
X

x+2 1

d Vax +2) e( - ) f(WJrzv})

3 Find the following integrals:

a j(3v5+$)dx b J(%Jr?»xz)dx
c J(xz-l-;)dx d J(z—;—xu)dx

e J(x2+3)(x—1)dx £ f( +3x\/—)

gf(x—3)2dx hf(ﬁﬁdx

i f<3+M)dx i f\/a—c(\/5+3)2dx

X




8.5 You can find the constant of integration, ¢, when you are given any point (x, y)
that the curve of the function passes through.

Example 3
x2—-2

The curve C with equation y = f(x) passes through the point (4, 5). Given that f'(x) = BEVRY
X
tind the equation of C.

#(x) 5= 2
X)=—F7—
First write f'(x) in a form suitable for
o 1, integration.
=x%2—-2x 2
5 1

So f(x)= x2 —2x% 1+ ¢, Integrate as normal and don’t forget

2 < the +c.

2 5 1

= EXZ —4x? +c —— Use the fact that the curve passes through
4, 5).
But f(4)=5
3_ s
‘ Remember 4° = 2°.

So b=—-X22°—4X2+¢

o4

b=—-6+c¢
5
24
5=—+c¢

5

1
S0 G = 5 Solve for c.

Finally write down the equation of the curve.

1 Find the equation of the curve with the given derivative of y with respect to x that passes
through the given point:

a % = 3x? + 2x; point (2, 10)

dy 2
b —=4x3+—+3; oint (1, 4
- = point (1, 4)



Integration

C % =Vx + %xz; point (4, 11)
d % = % - X; point (4, 0)
e % = (x + 2)% point (1, 7)
f % = L\/;?’ ; point (0, 1)

2 The curve C, with equation y = f(x), passes through the point (1, 2) and f'(x) = 2x3 — é

Find the equation of C in the form y = f(x).

Vi +3

x2

d
3 The gradient of a particular curve is given by a% = . Given that the curve passes

through the point (9, 0), find an equation of the curve.

4 A set of curves, that each pass through the origin, have equations y = f,(x), y = f,(x),
y = f3(x) ... where f)(x) =f, _ ;(x) and f,(x) = x2.
a Find f,(x), f;(x).
b Suggest an expression for f,(x).
5 A set of curves, with equations y = f,(x), y = f,(x), y = f3(x) ... all pass through the point (0, 1)

and they are related by the property f,(x) = £, ;(x) and f;(x) = 1.
Find f,(x), f3(x), f4(x).

Mixed exercise m

1 Find: : X
a f(x+1)(2x—5)dx b J(x5 +x %)dx.

2
2 The gradient of a curve is given by f'(x) = x? — 3x — —. Given that the curve passes through
x

the point (1, 1), find the equation of the curve in the form y = f(x).

3 Find: X
a f(8x3 — 612 + 5)dx b J(Sx +2)x? da.
+1)(2x -3
4 Giveny = &+ IX ) , find [ydx.
Vx

X
5 Given that % = 32— 2t+ 1 and that x = 2 when t = 1, find the value of x when t = 2.

1

1
6 Giveny=3x2+2x ?,x>0, find [ydx.

X
7 Given that % = (t+ 1)? and that x = 0 when t = 2, find the value of x when t = 3.




1 1

8 Given thaty? =x° + 3:
2

1
a show thaty =x° + Ax*® + B, where A and B are constants to be found

b hence find J' ydx.
1 1
9 Giventhaty=3x2—4x 2 (x>0):
a find W
dx

b find j ydx.

1

10 Find J (x% — &) 2 - 1)dx.

Summary of key points

dy 1 +1
— = n = n + — .
1 If x", then y n+1x c(n#-1)

xn+1
2 Ifd—yzkx",theny=k——+c(n¢—1).
dx n+1

xn+l
3 |x"dx=——"+c (n#-1).
n+1




Review EXxercise

The line L has equationy = § — 2x.
a Show that the point P(3, —1) lies on L.

b Find an equation of the line,
perpendicular to L, which passes
through P. Give your answer in the
form ax + by + ¢ = 0, where a, b and ¢
are integers.

The points A and B have coordinates

(—2, 1) and (5, 2) respectively.

a Find, in its simplest surd form, the
length AB.

b Find an equation of the line through A
and B, giving your answer in the form
ax + by + ¢ = 0, where a, b and c are
integers.

The line through A and B meets the y-axis

at the point C.

¢ Find the coordinates of C.

The line /; passes through the point

(9, —4) and has gradient 1.

a Find an equation for /; in the form
ax + by + ¢ = 0, where a, b and c are
integers.

The line I, passes through the origin O
and has gradient —2. The lines [, and /,
intersect at the point P.

b Calculate the coordinates of P.
Given that [; crosses the y-axis at the point C,

\E

¢ calculate the exact area of AOCP.

Y4

AML7) B (20, 7)
(0] \/ X

Ca

The points A(1, 7), B(20, 7) and C(p, q)
form the vertices of a triangle ABC, as
shown in the figure. The point D(8, 2) is
the mid-point of AC.

a Find the value of p and the value of q.
The line /, which passes through D and is
perpendicular to AC, intersects AB at E.

b Find an equation for /, in the form
ax + by + ¢ = 0, where a, b and c are
integers.

¢ Find the exact x-coordinate of E.

o




The straight line /; has equation y = 3x — 6.
The straight line /, is perpendicular to /,
and passes through the point (6, 2).

a Find an equation for /, in the form
y = mx + ¢, where m and c are constants.
The lines /, and I, intersect at the point C.

b Use algebra to find the coordinates of C.
The lines /; and I, cross the x-axis at the
points A and B respectively.

¢ Calculate the exact area of triangle
ABC.

The line /, has equation 6x — 4y — 5 = 0.

The line I, has equationx + 2y — 3 = 0.

a Find the coordinates of P, the point of
intersection of /; and /,.

The line /; crosses the y-axis at the point

M and the line /, crosses the y-axis at the

point N.

b Find the area of AMNP.

The 5th term of an arithmetic series is 4
and the 15th term of the series is 39.

a Find the common difference of the series.
b Find the first term of the series.

¢ Find the sum of the first 15 terms of the
series.

An athlete prepares for a race by
completing a practice run on each of 11
consecutive days. On each day after the
first day, he runs further than he ran on
the previous day. The lengths of his 11
practice runs form an arithmetic sequence
with first term a km and common
difference d km.

He runs 9 km on the 11" day, and he runs
a total of 77 km over the 11 day period.
Find the value of a and the value of d.

The rth term of an arithmetic series is

(2r - 3).

a Write down the first three terms of this
series.

b State the value of the common difference.

¢ Show that Z 2r—=35)=nn-4) 9

r=1

m Ahmed plans to save £250 in the year

2001, £300 in 2002, £350 in 2003, and

so on until the year 2020. His planned
savings form an arithmetic sequence with
common difference £50.

a Find the amount he plans to save in the
year 2011.

b Calculate his total planned savings over
the 20 year period from 2001 to 2020.

Ben also plans to save money over the
same 20 year period. He saves £A4 in

the year 2001 and his planned yearly
savings form an arithmetic sequence with
common difference £60.

Given that Ben's total planned savings
over the 20 year period are equal to
Ahmed’s total planned savings over the
same period,

¢ calculate the value of A. 9

A sequence a,, a,, a, ... is defined by

a1:31
a,,1=3a,—5n=1.

a Find the value of a, and the value of a;.

N
b Calculate the value of Z a, e
r=1

A sequence a,, a,, as, ... is defined by

al = k/

a,.1=3a,t5n=1

where K is a positive integer.

a Write down an expression for a, in
terms of k.

b Show that a; = 9k + 20.
4

¢ i Find Z a,in terms of k.

r=1,

4
ii Show that Y _ a,is divisible by 10.

r=1

A sequence a,, a,, as, ... is defined by

a1=k
a,., = 2a,— 3, n=1
a Show that a; = 16k — 45.



Given that a5 = 19, find the value of
b k

6
cEa,.

r=1

m An arithmetic sequence has first term a
and common difference d.

a Prove that the sum of the first n terms

of the series are
n[2a + (n — 1)d]

Sean repays a loan over a period of n

months. His monthly repayments form an

arithmetic sequence.

He repays £149 in the first month, £147

in the second month, £145 in the third
month, and so on. He makes his final
repayment in the nth month, where
n>21.

b Find the amount Sean repays in the
21st month.

Over the n months, he repays a total of
£5000.

¢ Form an equation in n, and show that

your equation may be written as
n? — 150n + 5000 = 0

d Solve the equation in part c.

e State, with a reason, which of the
solutions to the equation in part
c is not a sensible solution to the
repayment problem.

m A sequence is given by
al = 2
ay 1= anz B kan/ n=1,
where k is a constant.
a Show that a; = 6k* — 20k + 16
Given that a; = 2,

b find the possible values of k.

