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Velocity and acceleration

This chapter introduces kinematics, which is about the connections between
displacement, velocity and acceleration. When you have completed it, you should

¢ know the terms ‘displacement’, ‘velocity’, ‘acceleration’ and ‘deceleration’ for motion
in a straight line

e  be familiar with displacement—time and velocity-time graphs

« be able to express speeds in different systems of units

e know formulae for constant velocity and constant acceleration

¢ be able to solve problems on motion with constant velocity and constant acceleration,
including problems involving several such stages.

Motion with constant velocity

A Roman legion marched out of the city of Alexandria along a straight road, with a
velocity of 100 paces per minute due east. Where was the legion 90 minutes later?

Notice the word velocity, rather than speed. This is because you are told not only how fast
the legion marched, but also in which direction. Velocity is speed in a particular direction.

Two cars travelling in opposite directions on a north~south motorway may have the
same speed of 90 kilometres per hour, but they have different velocities. One has a
velocity of 90 k.p.h. north, the other a velocity of 90 k.p.h. south.

The abbreviation kp.h. is used here for kitometres per hour’ because this is the form
often used on car speedometers. A scientist would use the abbreviation km h™ t and this
/s the form that will normally be used in this book.

The answer to the question in the first paragraph is, of course, that the legion was
9000 paces (9 Roman miles) east of Alexandria. The legion made a displacement of
9000 paces east. Displacement is distance in a particular direction.

This calculation, involving the multiplication 100X 90 = 9000, is a special case of a
general rule. '

An object moving with constant velocity « units in a

particular direction for a time ! units makes a displacement
s units in that direction, where s=ut.

The word ‘units’ is used three times in this statement, and it has a different sense each
time. For the Roman legion the units are paces per minute, minutes and paces
respectively. You can use any suitable units for velocity, time and displacement
provided that they are consistent.
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The equation s = ut can be rearranged into the forms u ==~ or f= ", You decide which
t u

form 1o use according to which quantities you know and which you want to find.

Example 1.1.1
An airliner flies from Cairo to Harare, a displacement of 5340 kilometres south, at a
speed of 800 k.p.h. How long does the flight last?

You know that s = 5340 and u =800, and want to find ¢. So use

For the units to be consistent, the unit of time must be hours. The flight lasts
6.675 hours, or 6 hours and 4{)% minuges,

This is not a sensible way of giving the answer. In a real flight the aircraft will travel
more slowly while climbing and descending. It is also unlikely to travel in a straight
line, and the figure of 800 k.p.h. for the speed looks like a convenient approximation.
The solution is based on a mathematical model, in which such complications are
ignored so that the data can be put into a simple mathematical equation. But when you
have finished using the model, you should then take account of the approximations and
give a less precise answer, such as “about 7 hours’.

The units almost always used in mechanics are metres (m) for displacement, seconds
(s) for time and metres per second (written as m s for velocity. These are called
SI units (S1 stands for Systeme Internationale), and scientists all over the world have
agreed to use them.

Example 1.1.2
Express a speed of 144 k.ph.in ms™.

If you travel 144 kilometres in an hour at a constant speed, you go

44 . . .
kilometres in each second, which is =L of a kilometre in each second. A
60 % 60 25
kilometre is 1000 metres, so you go 515 of 1000 metres in a second. Thus a speed
of 144 kph.is 40ms™".

You can extend this result to give a general rule: to convert any speed in k.p.h. to ms™F,

which is 2

you multiply by 1% , =

Displacement 4 .
_ . ; dient
Graphs for constant velocity : gracieu

You do not always have to use equations to
describe mathematical models. Another method s
is to use graphs. There are two kinds of graph
which are often useful in kinematics.

Time
The first kind is a displacement—time graph,

as shown in Fig. 1.1. The coordinates of any Fig. 1.1
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point on the graph are (¢,5), where s is the displacement of the moving object after a
time ¢ (both in appropriate units). Notice that s=0 when =0, so the graph passes

through the origin. If the velocity is constant, then —:: =u, and the gradient of

the line joining (f,s) to the origin has the constant value . So the graph is a straight
line with gradient .

For an object moving along a straight line with constant velocity u,

the displacement—time graph is a straight line with gradient «.

The second kind of graph is a velocity~time graph (sec Fig. 1.2). The coordinates of any
point on this graph are {t,v), where v is the velocity of the moving object at time . 1If the
velocity has a constant value « , then the graph has equation v =« , and it is a straight line
parallel to the time-axis.

Velocity 4 Velocity

(A

Time Time

Fig. 12 Fig. 13

How is displacement shown on the velocity-time graph? Fig. 1.3 answers this question
for motion with constant velocity . The coordinates of any point on the graph are
(t,u), and you know that s = uf. This product is the area of the shaded rectangle in the
figure, which has width ¢ and height u.

For an object moving along a straight line with constant velocity, the
displacement from the start up to any time ¢ is represented by the area of
the region under the velocity-time graph for values of the time from O to ¢.

" Exercise 1A

1 How long will an athlete take to run 1500 metres at 7.5 m she

2 A train maintains a constant velocity of 60 m s~ due south for 20 minutes. What is its
displacement in that time? Give the distance in kilometres.

3 How long will it take for a cruise liner to sait a distance of 530 nautical miles at a speed of
25 knots? (A knot is a speed of 1 nautical mile per hour.)
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4 Some Antarctic explorers walking towards the South Pole expect to average 1.8 kilometres
per hour. What is their expected displacement in a day in which they walk for 14 hours?

5 Here is an extract from the diary of Samuel Pepys for 4 June 1666, written in London.

‘We find the Duke at St James’s, whither he is lately gone to lodge. So walking through the
Parke we saw hundreds of people listening to hear the guns.’

These guns were at the battle of the English fleet against the Dutch off the Kent coast, a
distance of between 110 and 120 km away. The speed of sound in airis 344 ms™'. How
long did it take the sound of the gunfire to reach London?

6 Light travels at a speed of 3.00%10® ms™, Light from the star Sirius takes 8.65 years to

reach the earth. What is the distance of Sirius from the earth in kilometres?
7 The speed limit on a motorway is 120 km per hour. What is this in SI units?

8 The straightest railway line in the world runs across the Nullarbor Plain in southern
Australia, a distance of 500 kilometres. A train takes 12% hours to cover the distance.

Model the journey by drawing
(a) a velocity~time graph, (b) a displacement—time graph.

Label your graphs to show the numbers 500 and 22% and to indicate the units used.
Suggest some ways in which your models may not match the actual journey.

9 An aircraft flies due east at 800 km per hour from Kingston to Antigua, a displacement of
about 1600 km. Model the flight by drawing
(a) adisplacement—time graph, (b) a velocity—timne graph.

Label your graphs to show the numbers 800 and 1600 and to indicate the units used. Can
you suggest ways in which your models could be improved to describe the actual flight
more accurately?

e e e o A e e 2 ey S S e A o

Acceleration

A vehicle at rest cannot suddenly start to move with constant velocity. There has to be a
period when the velocity increases. The rate at which the velocity increases is called the
acceleration.

In the simplest case the velocity increases at a constant rate. For example, suppose that a
train accelerates from 0 to 144 k.p.h. in 100 seconds at a constant rate. You know from
Example 1.1.2 that 144 k.ph.is 40 ms™, so the speed is increasing by 0.4ms™ in
each second. - ' '

The SI unit of acceleration is “m s~ per second’, or (m 57! ) g7t ; this is always

simplified to m s~ and read as ‘metres per second squared’. Thus in the example above
the train has a constant acceleration of f‘% m s, whichis 0.4 ms™.
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Consider the period of acceleration. After ¢ ‘{’:"sﬁ‘,‘g’ 1

seconds the train will have reached a speed of

041 ms™". So the velocity—time graph has 40

equation v =0.4¢. This is a straight line

segment with gradient 0.4, joining (0,0} to v = 0dr :

(100,40). 1t is shown in Fig. 1.4. 00 >
i Time (s}

This is a special case of a general rule.
Fig. 14

The velocity—time graph for an object moving

with constant acceleration a is a straight line
segment with gradient a.

Now suppose that at a later time the train has to stop at a signal. The brakes are applied, and
the train is brought to rest in 50 seconds. If the velocity drops at a constant rate, this is
f;% ms™ ,or 0.8 m s™% . The word for this is deceleration (some people use retardation).

Fig. 1.5 shows the velocity-time graph for the

braking train. If time is measured from the Yﬁ:‘;‘i’g

instant when the brakes are applied, the graph 10

has equation v = 40-0.8¢.

There are two new points to notice about this v=40-108¢

graph. First, it doesn’t pass through the origin, l .
since at time ¢ =0 the train has a velocity of 30 Time (s)

40 ms™!. The velocity when ¢ =0 is called the

o ; Fig. 1.5
initial velocity.

Secondly, the graph has negative gradient, because the velocity is decreasing. This
means that the acceleration is negative. You can either say that the acceleration is
—0.8 ms™, or that the deceleration is 0.8 m §7.

The displacement is still given by the area of the region between the velocity-time graph and
the t-axis, even though the velocity is not constant. In Fig. 1.4 this region is a triangle with
base 100 and height 40, so the area is %x 100 x 40 == 2000. This means that the train covers
a distance of 2000 m, or 2 km , while gaining speed.

In Fig. 1.5 the region is again a triangle, with base 50 and height 40, so the train comes
to a standstill in 1000 m,or 1 km.

A justification that the displacement Is given by the area will be found in Section 11.3.

Equations for constant acceleration

You will often have to do calculations like those in the last section. It is worth having
algebraic formulae to solve problems about objects moving with constant acceleration.
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Fig. 1.6 shows a velocity—time graph which
could apply to any problem of this type. The
initial velocity is u, and the velocity at time ¢
is denoted by v. If the acceleration has the
constant value a, then between time O and
time ¢ the velocity increases by ar. It follows
that, after time ¢, Time

v=utal. Fig. 1.6

Remember that in this equation u and a are constants, but ¢ and v can vary. In fact,
this equation is just like y = mx +¢ (or, for a closer comparison, y = ¢ +mx). The
acceleration a is the gradient, like m, and the initial velocity u is the intercept, like ¢.
So v =u+at is just the equation of the velocity-time graph.

There is, though, one important difference. This equation only applies so long as the
constant acceleration lasts, so the graph is just part of the line,

There are no units in the equation v =+ at. You can use it with any units you like,
provided that they are consistent.

To find a formula for the displacement, you need to find the area of the shaded region
under the graph between (0,u) and (¢,v) in Fig. 1.6. You can work this out in either of
two ways, illustrated in Figs. 1.7 and 1.8. In Fig. 1.7 the region is shown as a trapezium,
with parailel vertical sides of length u# and v, and width ¢. The formula for the area of a
trapezium gi‘ves

s=%(u+v)t.

Fig. 1.8 shows the region split into a rectangle, whose area is ut, and a triangle with
base ! and height at, whose area is % x ¢ x at . These combine to give the formula

e 1,2
§ =i+ iat .
Velocity 4 Velocity 4 /
t
i :
i v ;
u i u
| | .
) ! > Time * ¢ ? Time

Fig. 1.7 Fig. 1.8

Example 14.1

A racing car enters the final straight travelling at 35ms™ , and covers the 600 m to the
finishing line in 12 s. Assuming constant acceleration, find its speed as it crosses the
fiishing line.

1
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Measuring the displacement from the start of the final straight, and using ST units,
you know that =35, You are told that when ¢ =12, 5 =600, and you want to
know v at that time. So use the formula connecting u, ¢, 5 and v.

Substituting in the formula s = -%(u +v)t,
600 = £(35+v)x12.
600 x 2

This gives 35+v = =100,s80 v=05.

Assuming constant acceleration, the car crosses the finishing line at 65 m s7h,

Example 142

A cyclist reaches the top of a slope with a speed of 1.5m 57!, and accelerates at

2 ms™. The slope is 22 m long. How long does she take to reach the bottom of the
slope, and how fast is she moving then?

You are given that ¥ =1.5 and a =2, and want to find r when 5 =22.The
formula which connects these four quantities is s = ut + % at?, so displacement and
time are connected by the equation

s=15t 412,

When s =22, t satisfies the quadratic equation * +1.5¢ 22 = 0. Solving this by the

~15+ /1.5 ~4x1x(=22)
_ 2

¢ =-5.5 or 4.In this model ¢ must be positive, so = 4. The cyclist takes 4 seconds
to reach the bottom of the slope.

quadratic formula (see P1 Section 4.4), ¢ = , giving

To find how fast she is then moving, you have to calculate v when ¢ =4, Since
you now know u, a, ¢ and s, you can use either of the formulae involving v.
The algebra is simpler using v = u + at, which gives

v=15+2x4=95,

The cyclist’s speed at the bottom of the slope is 9.5 m s

o 0¥l
E;;ercise 1B

i
/l/ A police car accelerates from 15 m s to 35ms™} in 5 seconds. The acceleration is
constant. Illustrate this with a velocity—time graph. Use the equation v =+ af to calculate
the acceleration. Find also the distance travelled by the car in that time. '

A marathon competitor running at 5 m s™! puts on a sprint when she is 100 metres from

the finish, and covers this distance in 16 seconds. Assuming that her acceleration is
constant, use the equation s = %(u + v)t to find how fast she is running as she crosses the:
finishing line.
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Aain travelling at 20 ms™ starts to accelerate with constant acceleration. It covers the
¥ next kilometre in 25 seconds. Use the equation s = uf + %azz to calculate the acceleration,
Find also how fast the train is moving at the end of this time. Illustrate the motion of the

train with a velocity—time graph.