For the larger of the possible values of k,

find the value of:
c a,

d a;

The curve C has equation y = 4x? +

(19 Given thaty = 4x3 — 1 + 2x%2,x >0,

d
find . E )

Given thaty = 2x* — 6/x% x # 0,

dy
a find ax’

b find [ydx. (E]

() Given thaty = 3x2 + 4x, x > 0, find

dy
a a ,
d2y
dx?’

c [ydx. (E )

b

(£ a Given thaty = 5%3 + 7x + 3, find

dy

dxl
2,

ii 3732’,

b Find [(1 + 3v% — 1/x?)dx. (E)

#]1) The curve C has equation

y = 4x + 3% — 222 x > 0.
dy

a Find an expression for -

b Show that the point P(4, 8) lies on C.

¢ Show that an equation of the normal
to C at point P is
3y =x + 20.

The normal to C at P cuts the x-axis at

point Q.

d Find the length PQ, giving your answer
in a simplified surd form.

S—X

x ’
x # 0. The point P on C has x-coordinate 1.

a Show that the value of :jj_i/ at Pis 3.

b Find an equation of the tangent to C at P.

This tangent meets the x-axis at the point
(k, 0).

¢ Find the value of k. 9




@ The curve C has equation

y =2’ — 4x% + 8x + 3.
The point P has coordinates (3, 0).
a Show that P lies on C.

b Find the equation of the tangent to C at
P, giving your answer in the form
y = mx + ¢, where m and c are
constants.
Another point Q also lies on C. The
tangent to C at Q is parallel to the tangent
to C at P.

¢ Find the coordinates of Q. @

@ ) = (2x + 1)(x + 4) x> 0.

\/7 ’

a Show that f(x) can be wrltten in the
form Px’ + sz + Rx 2 , stating the
values of the constants P, Q and R.

b Find f'(x).

¢ Show that the tangent to the curve with
equation y = f(x) at the point where
x = 1is parallel to the line with equation
2y =11x + 3.

The curve C with equation y = f(x) passes
through the point (3, 5).

Given that f'(x) = x? + 4x — 3, find f(x).

The curve with equation y = f(x) passes
through the point (1, 6). Given that

f'(x) = 3 + (5x2 + 2)/x'2, x > 0,
find f(x) and simplify your answer.

For the curve C with equation y = f(x),

gi} x4+ 2 —7
d?y
2
dx d2y
b show that o = 2 for all values of x.

a find —

Given that the point P(2, 4) lies on C,
¢ findy in terms of x

d find an equation for the normal to C at
P in the form ax + by + ¢ = 0, where g,
b and c are integers.

For the curve C with equation y = f(x),
_1-a
dx x*
Given that C passes through the point
23

2! 3 ’

a find y in terms of x

b find the coordinates of the points on C

dy _
at which == ax = 0.

The curve C with equation y = f(x) passes

through the point (5, 65).

Given that f'(x) = 6x? — 10x — 12,

a use integration to find f(x)

b hence show that
fx) =x(2x + 3) (x — 4)

¢ sketch C, showing the coordinates of the
points where C crosses the x-axis.

@ The curve C has equation
y=x2(x—6)+é, x > 0.
The points P and Q lie on C and have
x-coordinates 1 and 2 respectively.
a Show that the length of PQ is v170.
b Show that the tangents to C at P and Q
are parallel.

¢ Find an equation for the normal to C at
P, giving your answer in the form
ax + by + ¢ =0, where a, b and c are
integers.

e €]) a Factorise completely x* — 7x% + 12x.

b Sketch the graph of y = x3 — 7x2 + 12x,
showing the coordinates of the points
at which the graph crosses the x-axis.

The graph of y = 3 — 7x% + 12x crosses
the positive x-axis at the points A and B.

The tangents to the graph at A and B meet
at the point P.

¢ Find the coordinates of P.



Practice paper

You may not use a calculator when answering this paper.
You must show sufficient working to make your methods clear.

Answers without working may gain no credit.

1
1 a Write down the value of 162. (1)

3
b Hence find the value of 162. (2)
2 Find f (6x2 + Vx)da. (4)

3 A sequence a,, a,, as, ... a, is defined by

a=2,a,,,=2a,— 1.

a Write down the value of a, and the value of a;. (2)
5
b Calculate > a, 2)
r=1
4 a Express (5 + V2)? in the form a + bV2, where a and b are integers. 3)
b Hence, or otherwise, simplify (5 + V2)2 — (5 — V2)2 2)

5 Solve the simultaneous equations:
x—3y=6
3xy +x =24 (7)

6 The points A and B have coordinates (—3, 8) and (5, 4) respectively.
The straight line /; passes through A and B.

a Find an equation for [}, giving your answer in the form ax + by + ¢ =0, where a, b and ¢

are integers. (4)
b Another straight line /, is perpendicular to /; and passes through the origin. Find an

equation for /,. (2)
¢ The lines /; and I, intersect at the point P. Use algebra to find the coordinates of P. (3)

7 On separate diagrams, sketch the curves with equations:
ay=;, -2=<x<2,x#0 (2)

2
by=—-4 -2<x=<2,x#0 (3)
x




Practice paper

2
cy=—— —2sx<2,x#-1 3)
x+1

In each part, show clearly the coordinates of any point at which the curve meets the x-axis
or the y-axis.

In the year 2007, a car dealer sold 400 new cars. A model for future sales assumes that sales
will increase by x cars per year for the next 10 years, so that (400 + x) cars are sold in 2008,
(400 + 2x) cars are sold in 2009, and so on.

Using this model with x = 30, calculate:

a The number of cars sold in the year 2016. (2)
b The total number of cars sold over the 10 years from 2007 to 2016. 3)

The dealer wants to sell at least 6000 cars over the 10-year period.
Using the same model:

¢ Find the least value of x required to achieve this target. (4)

a Given that
X>+4x+c=x+aP’+b

where a, b and c are constants:

i Find the value of a. (1)
ii Find b in terms of c. (2)
Given also that the equation x? + 4x + ¢ = 0 has unequal real roots:
iii Find the range of possible values of c. (2)
b Find the set of values of x for which:
i 3x<20-—x, (2)
ii x2+4x-21>0, (4)
iii both 3x <20 —x and x? + 4x — 21 >0. (2)
— 2 R
a Show that (——) may be written as P + Q + ,» Where P, Q and R are constants to be
x? X
found. 3)
(3x — 4)?
b The curve C has equation y = —————, x # 0. Find the gradient of the tangent to C at
x?
the point on C where x = —2. (5)

¢ Find the equation of the normal to C at the point on C where x = —2, giving your answer
in the form ax + by + ¢ =0, where a, b and c are integers. (5)



Examination
style paper

1 Write in the form kV3, stating the value of k in each case.

a V75 (1)
b V12 + V147 - V27 (2)
2

2 a Find the value of 27°. (2)

2

16x3
b Simpli . 2
plify > (2)

3 Vi

RY

The diagram shows a sketch of the curve with equation
6
=—— x#0.
J x
a On a separate diagram sketch the curve with equation
6
y=2—-——, x#0.
X

showing clearly the coordinates of any point where the curve crosses the
coordinate axes. 3)

b Write down the equations of the asymptotes to the curve with equation

y=2—§, x # 0. (2)

4 An arithmetic series has 1st term 49 and 15th term 7.
a Find the value of the common difference. 3)

b Find the value of the sum of the first 15 terms of the series. 3)




Examination style paper

5 The equation kx? + kx + 3 — k = 0, where k is a constant, has no real roots.
a Show that 5k — 12k < 0. (2)

b Find the set of possible values of k. (4)

6 A sequence a,, d,, ds,... is defined by
a1 = 2
A,y =7—3a,n=1

a Find a, and a;. (2)

5
b Find > a, and show that this sum is divisible by 12. (4)

r=1

7 Giventhaty=8x3+i+5,x>0

Vx
find
dy
a — 3
ix 3)
dzy
b — 2
0 (2)
c J y dx (3)
8 The line /; has equation 2y = x — 3 and the line /, has equation 5y + 2x — 18 = 0.
a Find the gradient of I,. (2)
The point of intersection of /; and I, is P.
b Find the coordinates of P. 3)
The lines I; and [, cross the x-axis as the points A and B respectively.
¢ Find the area of triangle APB. (4)
9 The curve C with equation y = f(x) passes through the point (2, 4) and
t'@) =3 —1)(x + 1).
a Use integration to find f(x). (5)
b Show that (x — 1)%(x + 2) = f(x) 3)

¢ Sketch C, showing the coordinates of the point where C crosses the x-axis. 3)




Examination style paper

10 The curve C has equation

9
y=8x+x2+—, x#0
x

The points P and Q lie on C and have x-coordinates —3 and 1 respectively.
a Find an equation of the chord PQ.
b Show that the tangents to C at the points P and Q are parallel.

The tangent to C at P and the normal to C at Q intersect at the point R(17, 2).

¢ Show that PR = 20V2
d Find QR.
e Explain why angle PRQ is a right angle and find the area of triangle PQR.

(6)
(4)

(2)
(2)
3)




Formulae you
need to remember

These are the formulae that you need to remember for your exams. They will not be included in
formulae booklets.

Quadratic equations

—b += Vb2 - 4ac
ax? + bx + ¢ = 0 has roots 0

Differentiation

The derivative of x" is nx"!

Integration

1
The integral of x" is ——x""1+ ¢, n# -1
n+1




List of symbols
and notation

The following notation will be used in all Edexcel mathematics examinations:
€ is an element of

& is not an element of

{xq, X5, ...} the set with elements x,, x,, ..

e ..} the set of all x such that ...

n(A) the number of elements in set A

%) the empty set

S the universal set

A’ the complement of the set A

N the set of natural numbers, {1, 2, 3, ...}

VA the set of integers, {0, £1, +2, 3, ...}

7t the set of positive integers, {1, 2, 3, ...}

Z, the set of integers modulo n, {1, 2, 3, ..., n — 1}

Q the set of rational numbers, {% PEZ,qE Z+}

QF the set of positive rational numbers, {x € Q: x > 0}

Qo* the set of positive rational numbers and zero, {x € Q: x =0}

R the set of real numbers

R* the set of positive real numbers, {x € R: x > 0}

Ro* the set of positive real numbers and zero, {x € R: x = 0}

C the set complex numbers

(x, y) the ordered pair x, y

AXB the cartesian products of sets A and B,
ieAXB={(a, b):a€ A, beE B}

- is a subset of

- is a proper subset of

U union

N intersection

[a, b] the closed interval, {x € R: a <x < b}

[a, b), [a, b  theinterval, {x € R: a<x <b)}

(a, b, ]a, b] the interval, {x € R: a<x < b}

(a, b), la, bl  the open interval, {x € R: a <x <b}

yRx y is related to x by the relation R

y~x y is equivalent to x, in the context of some equivalence relation

= is equal to

# is not equal to

is identical to or is congruent to




List of symbols and notation

U

8 WV AARD
)vL

axb,ab, a.b

a+b,%,a/b

00, F'), -
Jy as

is approximately equal to

is isomorphic to

is proportional to

is less than

is less than or equal to, is not greater than
is greater than

is greater than or equal to, is not less than
infinity

pand g

p or g (or both)

not p

p implies q (if p then q)

p is implied by ¢ (if g then p)

p implies and is implied by g (p is equivalent to q)
there exists

for all

aplus b

a minus b

a multiplied by b

a divided by b

a,+d,+ ... +a,

a, X a, X ... X a,

the positive square root of a
the modulus of a
n factorial

n!

the binomial coefficient ————

+
=7 forn € 7

nn-1) ..

.‘(n—r+ Ly forn € Q
r!

the value of the function f at x

f is a function under which each element of set A has an image in set B

the function f maps the element x to the element y
the inverse function of the function f

the composite function of f and g which is defined by (g,f)(x) or gf(x) = g(f(x))

the limit of(x) of as x tends to a

an increment of x

the derivative of y with respect to x

the nth derivative of y with respect to x

., f™(x) the first, second, ..., nth derivatives of f(x) with respect to x

the indefinite integral of y with respect to x



List of symbols and notation

a

y dx the definite integral of y with respect to x between the limits
b
aV . N .
P the partial derivative of V with respect to x
X
XX, ... the first, second, ... derivatives of x with respect to t
e base of natural logarithms
e*, expx exponential function of x
log, x logarithm to the base a of x

In x, log. x natural logarithm of x
log x, log,o x logarithm of x to base 10
sin, cos, tan,

cosec, sec, cot

arcsin, arccos, arctan,
arccosec, arcsec, arccot
sinh, cosh, tanh,
cosech, sech, coth
arsinh, arcosh, artanh,
arcosech, arsech, arcoth

the circular functions
} the inverse circular functions
the hyperbolic functions

the inverse hyperbolic functions

ij square root of —1

z a complex number, z =x + iy

Re z the real part of z, Re z=x

Im z the imaginary part of z, Imz=y

| z| the modulus of z, | z| = V(x? + y?)

arg z the argument of z, arg z=6, —w<6< =

A the complex conjugate of z, x — iy

M a matrix M

M! the inverse of the matrix M

M' the transpose of the matrix M

det M or |[M| the determinant of the square matrix M

a the vector a

AB the vector represented in magnitude and direction by the directed line segment AB
a a unit vector in the direction of a

ij Kk unit vectors in the direction of the cartesian coordinate axes
lal, a the magnitude of a

|E | the magnitude of AB

a.b the scalar product of a and b

axb the vector product of a and b




Index

algebra 2-14
arithmetic sequences 98-100
arithmetic series
common difference 100, 103
common form 100
first n natural numbers 106
formula for sum 104
introduction 100-103
nth term 100
Y sign 107-108
sum 103-107
asymptote 49-50

brackets
difference of two squares 7
expanding 4-5
negative sign 4
negative sign outside 4
sign change 4

collecting like terms 2
common difference 100, 103
common factors 5
completing the square
formula 19
quadratic equations 19-21
constant of integration 140-141
coordinate geometry 74-90
critical values 35
crossing points 22-23
cube roots 9
cubic curves 42-47
compared with quadratic curve
52
cubic equation, double root 45
cubic functions y = x3 graphs
47-49
curves
gradient 113
horizontal stretch 60-63
sketching 42-68
transformations 42-68, 55-65
translations 55-59
vertical stretch 60-63

delta x [6x] 120
derivative of y with respect to x
120-125
derived function 117, 119-120
difference of two squares 7
differentiation 113-132
derived function 117, 119-120
key points summary 132
polynomial functions 124-126

second order derivative 126-127
y=x" 121

discriminant 22-23

double root of cubic equation 45

elimination to solve simultaneous
equations 28-29

equation

normal to a curve 128-130

solving with graphs 52-55

straight line 74-77

tangent to a curve 128-130
exam style paper 131-132
expanding brackets 4-5
expressions

expanding 4-5

factorising 5-6

simplifying 2

factorising
expressions 5-6
quadratic equations 17-19
quadratic expressions 6-7
first term 96
formula
completing the square 19
derivative of y with respect to x
120-125
differentiation of y = x" 121
gradient of f(x) =x" 116-125
gradient of straight line
77-79
integration of f(x) y = x"
134-135
quadratic equations 22-23
straight line given gradient and
one point 79-81
straight line given two points
81-83
sum of arithmetic series 104
terms of sequence 95-98
fractions and surds 11-12
tunctions, simplitying 2

Gauss, Carl Freidrich 103
general term 93

gradient
change 42
curve 113

formula 77-79, 116-123

line perpendicular to given line
84-87

perpendicular lines 84

straight line 74

tangent 113, 116-117
tangent, estimation 113-116
graphs

cubic and quadratic curves
compared 52

cubic curves 42-47

cubic functions y = x* 47-49

intersection points 52-55

key points summary 68

point of inflexion 47

points of intersection 52-55

quadratic equations 16-17,
23-24

quadratic functions 35-38

. . k
reciprocal function y = —

49-51 *
sketching curves 42-68

hollow dot symbol 33
horizontal asymptote 50
horizontal stretch 60-63
horizontal translation 55-59

indefinite integration 134
indices 3-4, 8-9
inequalities 28-40
key points summary 40
multiplying by negative
number 31-32
solving linear 31-34
solving quadratic 35-38
values for which two are both
true 33-34
integral sign 137-138
integration 134-142
application to separate terms
136
constant of 140-141
f(x) =x" 134-135
indefinite 134
key points summary 142
simplification into separate
terms 138-139
with respect to a variable
137
intercept 74
intersection points 52-55

key points summaries
algebra 14
coordinate geometry 90
differentiation 132
graphs 68
inequalities 40



quadratic functions 26
simultaneous equations 40
sketching curves 68

line of symmetry 16
linear inequalities, solving
31-34

maximum point 42-43
minimum point 42-43

non-repeating decimals 10
normal, equation 128-130
notation
cube roots 9
d%y
e
Y 121
dx
f'(x) 117
f'(x) 126
hollow dot symbol 33
inequalities 35-36
integration 136-137
letters to represent specific
quantities 127-128
Y sign 107-108
solid dot symbol 33
square roots 8
U, 93
nth term 93-95
number lines 33-34