How long does the train take to cover the first half kilometre?

4 A long-jumper takes a run of 30 metres to accelerate to a speed of 10 ms™ from a
standing start. Find the time he takes to reach this speed, and hence calculate his
acceleration, Iltustrate his run-up with a velocity—time graph.

S/St'art'mg from rest, an aircraft accelerates to its take-off speed of 60 ms™ in a distance of
900 metres. Assuming constant acceleration, find how long the take-off run lasts. Hence
calculate the acceleration.

1

6 A train is travelling at 80 m s~ when the driver applies the brakes, producing a

deceleration of 2 ms™ for 30 seconds. How fast is the train then travelling, and how far

//dxs it travel while the brakes are on?
A balloon at a hieight of 300 m is descending at 10 m s™! and decelerating at a rate of

0.4 ms™. How long will it take for the balloon to stop descending, and what will its height
be then?

1.5 More equations for constant acceleration

All the three formulae in Section 1.4 involve four of the five quantities u, a, ¢, v and 5.
The first leaves out s, the second @ and the third v. It is also useful to have formulae which
leave out ¢ and u, and you can find these by combining the formulae you already know.

To find a formula which omits ¢, rearrange the formula v =y +af to give at = v—u, 50

Vy—u . P
t = —  If you now substitute this in 5 = %(u +v)t, you get
a

v—u
S=—é—(u+v)x—-,
a

which is 2as = (u+v)(v —u) . The right side of this is (v + u)(v —u) = v>—u*, so that

finally 2as= v - ,or

v =u? +2as.

The fifth formula, which omits u, is less useful than the others. Turn the formula
v =g+ at round to get u = v —at. Then, substituting this in s = ur + %arz, you get

s=(v—aft+Lar?, which simplifies to

I
s=vi-sat’.
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For an object moving with constant acceleration a and initial
velocity u, the following equations connect the displacement s
and the velocity v after atime 1.

2

v=u-+at s'mut+32-arz v2=u?+2as

s:%(u+v)t s=w‘-«~%ar2

You should leamn these formulae, because you will use them frequently throughout this
mechanics course.

Example 1.5.1

The barrel of a shotgun is 0.9 m long, and the shot emerges from the muzzle with a
speed of 240 m s~} Find the acceleration of the shot in the barrel, and the length of time
the shot is in the barrel after firing.

in practice the constant acceleration model is ikely to be only an approximation, but it will
give some ldea of the quantities irvolved.

The shot is initially at rest,so « = 0. You are given that v =240 when s = 09,
and you want to find the acceleration, so use vt =u? +2as.
240% =02 +2xux09.

2
O _32000,
09

This gives a = 24
2%

You can now use any of the other formulae to find the time. The simplest is
probably v = u+ at, which gives 240 =0+ 32 000¢,s0 £=0.0075.

Taking account of the approximations in the model and the data, you can say that
the acceleration of the shot is about 30 000 m §72 , and that the shot is in the barrel
for a little less than one-hundredth of a second.

Example 1.52

The driverof a car travelling at 96 k.p.h. in mist suddenly sees a stationary bus
100 metres ahead. With the brakes full on, the car can decelerate at 4 m 5% inthe
prevailing road conditions. Can the driver stop in time?

You know from Example 1.1.2 that 96 k.p.h. is 96X 1—58- ms™,or %—) m s~ This

suggests writing # = %9 and a = —4 in the formula v? = u® +2as to find v when
5 =100 . Notice that ¢ is negative because the car is decelerating.

2 -
When you do this, you get vi= (%Q) —2x4x100= —@ . This is clearly a -
ridiculous answer, since a square cannot be negative.

The reason for the absurdity is that the equation only holds so long as the constant ~
acceleration model applies. In fact the car stops before s reaches the value 100,
and after that it simply stays still.
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To avoid this, it is better to begin by substituting only the constants in the
equation, leaving v and s as variables. The equation is then

v’ =6—?9-83.

This model holds so long as v=0.The equation gives v =0 when s = 5 = 800
which is less than 100 . So the driver can stop in time. X

This example could be criticised because it assumes that the driver puts the brakes on as
soon as he sees the bus. In practice there would be some ‘thinking time’, perhaps

0.3 seconds, while the driver reacts. At %Q ms™, the car would travel 8 metres in this
time, so you should add 8 metres to the distance calculated in the example. You can see
that the driver will still avoid an accident, but only just.

L1

1 Interpret each of the following in terms of the motion of a particle along a line, and select
the appropriate constant acceleration formula to find the answer, The quantities w, v, s
and ¢ are all positive or zero, but a may be positive or negative.

{(a) u=9a=4,5=5findv (b) u=10,v=14,a=3,find s
(€ u=17,v=11s=56,find a {d) u=14,a=-2,t=5finds
() v=20,a=1,t=6,find s £} u=10,5=65,t=75find 2
(g) w=18,v=12,5=210,find ¢t () u=9,a=4,5=235,find¢
(i) #=20,5=110,r=35,find v () s=93,v=42,r=3 finda
(k) u=24,v=10,a=~-07,find ¢ () s=35,v=12,a=2,findu
(m) v=27,5=40,a= -4, find () a=7,5=100,v—u=20,find u

-f’ g . . —— - — .
© 2 A train goes into a tunnel at 20 m s ! and emerges from it at 55 ms~'. The tunnel is
1500 m long. Assuming constant acceleration, find how long the train is in the tunnel for,
and the acceleration of the train.

3 A motor-scooter moves from rest with acceleration 0.1 ms™. Find an expression for its
speed, v ms™!, after it has gone s metres. [llustrate your answer by sketching an (s,v)
graph.

~

4" A cyclist riding at 5m s starts to accelerate, and 200 metres later she is riding at
7ms™'. Find her acceleration, assumed constant.