126

parabola 16

parallel lines 75

perfect squares 19

perpendicular lines, gradient
84-87

point of inflexion 47

points of intersection 52-55

polynomial functions,
differentiation 124-126

powers 3-4

prime numbers, square roots of
10-11

quadratic equations
general form 16
general shape of curve 23
graphs 16-17, 23-24
key points summary 26
re-writing 19-20

solving by completing the
square 19-21
solving by factorisation 17-19
solving by formula 22-23
solving when simultaneous
with linear equation 30-31
when no real roots 21, 23, 31
quadratic functions 16-26
curve compared with cubic
curve 52
factorising 6-7
graphs 35-38
key points summary 26
quadratic inequalities, solving
35-38

rate of change of a function at a
point 127-128

rate of change of y with respect to
x 116-117

. a
rational number as 5 8

reciprocal function y = K graphs
49-51 x

recurrence relationship or formula
95-98

rules of indices 3-4, 8-9

rules of powers 3-4, 8-9

rules of surds 10-11

scale factor 60-61
second order derivative 116-117
sequences 92-111
arithmetic 98-100
constant increase 98-100
examples 92-93
first term 96
general term 94
key points summary 111
nth term 93-95
recurrence relationship or
formula 95-98
series 92-111
arithmetic 100-103
common difference 100, 103
key points summary 111
simplifying expressions
collecting like terms 2
rules of indices 3-4
simplifying functions
collecting like terms 2
rules of indices 3-4
simultaneous equations 28-40

simultaneous linear and quadratic
equations
solving by substitution 30-31
simultaneous linear equations
solving by elimination 28-29
solving by substitution 29-31
sketching curves 42-68
cubic and quadratic curves
compared 52
cubic curves 42-47
cubic functions y = x> 47-49
intersection points 52-55
key points summary 68
point of inflexion 47
points of intersection 52-55
quadratic equations 16-17,
23-24
quadratic functions 35-38

. . k
reciprocal function y = —
49-51 x
solid dot symbol 33
square roots
notation 8-9
prime numbers 10-11
straight line
equation 74-77
formula given gradient and one
point 79-81
formula given two points 81-83
gradient 74
intercept 74
substitution to solve simultaneous
equations 29-31
sum of arithmetic series 103-107
sum of first n natural numbers 106
surds
evaluating 10-11
fractions 11-12
rationalising 11-12
rules of 10-11
writing numbers using 10-11

tangent
definition 113
equation 128-130
gradient 113, 116-117
term 92
transformations 55-65
translations 55-59

vertical asymptote 50
vertical stretch 60-63
vertical translation 55-59




Chapter 1 Answers

Exercise 1A

1 7x+y

3 8m+n—7p

5 6x2

7 2x%2+6x+8

9 6x2—12x — 10
11 8x2+3x +13
13 3x2+ 14x + 19
15 a+4b+ l4c

17 20— 6x

Exercise 1B
1 x7

4 3x2

7 5Sx8

10 2p~7

13 27x8

16 32y°

Exercise 1C

1 9x—-18

3 —12y +9y?
5 —3x%2-5x

7 4x2%+ 5x

9 —10x2+ 8x
11 4x -1

13 3x3 — 2x2+ 5x

2
4
6
8
10
12
14
16
18

2 6x°
5 k°
8 p?
11 6a°
14 24x!
17 4a°

SoomN

12
14

15 —10y? + 14y® — 6y* 16

10t — 2r

3a + 2ac — 4ab
2m?n + 3mn?
9x2—-2x—1
10c%d + 8cd?
a?b — 2a
8x2—9x + 13
9d% — 2¢
13-72

3 2p?
6 ylo
9 2a3
12 3a?h2
15 63a'?
18 6a'?

x2+ 9x

xy + 5x

—20x% — 5x

—15y + 6y?

3x3 — 5x2

2x — 4

14y% — 35y3 + 21y
4x + 10

17 11x -6 18 7x2—-3x+7
19 —2x%+ 26x 20 —9x3 + 23x?
Exercise 1D

1 4(x+2) 2 6(x—4)

3 5(4x +3) 4 2(x2+2)

5 4@x%*+5) 6 6x(x—3)

7 x(x—7) 8 2x(x+2)

9 x(3x—1) 10 2x(3x — 1)
11 Sy(2y — 1) 12 7x(5x — 4)
13 x(x +2) 14 y(3y +2)

15 4x(x +3) 16 Sy(y — 4)

17 3xy(3y + 4x) 18 2ab(3 — b)
19 S5x(x — Sy) 20 4xy(3x + 2y)
21 5y(3 — 422 22 6(2x% - 5)
23 xy(y —x) 24 4y(3y —x)
Exercise 1E

1 x(x+4) 2 2x(x +3)

3 (x+8)x+3) 4 (x+6)x+2)
5 x+8)x—95) 6 x—6)(x—2)

7 (x+2)x+3) 8 (x—6)(x+4)
9 x—95)x+2) 10 (x +5)(x — 4)
11 2+ D(x +2) 12 (3x — 2)(x + 4)
13 5x—1)(x—3) 14 2(3x +2)(x — 2)
15 (2x —3)(x +5) 16 2(x% +3)(x% + 4)

17 (x+2)(x —2) 18 (x+ 7)(x — 7)
19 (2x +5)(2x —5) 20 (3x + 5y)(3x — 5%)
21 4(3x+ 1)3x — 1) 22 2(x + 5)(x — 5)

23

23x - 2)(x — 1)

24

3(5x — 1)(x + 3)

Exercise 1F
1 a x°

x3

%))

— ol
5]
&

=y
N

-6 »n a
&
8=

- mo e

I+ 1+ I+

Exercise 1G
1 2V7

4 4V2

7 V3

10 12v7

13 23V5

Exercise TH
V5

s

vz

35

7]
[T

V13
13
1-V3
-2
3+V7
2
V5 +V3
2
52 —V5)
-1
1133 — V11)
)
14 — V187
3
21 -1

11

13

15

17

19

11
14 2

2 62

n

8 6V5

Mixed exercise 11

1 a y»® b
2 15y + 12
16x% + 13x

3 x(3x + 4)

x@x+y+y?

6x7

'
PP OARDODdDOR

— ok
‘-"‘ﬁ\'|\ll

@+ 1D +2)
@ —7)x +5)
(5x + 2)(x — 3)

3x° b +
b 23

b 45

1Y

c -3/3-6

3V10

—3V7

10

12

14

16

18

20

O 6 = e

Vi1
11
Vs
5

ST

Wi

2

SNSRI )
=
21+ 3=
o)}

1 49

3 52
6 V3

9 7V2
12 9V5
15 19V3

S

-1

3+V5
(3-V2)4 +V5)

11

54 +V14)
5-vV21

-2

89

35+ V1189

6

32x d 12p°
15x% — 25x3 + 10x*
9x3 — 3x% + 4x
2y(2y +5)

2xy(4y + 5x)

3x(x + 2)
2x = 3)x+1)
(1—-x)(6 +x)

6x2

emagcacase

b V2+1

30 — V851
-7

dix 3

1



Chapter 2 Answers

Exercise 2A
1

>

30

20




Chapter 2 Answers

3 V29 3 =
8 ==+ — =1+=V2
y 5 x 2 2 6 x ZV
20 1 V12
7 x=§i 89 8 No real roots
154 9 x:_it\@ 10 ét\/%
27 2 575
10
Exercise 2E
3413
5 % —0.38 or —2.62
+3 V17
2 %, —0.56 or 3.56
2 3 4% B
3 —-3+V3, —-1.27 or —4.73
+
4 5,2\/%’ 5.37 or —0.37
—5+31
5 ﬂ, —3.52 0r 0.19
9 y 3
+
80 ! ‘ZVZ, 1.21 or —0.21
70
-9 +1/53
60 7 —a -0.12 or —1.16
= —2 +
50 8 Z2=V19 i or —1.27
40 5
30 9 20r—l
i 4
20+ _14+y7R
10 1_7%, 0.71 or —0.89
10+ 11
_'4 _'3 _'2 _'10 ] > é jlx .
T Exercise 2F
xX=-3
1 a y
Exercise 2B
1 x=0orx=4 2 x=0o0rx=25 0;2)
3 x=0o0rx=2 4 x=0o0rx=6
5 x=—lorx=-2 6 x=—lorx=-4
7 x=-Sorx=-2 8 x=3o0orx=-2 (_2’0)7.:?0)0
9 x=3o0rx=S5 10 x=4orx=35 '
11 x=6orx= -1 12 x=6o0orx= -2
13 x=—-%orx=-3 14 x=—jorx=3
15 x=-3orx=3 16 x=30rx=3 b y
17 x=%orx= -2 18 x=3o0orx=0
19 x=13orx = 20 x=2o0orx=-2
21 x== % 22 x=3+Vi3 0, 10)
1+V11
23 x = :_ 24 x=1lorx=—%
25 x=—jorx=} 26 x=0orx=—4 0
Exercise 2C
1 x+2)2—4 2 x—3)2-9 c y
3 (x—8)?2-64 4 (x+3)2—1
5 x—7)2-49 6 2(x+4)2—32
7 3(x —4)2—48 8 2(x—1)2-2
9 5(x+2)2-20 10 2(x —32-%
11 3@x +32-% 12 3x— 92— 1
(=5,0) 0 (3,0) ¥
Exercise 2D
1 x=-3x2V2 2 x=-6=xV33 0, ~15)
3 x=5=V30 4 x=-2xV6 ’



d y
0,3
3.0) jo( ,3)
EEAUIY
e y‘
(3,0 1,0)
0 X
(Of _3)
f y
(0, 10) \,
0
GG, *
g y
(-1,0710 G0 x
(O, 75)
h
i y
©,7)
(_ll 0) (7/ 0)
0