TN A -

‘W/A train travelling at 55 ms™ has to reduce speed to 35ms™ to pass through a junction. I
the deceleration is not to exceed 0.6 m ™, how far ahead of the junction should the train
‘begin to slow down?

(" An ocean liner leaves the harbour entrance travelling at 3 m s™', and accelerates at
£/ 0.04 ms™ until it reaches its cruising speed of 15ms™.
(a) How far does it travel in accelerating to its cruising speed?

(b) How long does it take to travel 2 km from the harbour entrance?
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A downhill skier crosses the finishing line at a speed of 30 m s and immediately starts to
decelerate at 10 m s~2 . There is a barrier 50 metres beyond the finishing line.

(a) Find an expression for the skier’s speed when she is s metres beyond the finishing
line.

(b) How fast is she travelling when she is 40 metres beyond the finishing line?
{c) How far short of the barrier does she come to a stop?

(d) Display an (s,v) graph to illustrate the motion.

8 A boy kicks a footbail up a slope with a speed of 6 m s~ The ball decelerates at
03 ms ™2, How far up the slope does it roll?

9 A cyclist comes to the top of a hill 165 metres long travelling at 5 m ™!, and free-wheels
down it with an acceleration of 0.8 m s™2. Write expressions for his speed and the distance
he has travelled after ¢ seconds. Hence find how long he takes to reach the bottor of the
hill, and how fast he is then travelling.

10 A car travelling at 10 m s~ is 25 metres from a pedestrian crossing when the traffic light
changes from green to amber. The light remains at amber for 2 seconds before it changes to
red, The driver has two choices: to accelerate so as to reach the crossing before the light
changes to red, or to try to stop at the light. What is the least acceleration which weuld be
necessary in the first case, and the least deceleration which would be necessary in the
second?

I freight train % km long takes 20 seconds to pass a signal. The train is decelerating

at a constant rate, and by the time the rear truck has passed the signal it is moving

10 kilometres per hour slower than it was when the front of the train passed the signal. Find
the deceleration in kilometre~hour units, and the speed at which the train is moving

when the rear truck has just passed the signal.

12 A cheetah is pursuing an impala. The impala is running in a straight line at a constant speed
of 16 ms™'. The cheetah is 10 m behind the impala, running at 20 m s™! but tiring, so that
it is decelerating at 1 ms™ . Find an expression for the gap between the cheetah and the
impala ¢ seconds later. Will the impala get away?

Mulii-stage problems

A journey can often be broken down into several stages, in each of which there 1s
constant velocity, or constant acceleration or deceleration. For example, a car might
accelerate at different rates in different gears, or it might slow down to go through a
village and then speed up again. You can analyse situations like these by applying the
formulae to each stage separately, or you can use a velocity—time graph.

www.eceeuiddeom
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Example 1.6.1

A sprinter in a 100 -metre race pushes off the starting block with a speed of 6 ms™ , and
accelerates at a constant rate. He attains his maximum speed of 10 ms™ after 40 metres,
and then continues at that speed for the rest of the race. What is his time for the whole race?

For the accelerating stage you know that u =6, v=10 and s = 40 . The equation
s:—%(u-i—v)t gives 40 =81,s0 t = 3.

As the remaining 60 metres are run at a constant speed of 10 m s™, you can measure

s and ¢ from the time when the sprinter reaches his maximum speed, and use the

formula 5= ut to find that r=£=%:6

1
Velocity

- -1
So the sprinter takes 5 seconds to accelerate and (ms)
then a further 6 seconds at maximum speed, a

total of 11 seconds.

Fig. 1.9 shows the velocity—time graph for the 0 : .
run, You could use this to find the time, but the 0 3 ty Time (s)
calculation is essentially no different. Fig. 1.9
Example 1.6.2

Two stops on a tramline are 960 metres apart. A tram starts from one stop, accelerates
at a constant rate to its maximum speed of 15m s”!, maintains this speed for some time
and then decelerates at a constant rate to come to rest at the other stop. The total time
between the stops is 84 seconds.

(a) For how many seconds does the tram travel at its maximum speed?

(b) If the tram accelerates at 0.5 m s72, at what rate does it decelerate?

You can draw a single velocity—time graph )
(Fig. 1.10) for the whole journey. This is made \(’ﬁﬁ‘i‘f{ ‘
up of three line segments: the first with positive 154 s T
gradient, the second parallel to the ¢-axis, and
the third with negative gradient.

(a) The region between the velocity—time graph 0
and the r-axis has the shape of a trapezium, The

area of this trapezium represents the distance ] Fig. 1.10
between the two stops.

0 84 Time (s)

If the tram travels at its maximum speed for T seconds, this trapezium has parallel
sides 84 and T, height 15 and arear960. So

960'=4(84+T)x15,

2% 960

which gives 84 +T = ,and T=44,

(b) Toreachaspeedof 15m s_.‘l from rest with an acceleration of 0.5 ms™> takes

% seconds, which is 30 seconds. So the tram takes 30 seconds accelerating and
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44 seconds at maximum speed , and this leaves 10 seconds in which to come to

rest. The deceleration is therefore -:—g ms~>, whichis 1.5m s72.

The tram travels at its maximum speed for 44 seconds, and then decelerates at a -
rate of 1.5ms™.

Example 1.6.3

A truck is travelling at a constant speed of 96 k.p.h. The driver of a car, also going at
96 k.p.h., decides to overtake it. The car accelerates up to 120 k.p.h., then immediately
starts to decelerate until its speed has again dropped to 96 k.p.h. The whole manoeuvre
takes half a minute. If the gap between the car and the truck was originally 35 metres,
the truck is 10 metres long and the car is 4 metres long, what will be the gap between
the truck and the car afterwards?

You are not told the acceleration and deceleration, or when the car reaches its
greatest speed, so if you try to use algebra there will be several unknowns. It is
much simpler to use velocity-time graphs.

Fig. 1.11 shows the velocity—time graphs for Vclocity“

both the truck and the car over the half minute. (kph)

The distance travelled by the truck is 12044 M

represented by the area of the region between R k; B

the horizontal line segment AB and the time- :

axis, and the distance travelled by the car is 0 :
represented by the area between the two-part 0 s (hT;I;!:; :
graph AMB and the time-axis. So the

difference in the distances travelled is Fig. 1.1

represented by the area of the triangle AMB.

To do the calculation you must use a consistent system of units, and kilometre-hour
units is the obvious choice. Since half a minute is éﬁ hours, the difference in the
1 1

distances is 5 X 155 X (120 - 96) km, which is ,1.16 km, or 100 metres.