Chapter 2 Answers

(0;4)
(74/ 0) %/ 0)

Mixed exercise 2G

1 a
y
20+
16
Y
b
y
124
8_
4_
J3J2JW é X
_8_
_12_
_3
=y
2 ay=-lor-2 b x=5o0r-5
. 5+V7
c x=—-350r3 d 2
_5+1\17
3 a %, —0.44 or —4.56

b 2+V7,4.65or —0.65

—3 +
c 3_—@, 0.24 or —0.84
10
PR
d > _6\/73' 2.25 or —0.59
4 a y

0, 4)
-1, Q)/

(—4,00N_"0 Xx




1,0
(=30 *
(Of _3)
Y
©,6)
(-3,0) (2, 0)
0

(0,0)

a p=3,q=2,r=

7
-2 + —
b 2‘\@

1+V13

x=-Sorx=4

-7

(73, 0)

Chapter 2 Answers

X



Chapter 3 Answers

Exercise 3A

1 x=4,y=2 2 x=1,y=3
3 x=2,y=-2 4 x=45,y=-3
5 x=-%y=2 6 x=3,y=3
Exercise 3B

1 x=5y=2 2 x=55,y=-6
3 x=1,y=-4 a4 x=13,y=;

Exercise 3C

1 a x=5,y=6o0rx=6,y=5

5%

b x=0,y=lorx=3%y=—3
c x=-1,y=-3o0orx=1,y=3
d x=4},y=4orx=6,y=3
e =1,b=5Sora=3,b=-1
f u=13,v=4o0ru=2,v=3

2 (11, -15)and (3, -1)
(_
a
b
a

Mixed exercise 3F

XN WN =

10
11
12
13

x=-4,y=3
(3, 1) and (—23, —13)

b x=4,y=3andx=-2% y=—}

x=-13,y=2jandx=4,y=—%

a x>10%
3<x<4

a x=-5x=4
a x<2;

b i<x<5

c %<x<2%
k<3%
x<0,x>1

a

a
a
C

1+V13
x<—4,x>9

2x 4+ 2(x — 5)>32
10} <x <13

3 1%, —43) and (2, 5)
4 x=-13,y=5i0orx=3,y=-1
x=3,y:%orx=6é,y=—2%
5 x=3+V13,y=-3+V13orx =3 - V13,
y=-3-V13
b x=2-3V5y=3+2V50rx=2+3V5,
y=3-2V5
Exercise 3D
1 a x<4 b x=7 c x>2%
d x<-3 e x<11 f x<23
g x>-12 h x<1 x<8
j x>13
2 a x=3 b x<1 c x<-3}
d x<18 e x>3 f x=4%
g x<4 h x>-7 i x<-3
i =1
3 a x>2} b 2<x<4 c 2h<x<3
d No values e x=4
Exercise 3E
1 a 3<x<8 b -4<x<3
c x<-2,x>5 d x<s—-4,x=-3
e —l<x<7 f x<-2,x>2%
g i=<x<1} h x<ix>2
i —3<x<3 j x<-2% x>1%
K x<0,x>5 1 -lisx=<o0
2 a —5<x<2 b x<-1,x>1
c i<x<1 d -3<x<}
3 a 2<x<4 b x>3
c —l<x<o0 d No values
e —S5<x<-3,x>4 f —-1<x<1,2<x<3
4 a -2<k<6 b -8<p<o0

1

b x<-2,x>7

b x<-5x>4

b x<1-V13,x>1+V13
b y<-3,y>3
b x(x—15)<104



Chapter 4 Answers

h 1
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/6/\ / -N0 q x

0 23 x i ¥
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3 a y=xx+2)x-1)

/.
N

Chapter 4 Answers

y=x(x+4)x+1)

y

o

y=x(x+1)?

7

Y

)

y=xx+1)3—-x)

Y

\

y=x*x—1)

~

Y

—
K

y=x(1-x)(1+x)

e
-]

y=3x(2x—-1)(2x + 1)

Y

N

1\

D=

y=xx+1)x—2)

.




Chapter 4 Answers

x(x —3)(x + 3)

y=

i

/3

x%(x —9)

i v=

5

Exercise 4B

1 a




Exercise 4C
1 y

(NS

2 y
; /y=%
.. T—— .
AN
! Y= "%
3 y

Chapter 4 Answers

Exercise 4D

1 ai . y
1 0
y=x@x>-1)
ii 3 iii ¥2=x(?-1)
b i y
i e—y=xar2
—2 0 pemmT x
e—y=-3
ii 1 iii x(x +2)=-—
Cc 1
y=x> ’
A=y =+ D - 1)?
i 3 il x2= (@ + D — 1)
d i y
ioy=x2(1-x
0 - % X
i)
’ N _2
! Y=x
.o sse 2
ii 2 iii x*(1-x)=-——
X
e 1 y
""""" .0 4 x
2
Y=x i y=xx -4

1
i 1 il x(x—4)=—
X



Chapter 4 Answers
y. 2 a y. .
\ y=x%x—4);
: fe—y =x(x — 4) g
'_¢" © (‘)~~~ ,"'I X
0 4 X
N 1 y=x(4—x)
I-'</y =X
' b (0,0); (4, 0); (-1, =5)
ii 3 iii x(x—4)= —— 3a . y
g i y
I‘ _1 "
-2.5% 40 x
o y =x(1 + x)°
i y = x(2x + 5)
oy =x -4
' b (0, 0); (2, 18); (-2, —2)
ii 1 il x(c—4) = (x - 2)3 4 a y
h i y.
; y=@-D+1)
Sl ? = :
0 Lt X \
10
:' «—) = —x3
- o L 2
u = b (0, —1); (1, 0); (3, 8)
11 ’ Y4 5 a A
‘\‘ '.';— y =x? : y=x
0 3 = of .o %
. 27
3 S Y= x
«—y=-x !
ii 2 iii —x3 =x2
. b (731 9)
] 1 y
: 6 a y
. y=x?-2x
', y = —x(x + 2)
.y
2 0N, X ’,/o X
iy = a3
ii 3

iii —x% = —x(x +2)

y =

x@ — 2)x — 3)

b (0,0); (2, 0); (4, 8)



.:y: 3x(x — 1)

y=(x+1)>3

b Only 1 intersection

X

y=—x@—1)?

b Graphs do not intersect.

10 a ¥
y =x(x — 2)?
i 0 X
2f| 2
' y=1-4a?

11 a

y=x3—3x%— 4x

b (0, 0); (=2, —12); (5, 30)

12 a

13 a 9y

Chapter 4 Answers

b (0, 2); (=3, —40); (5, 72)

y=(x — 2)x + 2)2

b (0, -8); (1, -9); (-4, —24)

Exercise 4E

1

aij y ii Yy

iii

(_21 0)1 (0/ 4)

(72r O)r

:

08 (O x=-2

bi|y iy iii y
0 X ( 0‘ x T
e
0, 2) 0 *
( ' (73\/7/ O)I (01 2)
(-3, 0,y=2
ci Yy iy i YA
0 x o/ x —! x
©, 1), (1,0) E

(01 _1)1 (11 0)

(Ol 71):x =1



ii Y / iii Y

o/ x 0 . >— X
(_11 0)1 [ T
(OI 71)1
(11 0) (Or 71)1 (11 O) (1’ 0)'yl =1
iy ii Y

0 X

X

(_ \/gl 0): /
(Or 73)1 (01 _3)/
(V3,0) (V3,0
iy ii Y

0 X

0 X
0,9), (3, 0) —
027,60 @ 78x=3
! y
y=1fx+2)
/
— 1 0 X

ii

fac + 2) = (x + 1)(x + 4); (0, 4)
o) + 2= (x — D(x + 2) + 2; (0, 0)

Y

y = fx)

Chapter 4 Answers

b
y=fx+1)
¢ flx+1)=—x@x+1)7? (0, 0)
4 a yr oy =1f@x)
0 5 x
b Y ;
2477 y = f(x) + 2
YRR x
y=fe+2)
c f(x+2)=(@+2)x%(0,0); (-2, 0)
5
a y y = f(x)
0 4 X
b y
y =fx) + 4
Vo4
5o 5 E
e + 2)

c fx+2)=@x+2)x—2); 2 0); (-2, 0)
fx) +4=(x—2)% (2,0

Exercise 4F
1 a i




Chapter 4 Answers

i iii ) j
S e @)
TS x  -... 0 X
0 A0 A
fr) = f(=x) vl [ ()
) f(—x)

f(x)
<

—4
b Y
y = 3f(x)
_ 0 X
-1
Nz . Nz
\ y = f(=x) /4 y = —@)
P 0/2 X _ 0 x
f 2w -
in..
| X
f(x) F a y

y =fx)

1 : 0 X
. \ _ 0)
) f(x) /5
AN F 0 x
." ". —f(x)
' ' F— b V4

y =) Ny =fex)

y = —fx)




Chapter 4 Answers

4 a b
N y=fw
0 X
C
Py e y
0
3 X
2
0 3\.’)6
y = —f(x) d
Y
-3 0 X
€
y = f(—x)
C ’ (6,0)
y =) >
/\ N\ f
/ ’ o0 12 X (8, 4)
b Ny =) 0l (2,0 (12, ON %
a ¢
1 0 1 X \ (4,2)
: 0, 1) (6, 0)
0l(1, 0) X
¥
/\\yf@x)
0,2
X

"o
Exercise 4G 5
y=4 :




b yZZ,xZO, (7110)

c y=4,x=1,(0,0)

mmmmemmmm e ——————

[y

d y=0,x=1, (0, -2)

K

4

\

e y=2,x=3(0,0)

K

f y=2x=2(0,0)

Ky

(=)
B R EREREL

g ¥y=1,x=10,0)

K

Chapter 4 Answers

y:72)‘x:ll(0f0)

A(72/ 76)/ B(Of O)r C(Zf 73)/ D(6, 0)

)

0l \e -3 /°F

(—2, _6)

A(74l O)I B(,ZI 6)r C(OI 3)r D(4l 6)

|-4 0| x
A(_zl _6)f B(_ll 0): C(OI _3)1 D(zr O)

l
3\/2 x

(_21 _6)
A(,g’ 76)1 B(761 O)I C(74I 73)/ D(OI O)
y
-6
0 x
(741 73)
(=8, -6)

A(_4/ _3)r B(_zr 3)/ C(Or O)I D(4l 3)

y
(=2,3) @, 3)/4
0 X
(741 73)

A(_4/ _18)f B(_ZV 0): C(Or _9)1 D(41 0)




Chapter 4 Answers

g A(—4, —2), B(-2, 0), C(0, —1), D(4, 0) iiix=0,y=0
Nz
0 X
Yy
-8 / ivx=-2,y=-1,(0,0)
0 16 x y
_3 ,
(~16, —6)
By
H 0 X
i A(-4,06),B(-20),C0,3), D40 Tmeeeees Tter AR
(-4,6) ° :
3 '
_,2 0‘ \4 > v x=2,y=0,(0,1)
Y
i A@4, -6),B(2,0), C(0, —3), D(—4, 0) :
7
0 2 X

vix=-2,y=0,(0, -1)

Y
4 ai x=-2,y=0,0,2) E
:\y :
E 2\\_ _ZE y 0/— '
-2: 0 x :
' b f(x)=
: @ = 2
ii x=-1,y=0,(0,1) Mixed exercise 4H
¥ ta o y-2a-2
§1¥ 2%, X
-1:0 X
2x — x2

b x=0, —1, 2; points (0, 0), (2, 0), (-1, —3)



Chapter 4 Answers

4 a x=-latA,x=3atB

5 a
y=fx - 1)
(5 0)
ol ©,0
b YA
y=x>+2x-35
\ 4,0/

(—1,00\ [0
o, =3)

() 0)‘
<y|B<o, 0) x (- 2 0)

@, 0)

b y.
Y
452 0,0) |

/\ 0 2,00 x
0 x
B(0, —2) X
y

= 0 is asymptote

7 a f=-1 y=x*—-4x+3
b i ¥

—1,0N\ /@1, 0) %

©, -1

11 ¥

¢,0)
1,00 \/ x

1 -1




Review Exercise 1 Answers

1 a x2x+1x-—7) 22 a Different real roots, determinant > 0, so

b (3x—4)(3x +4) k2 —4k—=12>0

c (x+1)x—1)(x*+8) b k<—-2o0rk>6
2a09 b 27 c % 23 0<k<9
3 a2 b i 24 a p>2—8p—20>0

s 2 b p<—2o0rp>10

4 a 625 b 3x°
5a 45 b 21-8V5 cx:ﬂ
6 a 13 b 8-2V3 2
7 a 6V3 b 7—4\/3/_ _ 25 a x(x_z)(x+2)
8 a 567 b 10-13V7 c 16+6V7
9 a x=—8orx=9 b Yy

b x=0orx=—%

c x=-3orx=1%
10 a x=-2.17 or —7.83

b x=2.69 orx=-0.186

¢ x=282o0rx=0177 [ N2 x
11 a a=-4,b=-45 b x=4=*3V5
12 a x—-3%+9

b Pis (0, 18), Qis (3, 9)

c x=3+4V2 c
13 k=6, x = —1 (same root) Y
14 a a=5,b=11

b discriminant < 0 so no real roots

c k=25

d 4 -1 /0\1\/3 X

25 26 y a

s o % (3,2
15 a a=1,b=2
b y
0/2 4\ X

3_

(2,0) (4, 0) and (3, 2)

0 * b A

¢ discriminant = —8

d —2V3k<2V3
16 y=4,x=—-2o0ry=-2,x=4
17 a x*+4x-8=0 B /

b x=-2+2V3,y=-6+23 _
18 x=2,y=-lorx=—%5y=—% of 1 2 x
19 a x>+

b x<zorx>3 al, -2)

c %<x<%orx>3 >
20 a O<x<6

bx<—4orx>3 (1,0) (2,0) and (13, -2)
21a x=%,y=-2x=-3,y=11
b x<-3orx >3} 27 a



Review Exercise 1 Answers

y 30 a y
0 3\ x =
2 0 34 X
(0, 0) and (3, 0) (=2, 0), (0, 0) and (4, 0)
(0, 0) and (3, 0)
b y b (0,0),

(1 + 3V5), =10 + 3V5),
(3(1 = 3V5), =10 — 3V5)

(1, 0) (4, 0) and (0, 6)

¢ y

8

28 a y
3\

Asymptotes: y =3 andx =0
b (=30
29 a f(x)=xx?— 8x + 15)
b f(x)=x(—-3)(x—35)
¢ Y

0, 3\/5 x

(0, 0), (3, 0) and (5, 0)