Fig. 1.12 shows the relative positions of the car and the truck before and afterwards.
The front of the car was originally 35+ 10, or 45 metres behind the front of the
truck, so it ends up (100 —45) metres, or 55 metres in front. The gap afterwards is
therefore (55—4) metres, or 51 metres.

direction of travel

Before

= ™ o

535

Fig. 1.12
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Average velocity

You can if you like omit this section on a first reading, and come back to it later.
The constant acceleration formula 5 = %(u +v)t can be rearranged as

S_1

~=5{u+v).

; 2

The fraction on the left, the displacement divided by the time, is called the average
velocity. So what this equation states is that, for an object moving with constant
acceleration, the average velocity is equal fo

Vclocaty (f,'lf’)
the mean of the initial and final velocities. :

Notice also that, in Fig. 1.13, the mid-point of
the line segment which represents the motion

has coordinates ( (u + v)) So 4 Flutv)is .
also the velocity of the object when half the Time
time has passed.

0.

Fig. 1.13

For an object moving with constant acceleration over
a period of time, these three quantities are equal:

. the average velocity,
. the mean of the initial and final velocities,
. the velocity when haif the time has passed.

But Fig. 1.13 shows that, if the acceleration is positive, the area under the graph for the
first haif of the period is less than the area for the second half, So when half the time has
passed, less than half the distance has been covered.

The idea of average velocity is sometimes useful in solving problems.

Example 1.7.1

A passenger notices that a train covers 4 km in 3 minutes, and 2 km in the next
minute. Assuming that the acceleration is constant, find how fast the train is travelling at
the end of the fourth minute.

Method 1  In the first 3 minutes the average veiomty is 3 * km min™", so

this is the velocity of the train after 15 ! minutes. Tn the last minute the average
veloc1ty is 2 km min™", so this is the ve!omty after 34 mmutes. It follows that in
(3 -1 ) minutes the veiocﬁy mcreases by (2 - —) km min™ . So the velocity

increases at a rate of xm min~" in 2 minutes. This is an acceleration of 1 km min~2,

The velocuy after 35 minutes is 2 km mm " and in a further 5 minute it

increases by x1 5 km min !, which is g L km min !,
So after 4 minates the velocity is 27 km min™
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Method 2 Suppose that the velocity after 4 minutes is v km min™, and that the
acceleration is @ km min™. The train travels 6 km in the whole 4 minutes, and
2 km in the last minute. Using the equation s = vt~ %at2 for each of these periods,

6=vxd-4axl6 and 2=vxl-gaxl,

giving 6=4v-8a and  2=v-ia.

Efiminating a from these equations,
16x2~6=16(v-41a)~(4v—8a), whichgives 26=12v.

Therefore v = 26 =721 z

The train is travelling at 2% km min~', which is 130 km per hour, at the end of

the fourth minute.

9“5/5 ‘

ercise 1D

/I/A cyclist travels from A to B, a distance of 240 metres. He passes A at 12 ms™,
maintains this speed for as long as he can, and then brakes so that he comes to a stop at B,
If the maximum deceleration he can achieve when braking is 3 m s2, what is the least time

in which he can get from A to B?
]
/<)/w Aytown Beeburg City
L LTI TTTTICRT R S LI

T TTILEETTRRSSYRLTE )

¢

9 km 7 km /
U\E/’ e The figure shows a map of the raitway line from Aytown to City. The timetable is based
= 7 on the assumption that the top speed of a train on this line is 60 km  per hour; that it takes

- ' 3 minutes to reach this speed from rest, and 1 minute to bring the train to a stop, both at a
=== constant rate; and that at an intermediate station 1 minute must be allowed to set down and
»o in# pick up passengers. How long must the timetable allow for the whole journey

.‘I ¥
V1

AR

e

/¢ (a) for trains which don’t stop at Beeburg, ‘ i

o (b) for trains which do stop at Beeburg?

15/ Two villages are 900 metres apart. A car leaves the first village travelling at 15ms” ! and
accelerates at 4 sms’ 2 for 30 seconds. How fast is it then travelling, and what distance has
it covered in this time?

The driver now sees the next village ahead, and decelerates so as to enter it at 15 m s71

What constant deceleration is needed to achieve this? How much time does the driver save-

by accelerating and decelerating, rather than covering the whole distance at 15m s717

A car rounds a bend at 10 m s™', and then accelerates at % m s~ along a straight stretch of
road. There is a junction 400 m from the bend. When the car is 100 m from the junction,
the driver brakes and brings the car to rest at the junction with constant deceleration. Draw
a (t,v) graph to illustrate the motion of the car. Find how fast the car is moving when the
brakes are applied, and the deceleration needed for the car to stop at the junction,

o 2
” TAYLOR'S COLLEGE

LIBRARY
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leg’- L
A car comes to a stop from a speed of 30 ms™ in a distance of 804 m. The driver brakes
§- S0 asto preduce a deceleration of % ms™ to begin with, and then brakes harder to produce

a deceleration of % ms 2. Find the speed of the car at the instant when the deceleration is
increased, and the total time the car takes 1o stop.

/{ A motorbike and a car are waiting side by side at traffic lights. When the lights turn to
J; © green, the motorbike accelerates at 2% ms™ up to a top speed of 20 ms™', and the car
accelerates at 1—% ms™ up to a top speed of 30 ms™ . Both then continue to move at
constant speed. Draw (f,v) graphs for each vehicle, using the same axes, and sketch the
(r.5) graphs.
(a) After what time will the motorbike and the car again be side by side? bV

(b} What is the greatest distance that the motorbike is in front of the car? - ;,

"7

"in 10 seconds at a constant rate.

7 A roller-skater increases speed from 4 ms™ to 10 ms”
(a) What is her average velocity over this period?
(b) For what proportion of the time is she moving at less than iﬁf average velocity?
(¢) For what proportion of the distance is she moving at less than her average velocity?

8 A cyclist is free-wheeling down a long straight hill. The times between passing successive

kilometre posts are 100 seconds and 80 seconds. Assuming his acceleration is constant,
find-this acceleration.

9 A train is slowing down with constant deceleration. It passes a signal at A, and after
successive intervals of 40 seconds it passes points B and €, where AB =1800 m and
BC=1400 m.

(a) How fast is the train moving when it passes A ?

(b) How far from A does it come to a stop?
10 A particle is moving along a straight line with constant acceleration. In an interval of

T seconds it moves D metres; in the next interval of 37 seconds it moves 9D metres.
How far does it move in a further interval of 7' seconds?

Miscellaneous exercise 1

1 A car starts from rest at the point A and moves in a straight line with constant acceleration
for 20 seconds until it reaches the point B. The speed of the carat B is 30 ms™".
Calculate

(a) the acceleration of the car,
(b) the speed of the car as it passes the point C, where C is between A and B and
AC=40m. (OCR)
2 A motorist travelling at # m s~ joins a straight motorway. On the motorway she travels
with a constant acceleration of 0.07 m s™ until her speed has increased by 2.8 ms™.
(a) Calculate the time taken for this increase in speed.

(b) Given that the distance travelled while this increase takes place is 1050 m , find u.
(OCR)
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A cyclist, travelling with constant acceleration along a straight road, passes three points A,
B and C,where AB = BC =20 m.The speed of the cyclistat A is 8 m s' and at B is
12 m s}, Find the speed of the cyclistat C. (OCR)

As a car passes the point A on a straight road, its speed is 10 m s™!. The car moves with
constant acceleration am s along the road for T seconds until it reaches the point B,
where its speed is V ms™'. The car travels at this speed for a further 10 seconds, when it
reaches the point C . From C it travels for a further T seconds with constant acceleration
3a ms™? until it reaches a speed of 20 m s7" at the point D. Sketch the (¢,v) graph for the
motion, and show that V=12.5.

Given that the distance between A and D is 675 m, find the values of a and T.  (OCR)

The figure shows the (¢,v} graph for
the motion of a cyclist; the graph
consists of three straight line segments.
Use the information given on the graph ;
to find the acceleration of the cyclist o
when ¢ =2 and the total distance :
travelled by the cyclist for 0 <1< 30.

v(ms-1) 4
10

0 f : Y >
Without making any detailed 6 5 15 30 ¢(s)
calculations, sketch the displacend€fit~
time graph for this motion. (OCR)

A car is waiting at traffic lights with a van behind it, There is a | metre gap between them,
When the lights turn green, the car accelerates at 1.5m ™2 unti} it reaches a speed of

15 ms™; it then proceeds at this speed. The van does the same, starting when the gap
between the vehicles is 4 metres.

Find a formula for the distance travelied by the car in the first ¢ seconds (0 < r <10}, and
hence the time interval between the car starting and the van starting. Find also the distance
between the vehicles when they are both going at 15 m 57t (OCR)

Two runners, Ayesha and Fatima, are leading the field in a long-distance race. They are
both renning at 5 m s7!, with Ayesha 10 m behind Fatima. When Fatima is 50 m from the
tape, Ayesha accelerates but Fatima doesn’t. What is the least acceleration Ayesha must
produce to overtake Fatima?

If instead Fatima accelerates at 0.1m s™ up to the tape, what is the least acceleration
Ayesha must produce?

A woman stands on the bank of a frozen lake with a dog by her side. She skims a bone
across the ice at a speed of 3 m s~ The bone slows down with deceleration 0.4 ms™2,
the dog chases it with acceleration 0.6 m s7%. How far out from the bank does the dog
catch up with the bone? '

and

A man is running for abus at 3 m s~!. When he is 100 m from the bus stop, the bus passes
him going at 8 ms ™' . If the deceleration of the bus is constant, at what constant rate
should the man accelerate so as 1o arrive at the bus stop at the same instant as the bus?
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&1} {a) A ftrain travels from a station P to the v{m 5_32“
next station @, arriving at Q exactly :
5 minutes after leaviag P. The (1,v) 20
graph for the train’s journey is 101
approximated by three straight line 0 AN N W
segments, as shown in the figure. G 60 120 180 240 300 ¢(s)

1

{i) Write down the acceleration of
the train during the first minute of the journey.

{ii) Find the distance from Pto Q.

{b) On one occasion, when the track is being repaired, the train is restricted to a maximum
speed of 10 ms™ for the 2000 m length of track lying midway between P and Q..
The train always accelerates and decelerates at the rate shown in the figure. When not
accelerating or decelerating or moving at the restricted speed of 10 m s™, the train
travels at 30 ms™, Sketch the (¢,v) graph for the train’s journey from P to @ when
the speed restriction is in force, and hence find how longYhe train takes to travel from
P to © on this occasion.

(¢} The second figure shows the {¢,v)
graph for the train accelerating from
rest up to a maximum speed of

V ms™ and then immediately
decelerating to a speed of 10 ms™".
The acceleration and deceleration
have the same value as shown in the
first figure, Show that the distance
travelled is (2 v - 100) metres.

Determine whether the train in (b) could, by exceeding the normal speed of 30 m s”! when
possible, make up the time lost due to the speed restriction when travelling from P to Q.
Assume that the acceleration and deceleration must remain as before. (OCR)

0 £(s)

If a ball is placed on a straight sloping track and then released from rest, the distances that
it moves in successive equal intervals of time are found to be in the ratio 1:3:5:7: ... .
Show that this is consistent with the theory that the bal} rolls down the track with constant
acceleration.




www.gceguide.com

Force and motion

This chapter introduces the idea of force, and shows how forees affect the motion of an
object. When you have completed it, you should

s  undesstand Newton's first law of motion

«  know some different types of force

»  know and be able to apply Newton's second law to simple examples of objects moving
in a straight line

¢ understand the idea of equilibrium.

Newton’s first law i

Chapter 1 showed how you can use mathematics to describe ho®objects move. The
English scientist Isaac Newton (1643-1727) went on from there to try to answer the
question ‘How can mathematics be used to explain why objects move in the way they
do?" In his book Principia, he put his findings in the form of three laws, called
Newton’s laws of motion. It is a remarkable fact that the whole of mechanics results
from applying these three laws in different situations.

In 1977 the United States iaunched the Voyager space probe to send back pictures of the
outer planéts of the solar system and their mocons. By clever timing and programming it
was possible for Vayager to pass close to Jupiter, Saturn, Uranus and Neptune in twrn.
Then it headed out into space, getting further and further from the sun. By now the
effect of the sun’s attraction is almost negligible, and the probe continues to travel into
outer space with constant velacity.

This is an instance of what is called *Newton's first law’, although in fact this law was
already known 1o Galileo, whe died in the year that Newton was bom.

Newton’s first law  Every object remains in a state of rest or of uniform

motion in a straight line unless forces act on it to change that state.

Tt is difficult éo demonstrate this law on or near the earth’s surface because you can’t
eliminate all the forces. Many inventors have tried to make & permanent motion
machine, bat none has succeeded.