Chapter 5 Answers

Exercise 5A 2 (3,0
1a -2 b -1 c 3 d ; 301
e 5 f3 g 1 h 2 403
il j ! kK -2 1 -3 5 y=-sx+4
2 a4 b -5 c -2 do ?’y“ytxsflo
7 - 78 2
ie ; ]f 23 i 32 :l _12 8 y=4x+13
- 2 —2 _ __1 1 —
3a 4x-y+3=0 b 3x-y-2=0 1?) {3_f;;2’y__6x_3’y__6x+23
c 6x+y—-7=0 d 4x—-5y-30=0 '
e S5x-3y+6=0 f 7x-3y=0 .
Exercise 5E
fg ldx =7y - 4=0 h 27 +9y-2=0 1 a Perpendicular b Parallel
i 18 +3y+2=0 j 2x+6y-3=0 ¢ Neither d Perpendicular
k 4x—-6y+5=0 1 6x-10y+5=0 e Perpendicular f Parallel
4 y=5x+3 g Parallel h Perpendicular
5 2x+5y+20=0 i Perpendicular j DParallel
6 y=—lx+7 k Nelither 1 Perpendicular
7 y=3x 2 y=ar
3 4x-y+15=0
8 (3,0 1 1
9 G 0) 4 a y=-2x+3 b y:?x
10 ©, 5), (~4,0) cymxs 4y
5§ a y=3x+11 b y=—3x+7%
Exercise 5B c y=ix+2 a4 y=—x+7
1al b ! c -3 d 2 6 3x+2y-5=0
e -1 £l g} h 8 7 7x—4y+2=0
i 2 j -4 kK —1 1 -3
- p? Mixed exercise 5F
m 1 n -, =q+p 1ay=-3x+14 b (0, 14)
2 7 2 ay=-3x+4 b y=—3x+3(1,1)
3 12 3ay=ix+¥y=—2x+12Db (9 3)
a4 4a y=-Sx+% b -22
5 24 5ay=sx—3 b (33
6 ! 6 11x—10y+19=0
7 26 7 ay=—3x+3 b y=ix+]
8 -5 8ay=3x-2 b (44 c 20
9 a 2x+y=20 b y=3ix+3
Exercise 5C 10 a 3 b 6 c 2x+y—16=0
! . §=33;+—13 2 §=3—Z;zn 11 a (ﬁ\g):\@ b y=\V3x+23
e y=ix+12 f y=-2x-5 12a 7x+5y—18=0 b 5%
g y=2x h y=-3x+2b 13 b y=4x+3
2 y=3x—-6 14 a ¥
3 y=2x+8 I
4 2x—-3y+24=0 h 3.0)
5 —5 2
6 y=%x+3 0,0)]0 X
7 2x+3y—12=0
8 ¢ ©, —3)
9 y=3x-4 /|
10 6x+ 15y —10=0 b 3 -3 ¢ 12x-3y-17=0
15 a x+2y—-16=0 b y=-4x
Exercise 5D c (%%
1 ay=4—4 b y=x+2
c y=2x+4 d y=4x-23
e y=x—4 f y=3x+1
g y=—4x—9 h y=-8x—-33
iy=:sx i oy=tx+d



Chapter 6 Answers

Exercise 6A
1 24,29, 34

Add 5 to previous term
22, -2,2

Multiply previous term by —1
3 18,15, 12

Subtract 3 from previous term
4 162, 486, 1458

Multiply previous term by 3
5 élll _%I %

Multiply previous term by —3
6 41,122, 365

Multiply previous term by 3 then —1

7 8, 13,21

Add together the two previous terms
S 6 7

8 5,11, 13
Add 1 to previous numerator,
add 2 to previous denominator
9 2.0625, 2.03125, 2.015 625

Divide previous term by 2 then +1

10 24, 35, 48

Add consecutive odd numbers to previous term

Exercise 6B

1 a U, =5 U,=8 U;=11 Ujg=32
b U = U,=4 U;=1 U= -20
c U =6 U,=9 U; =14 U= 105
d U =4 U,=1 U;=0 Uy, =49
e U =-2 U,=4 Us;=— U,p=1024
f U1=% U2=% U3=§' U10=%
8 Upy=-3 Up=3 Uy = —% Uo=1¢
h U,=-1 U,=0 Uy=1 Uy = 512

2 a 14 b 9 c 11 d 9
e 6 f 9 g 8 h 14
i 4 i s

3 U, =4n?+ 4n = 4(n® + n) which is a multiple of 4

4 U,=n-5?2?+2>0U,is smallest whenn=135 (U, =

2)
5 a=12,b=-22
6 a=1,b=3,c=0
7 p=%4q9=5

Exercise 6C

1 a 1,4,7 10 b 94
3,6, 12, 24 d 25
10, 5, 2.5, 1.25 £ 23
3,5,13, 31

U1 =U+2, U, =3
U1 =U—3,U,=20
U1 = 2U, Uy =1

U1 = %/ U, =100

N
cT oo o

a

U1 = =1 XU, U =1
Uy =2U+1, Uy =3
Ui =U*+1,U;=0

U+ 2
Uk+1:kT/ Uy =26

5 woeoe

L

U1 =2U + 2(= D", Uy = 4

-1, -6
11, 23
,8, 63

Uitz = U1 + U, Uy =1, Uy = 1

3 a U,1=U+2,U; =1
b U.,=U+3,U =35
c U =U+1,U;,=3
d Uy, =U+3 U =1
e U, =U+2k+1,U; =1
f U =U— (—DK2k+1), U =-1
4 a 3k+2 b 3K+2k+2 ¢ ¥ -4
5 a 4-2 b 4-6p c p=-2
Exercise 6D
1 Arithmetic sequences are a, b, c, h, 1
2 a 23,2n+3 b 32,3n+2
¢ —3,27-3n d 35,4n-35
e 10x, nx f a+9d,a+(n—-1)d
3 a £5800 b £(3800 + 200m)
4 a 22 b 40 c 39
d 46 e 18 f n
Exercise 6E
1 a 78, 4n—2 b 42,2n+2
c 23,83-3n d 39,2n-1
e —27,33—-3n f 59,3n-1
g 39, 2n—1)p h —71x, (9 — 4n)x
2 a 30 b 29 c 32
d 31 e 221 f 77
3 d=6
4 a=36,d= -3, 14th term
5 24
6 x=35;25,20,15
7 x=3x=8
Exercise 6F
1 a 820 b 450 c —1140
d —-29%4 e 1440 f 1425
g —1155 h 21(11x+ 1)
2 a 20 b 25
c 65 d 4 or 14 (2 answers)
3 2550
4 i £222500 ii £347 500
5 1683, 3267
6 £9.03, 141 days
7 d=-%-55
8 a=6d=-2
Exercise 6G
10 30
1 a >@r+1) b >@r-1)
r=1 r=1
11 16
c >4a1-n d >er
r=1 r=1
2 a 45 b 210
c 1010 d 70
3 19
4 49



Chapter 6 Answers

Mixed exercise 6H

5,8, 11

10

2,9, 23,51

a Add 6 to the previous term, i.e. U, =U,+ 6
(orU,=6n-1)

b Add 3 to the previous term, i.e. U,,, =U, + 3
(or U, = 3n)

¢ Multiply the previous term by 3,
i.e. U, =3U, (or U,=3""1

d Subtract 5 from the previous term,
ie.U,1=U,— 5 (orU,=15 - 5n)

e The square numbers (U, = n?)

f Multiply the previous term by 1.2,
i.e. Uy, =1.2U, (or U, = (1.2)" 1)

W N -

Arithmetic sequences are:
a a=5,d=6
b a=3,d=3
d a=10,d=-5
5 a 81 b 860
6 b 5050
7 32
8 £13 780
£42 198
a=25,d=-3
26733
5
—4k + 15
—8k? + 30k — 30
,%’ 4
1500 m
Uy=2k—4,U;=2k>— 4k — 4
5, -3
£2450
£59 000
d=30
d=35
59
11k—9
3

1.5
415

1

—3810
53467
45

s

13
15

16

17

T TereoegN T RNTOTEPRMDRENO

18

a6



Chapter 7 Answers

Exercise 7A Exercise 7G
1 ai 7 ii 6.5 iii 6.1 1 2t-3 2 27
iv 6.01 v h+6 3 —12t2 4 938
b 6 5 1-5r2 6 -12+8t
2 ai 9 ii 8.5 iii 8.1 7 10-2x
iv 8.01 v 8+h
b 8 Exercise 7H
1 a y+3x-6=0 b 4y-3x—-4=0
Exercise 7B ¢ y-2x-18=0 d y=x
1 7x6 2 8y 3 43 e y=12x+ 14 f y=16x—22
s i ) 2 a 7y+x-48=0 b 17y +2x-212=0
4 x° 5 x> 6 3x° 3 (1319
7 —3x4 8 —dx-5 9 _2x3 4 y=-x4+x-9=0;(-3,3)
4 3 5 y=-8x+10,8y—x—-145=0
10 —5x¢ 11 —3x ° 12 —3x °
13 —2x-3 14 1 15 3x2 Exercise 71
16 9x® 17 Sxt 18 3x2 1 4,113 175
2 0, +2V2
Exercise 7C 3 (-1,0) and (13 9%)
1 a 4-6 b x+12 c 8 4 2,23
d 16x+7 e 4—-10x 5 (2, —13) and (-2, 15)
2 al2 b6 ¢ 6ail-> b x=+3
d 2} e -2 f 4 x2
3 4,0 7 x=4,y=20
4 (-1,-8) i
5 1,-1 8 %x“f +ox 2
6 6, —4 _1 1
9a ¥ =6x > -3x> b (4 16)
dx 1
Exercise 7D . =3x 2(12 — 3x)
3 _ 2 — 3 2 1
1 a 4x3—x b x1 c —x ? :%x2(4fx)
2 ao b 113 , 1
3 a (23, —63) b (4, —4) and (2, 0) 10 a x+x2—-x 2 -1
_ 1 _1 1 _3
c (16, -31) d (3,4 (-2 -4 b 1+3x2 +1x >
C 41%
Exercise 7E 1
11 6x2+3x 2 —2x2
1 a x 2 b —6x73 c —x* 10 23007
12 — ===
1 ’
d x°-2x2 e —6xi+zx ? 327
2 14 a=1,b=—-4,c=5
L h 3+6x7? 15 a 32— 10x+5
3 1 « 1 .o _ _ sss 7.
ioSxe+dx o 3a?-2c+2 k120 + 18«2 b iy=2-7 i35

16 y=9x —4 and 9y +x =128

4 _2 1
2 al b 3§ c —4 d 4 17 a (5, %) b s

Exercise 7F
1 24x+3,24
15 —-3x72, 6x73

3

1
36 7 +6x73, —jx 2 —18x7*
30x + 2, 30
—3072— 16273, 663 + 48x 4

oW N



Chapter 8 Answers

Exercise 8A

1 y=4ix+c¢ 2 y=2x5+c¢
3 y=x+c 4 y=x'l+c
5 y=2x%+c 6y:%x§+c

7 y=§x; +c
9 y=1ix0+c

11 y=2x7 +¢
13 y=4x7%+c
15 y=3x2+c¢

1
17 y=-9x% +¢

8 y=-3x"+c
10 y=-x3+c
12 y=—10x7% +c
14 y=%x§+c
16 y=2x"+c¢
18 y=-5x+c¢

19 y=3x2+c 20 y=x06+¢
Exercise 8B
1 a y=2x2+x*1+4xz+c

b y:5x373x*2+2.x7%+c

c y=%x4—3x%+6x‘1+c

d y=x4+3x%+x*1+c

e y:4x+4x*3+4x%+c

f y=3x§—2ﬁx5—%x*2+c

g y:4x_%f3x+4x2+c

h y=x5+2.x7%+3x*4+c
2 a f(x)=6x2—3x7%+5x+c

b f(x)zxé—x*5+x7%+c

c f(x)=x%+x7%+c

d f(x)=5x2>—4x2+c

e f(x)=3x§—6x7§+c

f f(x):3x372x*2+%x%+c

g fr) =lat—a 1+ 2xt 4o

h f@)=x?—a2+3x° +c
Exercise 8C
1 xt+x2+c 2 —2x14+3x+c¢
3 2% —xdtc 4 §x§—4x5+4x+c
5 xt+x3+m+c 6 B+t 14+
7 %t3+6t’%+t+c 8 %x2+2x%—2x’%+c

9 P

§x5+2tx—3x*1+c 10 %t‘*+q2t+px3t+c

Exercise 8D
1 a ixt+a3+c¢ b

c I3+6x2+9x+c d
4 5 3
e sx”+2x*+c¢

2 a jx3+2x2+4x+c b

3
c 3x?+8x> +4x+c d

3 1
e 2x? +4x% +c¢ f
21
3 a 2x*—-——+c¢ b
x
5 2
c xt-=+c d
xZ

e fxt—3x3+3x2-3x+c
1 5
f o4x? +8x7 +¢ g
s 5 g 3 1
h 5x2 +3x2 +2x2 +c¢
1
i 3x+2x2+2x3+c
Exercise 8E

1 a y=x3+x2-2

e
I

+ 1203 +

c y=3x

e y=jix*+2x2+4x+3

2 f) = dat s+

X

2 3

3 =1-—-—

Y Ve ox
x3 x4
4 a f,x)=—7 f3x)=—
2(%) 3 3(x) 12

xnt1

b a5 x . X+ 1)

3
2x——+c¢
X
2,341,2
5x°+3x2—-3x+c¢
1
W+ 2——+c
X
2 s 4 3
567 +3x% +¢
L, 3
2x% +3x2 +¢

1
4 +x3+ ¢

1 1
————+3x+c
x2 x

33— 3%+ 9x + ¢

s 3
$x2 +3x2+6x° +¢

1
b y=x4—;+3x+1
d y=6Vx—1x2—4

5 1
f oy=%x>+6x>+1

5 f)=x+1;f(x)=3x2+x+1;

f0) =23 +3x2+x + 1

Mixed Exercise 8F

1 a 3x-3x2-5x+c b

N
Wi
K
%
|
™l
K
]
+
|
+
[l

204 —2x3+5x+c b

o

Uil

s, 08 1
X*—3x>—-6x*+c
=P-P+t+Lx=7

3 1
2x* +4x* +c¢

N & @ bk W
®

o ®
)
Nl
Il
(=)}
o
Il
O

S 3
2% +3x2 +c

5 4
3x3 +3x% +9x +¢

Nlw

1
262 —8x?% +¢



Review Exercise 2
(Chapters 5 to 8) Answers

1 a Since P(3, —1), substitute values intoy =5 — 2x d a;=2
gives —1 =5 — 6, so P on line. e dag=—%
b x-2y-5=0 dy !
2 a AB=512 16 =12 +x
'c’ (()Iisx(O, %’*9 17 a %=4x+18x‘4
3 a 0=x-3y-21 b W3+3x2+c
b P=(3, -6) dy B
¢ 10.5 units? 18 a —=6x+2x ?
_ _ dx
4 a p=15q9=-3
b 7x—5y—46=0 b o
c x=111% dx?
5 a y=-33x+4 34 8,3
b CisG,3) c x3+35x2 +¢ -
¢ 15 units?® 19 a iﬂ:15x2+7 ii — =30x
6 a Pis(§ & dx dx?
b %unitsz b x+2x2+x1+c¢
— 1
7 :: Z=3:i0 20 a %:4+%x274x
c 217.5 b Substitute values, 8 =8
8 a=5km,d=0.4km c 3y=x+20
9 a -3 -1,1 d PQ=8V10
b d=2 dy . .
c nn—4) 21 a asz—Sx , at P this is 3
10 a £750 b y=3x+5
b £14500 c k=-%
¢ LI5S 22 a At(3,0),y=0
11 a a,=4,a;=7 b AtP,y=-7x+21
b 73 c Q=5 -15)
12 a a1:k,aZ:3k+5 23 a P=2,Q=9,R=4
b a;=3a,+5=9+20 1 1 3
c i40k+90 ii10(4k+9) b 3x2+5x 2 —2x?
13 a as=16k—45 ¢ When x =1, f'(x) = 53, gradient of 2y = 11x + 3 is

b k=4 5%, so it is parallel with tangent.
c 81 24 jx%+2x% —3x — 13

14 a In general: s 1
25 3x+2x? +4x* -3
Sy,=a+@+d)y+@+2d)+...+ @+ n—-2)4d)

+(a+n-1)d) 26 a 3x*+2
. b 3x2+ 2 = 2 for all values of x since 3x? = 0 for all
Reversing the sum: values of x
S,=(@+m—1)d)+ @+ n—2)d) + @+ n—3)d) ¢ y=ix'+a?-7x+10
+..t(at+d+a d S5y+x-22=0
. 27 a y=-3x3+x1+3
Adding the two sums: b (1,2) and (-1, %)
28,=[2a+n—Dd] + [2a + (nn— Dd] + ... 28 a 20 —5x%—12x
+[2a + (n— 1)d] b x(2x +3)(x —4)
¢ Y
28, =n[2a+ (n—1)d]
§,=7 24+ (1~ 1)d]
b £109
¢ n?—150n + 5000 =0
d n=>50or 100 =3 0 1 %
e n =100 (gives a negative repayment)
15 a a,=4 -2k
az = (4 — 2k)> — k(4 — 2k) = 6k> — 20k + 16
b k=1lork=}
¢ a=-3 (=3, 0), (0, 0) and (4, 0)



29 a PQ%2=12+132=170
PQ =170
b Q=3x2— 12x —4x2
dx

AtP,Q=—13, atQ,Q=—13
dx dx
c x—13y—-14=0
30 a x(x—3)(x—4)
b y

Review Exercise 2 Answers

0 3\/4

0,0), (3, 0) and (4, 0)
c P=(33-19)



Practice paper Answers

x+2y—13=0
b y=2x
c (25 59)
7 a No intersections.

YA

C
:y
12X(0, 2)
_'250 ] X
\ 72
x=-1
8 a 670 b 5350 c 45
9 ai 2 ii c—4 iiic<4
bi x<5

i ox<-7,x>3
iii x<—-7,3<x<5
10 a P=9,Q=-24,R=16
b 10
c x+10y—248=0



Examination style paper
Answers

~ =~
I
o »n

N
P T OMTe
O
!

x=0andy=2
-3

420

0<k<24
a,=1,a;=4

24

2452 —3x72
48x + 3

2x4 + 6x2 + 5x + ¢
-0.4

17 4
(3,3

4
x3—3x+2

N
epoOTLIOTITRIYTNT

(_21 O) (11 O) x

10 a y=9%+9
d 16V2
e 320 units?