But you can make some approximations, When direction
yon are riding a bicycle on a level path and >
start to free-wheel, you can keep up an almost
constant velocity for some time. But eventually
you will slow down, partly because of air
resistance. This is shown in Fig. 2.1, where the
resistance is indicated by an arrow.
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direction
of motion

Another example is when a stone is sent sliding
across the frozen sueface of a lake. However
smooth the ice appears, the stone eventually
slows down because of friction between the
two surfaces (see Fig. 2.2). Fig.2.2

What Newton’s first law states is that, if an object is scen to speed up (acceleraie) or
slow down {decelerate), there must be some agent causing the change. Newton called
this agent a force. Air resistance and {riction are two types of force.

Force and acceleration

Newton's first law is a purcly qualitative statement, that force is the agent which
produces a change in the velocity of an object. It says nothing about the size of the
force, or the amount of acceleration or deceleration that it produces. That is the subject
of Newton’s second law, »

acceleration

Suppose that the car you are driving runs out of
petrol within sight of a filling station. You may
persuade your passenger 1o get out and push.
The effect of this is shown in Fig. 2.3. The car
is stationary at first, and the resuit of the push

is fo give the car a velocity, so that the car Fig. 2.3
accelerates. The figure uses arrows to show

both the force and the acceleration, which are in the same direction. I is sensible to use
one kind of arrow for force, and a different kind of arrow for acceleration.

It is intitively obvious that the harder the push, the greater the accelerstion of the car,
You would expect that two people pushing with equal force would produce twice the
acceleration that one person would achieve alone. This is summarised in the second of
Newton’s faws of motion, in which he stated that

change of motion is proportional te the applied force, and in the same direction.

However, by “change of motion’ Newton meamt more than simply acceleration. It takes
much moxe force to push a limousine than a Mini with the same acceleration, because a
limousine is much heavier. So the full statement of the law must also take into account the
heaviness of the object being accelerated. This is measured by a quantity called mass.

In 51 the unit of mass is the kilogram, usually abbreviated to kg. You will be familiar
with this from buying vegetables or posting parcels. For heavy objects it is sometimes
more convenient to give the mass in tonnes, where I tonne = 1000 kg . For light objects
the mass can be given in grams, where 1 gram = l-ﬁ‘m- kg . For example, the mass of a
smalt car is about a tonne, and the mass of a drawing pin is abont a gram,

The full statement of Newton's second law is that the force acting on an object is
proportional to the product of its rmass and the acceleration produced. Denoting the force
by F,the mass of the object by 1, and the acceleration by g, the law can be written as

www.gceguide.com
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an equation
F=cma,
where ¢ is a constant.

How do you deal with the constant ¢? The answer is to use a very neat trick, and to
choose the unit of force so that ¢ has the value 1. You can do this because, although
you know that in SI the units of mass and acceleration are kg and m 57 respectively,
nothing has yet been said about the unit of force.

So define the unit of force, the newton, as the force needed to give a mass of 1kg an

acceleration of | ms™. Then, substituting in the equation F=cma, you get
-t

l=ex1xl, giving c=1.

The abbreviation for newton is ™. A newton is approximately the force you need to
held a medinm-sized apple. Pulling on a towline, a fit person might be able to exert &
puil of about 200 N.

You can aow summarise Newton’s second faw as a simple equation,

LR R e S e B B RS S L e e e R R e e R |
#

4

i

Newton’s second law  When a force of F ncwtons acts on an object ;
of mass m kg, it prodoces an acceleration , a m s7?, givenby F =ma. 5%

R T R P TR S e ey

Example 2.2.1
A car of mass 1200 kg is pushod with a fores of 150 N. Calculate the acceleration of
the car, and find how long it will take to reach a speed of l% ms™ from rest.

Substitwting F =150 and m = 1200 in the equation F =ma gives
150 = 1200a,50 a = {5 = ¢ -

To find the time, use the equation v =u+at with 1=0 and a = é,This gives

%

1 i
v=st. Whenv=15,r=55=12.
g e
The acceleration of the car is é ms™ , and the car takes 17 seconds to reach a
speed of 1 ms™' from rest.

Example 2.2.2

In the sport of curling, a stone of mass 18 kg is placed on ice and given a push. If this
produces a speed of 2 m 57!, and the stone goes 30 metres hefore coming to rest,
calcnlate the deceleration, and find the frictional force between the stone and the ice.

You know that # =2 and that v =0 when s =30 . So use the equaticn

v? = u? +2as to gef 0 =22 +2xax 30, which gives az—%=—%.The

negative value of a2 indicates that it is a deceleration.

21 iy
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In Fig. 2.4 the friction is shown as direction
] . ; of motion
R newions opposite to the direction of e
motion. So the equation F = ma takes the ams”
form -
-R= ~L
R=18x(~g},

which gives R=1.2. i
. Fig. 2.4 |
The deceleration is 1—15- ™ and the i
frictional force is 1.2 newtons.

2.3 Some other types of force

There would be other ways of getting the car in
Section 2.2 to the filling station. You might stop a
passing car and get a tow. The force aceelerating
the car is then provided through the towing rope.
A force like this is called a temsion. It is
represented by the force T newtons in Fig, 2.5.

Another possibility would be to walk to the filling
station and buy a can of petral, The car could then
be driven to the filling station. Although the
motive force has its origin in the engine, the force
which actually moves the car forward is provided
by the grip between the tyres and the road. It is
therefore shown by the force D' N at road level in
Fig. 2.6, This is calied the driving force.

Example 23.1

The World’s Strongest Man has a cable attached to a harness round his shoulders. The
cable is horizontal, and the other end is attached to a 20 torne truck. The man starts to
pull so that the tension in the cable is 800 N . How long will it take for the iruck to
move | metre from rest?

2

In S units, the rnass of the truck is 20 000 kg . If the acceleration is a ms™, the

equation F=ma gives

B00=20000xa, so a=004.
You now want to find the time, £ seconds, given that v =0 and ¢ =0.04.
The equation 5= ur+ %.mf2 gives s =002:°. So when s=1,

1
t= j——=~50=T07....
.02

The truck will take just over 7 seconds to move 1 metre from rest.
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Exercise 2A

1 The engine of a car of mass 800 kg which is ravelling a!ohg astraight horizontal road, is
producing a driving force of 1200 N . Assuming that there are no forces resisting the
motion, calculate the acceleration of the car,

2 A van is pulling a broken-down car of mass 1200 kg along a straight horizomtal road. The
anly force acting on the car which affects the motion of the car is the tension in the
horizontat towbar. Calculate the acceleration of the car when the tension is 750 N,

3 For the first stage of its motion on the runway, before take-off, an aircraft of mass 2200 kg
has a constant acceleration of 4.2 m s™2. Calculate the magnitude of the force necessary 1o
provide this acceleration,

4 A water-skier i3 being towed by a motor-boat. Given that her acceleration of 0.8 m s is
provided by a force of 52 N, calculate her mass.

S A wooden block of mass m kg is at rest on a table, 1.6 metres from an edge. The block is
pulled directly towards the edge by a horizontal string. The tension in the string has
magnitude 0.2m N, Calculaie the time taken for the block to reach the edge of the table.

6 Two children are sliding a box to each other on a frozen lake. The box, of mass (.4 kg,
leaves one child with speed S m s”! and reaches the other, who is 8 m away, after 2.5s.
Calculate the deceleration of the box, and find the frictional force resisting the motion of
the box, )

7 A particle £ of mass »t kg is moving in a straight line with constant deceleration, It passes
point A with speed 6 m s~' and point B with speed 3.6 m 57!, Given that the distance
hetween A and B is 12 m, calculate, in terms of m, the magnitude of the force resisting
the motion of P.

8 A man pushes a car with a foree of 127.5 N along a straight horizontal road. He manages
1o increase the speed of the car from {ms™ 0 28 ms™ in 125, Find the mass of the car.

9 A runaway sledge of mass 10 kg travelling at 15 m s~ reaches a horizontal snow field. It
travels in a straight line befoce it comes to rest. Given that the force of friction slowing the
sledge down has magnitude 60 N, caleulate how far the sledge travels in the snow field.

[
10 A hockey player hits a stationary balt, of mass 0.2 kg. The contact time between the stick
and the ball is 0.15 s and the force exerted on the ball by the stick is 60 N, Find the speed

with which the ball leaves the stick.

11 A boy slides a box of mass 2 kg across a wooden floor. The initial speed of the box is
2 m s~ and it comes to rest in 5 m . Calculate the deceleration of the box and find the
frictional force between the box and the floor.

12 A boat of mass 3000 kg, travelling at a speed of & m s°1, is brought to rest in 20s by
water resistance of 370 N . Find the valne of «.
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13 A car of mass of 1000 kg runs out of petrol and comes to rest just 30 m from a garage,
The car is pushed, with a force of 120 N, along the horizontal road towards the garage.
Calculate the acceleration of the car and find the time it fakes to reach the garage.

14 A bullet of mass 0.12 kg is travelling horizontally at 150 m s~ when it enters a fixed
bleck of wood. Assurning that the bellet’s motion remains horizontal and that the force
resisting motion has constant magnitude 10 000 N, calculate how far the bullet penetrates
the block.

15 A jet planc of mass 30 tonnes touches down with a speed of 55 ms™' and comes to rest
after moving for 560 m in a straight line on the runway. Assaming that the only forces
stopping the plane are provided by the reverse thrust of its two engines, and ¢hat these
forces are equal and directed opposite to the direction of motion, calculate the magnitude of
the thrust in each engine.

TR AT R B S e S

Forces acting together

Often there is more than one force acting on an object, For example, think again about

the car being pushed to the filling station. It takes quite a large force to accelerate the car :
up to walking speed, as in Example 2.2.1. But after that you just want to keep it moving
with constant velocity.

Newton’s first law suggests that no force is needed to do this, but in practice a small
push is still required. When the car is moving there is some resistance, which would
slow it down if it were left to run by itself. So the pusher has to exert enough force to E
balance the resistance.

‘This is shown in Fig. 2.7. The push is denoted by Om s
# newtons, and the resistance by K newtons.
Since there is no acceleration, F = R, which can
“be written as

F=R=0D. Fig. 2.7

The quantity F— R is sometimes called the ‘net force’ on the car in the forward direction,
You can use the idea of net force to write Newton’s laws in a more general form.

Sl AR
2
)

<
s
i

If several forces act on an object parallel to a given direction,
then the net foree is the sum of the forces in that direction minus
the sum of the forces in the opposite direction.

If the net force is zero, the forces on the object are said to be in
equilibrium. The object then remains at rest, or moves with ;
constant velocity. {(Newton’s first law) §

o

a The net force is equal to the product of the mass of the object and
% its acceleration in the given direction. (Newion’s second law) o
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You will meet e word equiibrium’ in Iwo shightly ditferent senses 7 mechanics, ifan
abject is not moving, so that the net force on it 15 Zero, then Ihe object iiself is said fo be
i equiibrium’. But If the net force is zero and the object is moving, then the definition
says that the forces are in equilibrium, but you would not usually say that the object is in
eGuiibIiLm.,

Example 2.4.1
A heavy box of mass 32 kg has a handle on one side. Two children try to move it across
the floor. One pulls horizontally on the handle with a force of 20 IV, the other pushes
from the other side of the box with a force of 25 N, but the box does not move. Find the
frictional force resisting the motion.

Fig. 2.8 shows the forces on the box in
diggrammatic form. (pon‘t try to dgaw BN = 4 ke ) > 20N
the children.) If the frictional force is
R newtons, the net force on the box is
{20 + 25— K) newtons. Siace the box Fig.28
remaing at rest,

RN—

20425~ R=1},
s0 R=45.
The frictional force is 45 newtons.

Notice that one item of data, that the mass ¢ 32 kg, is never used in solving this
example. The frictionat force is the same whatever the mass of the box, so long as the
box remains stationary. :

Example 2.4.2

Two builders push a rubbish skip of mass 300 kg across the ground. They both push
horizontally, one with a force of 200 N, the other with 240 N. Motion is resisted by a
frictional foree of 380 N . Find the acceleration of the skip.

Fig. 2.9 shows the forces on the skip producing
an acceleration of @ m s~ . Applying Newton's
second law,

200 + 240 ~ 380 = 3004,

wﬁich gives

60=300a, so a=02.

The acceleration of the skip is 0.2 m 572,
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Example 243

A wagon of mass 250 kg is pulled by a horizontal cable along a straight level track
against a resisting force of 1350 N. The wagon siaris from rest. After 10 seconds it has
covered a distance of 60 m. Find the tension in the cable.

If the tension in the cable is T newtons, and the ams*?
acceleration of the wagon is 2 ms™ (see¢ Fig. 2.10), :
Newton's second law gives ™
T :
T-150=230a. 50N
Youcan’t find T from this equation until you know Fig, 2.0
a.To calculate this, use the equation s =/ +  at*
with w=0,whichis 5 = %atz . You are given that s =60 when #=10,s0
60-—-%&)(100. which gives a=12,
Substiteting 1.2 for a ia the first equation,
T—150=250xt2, so T=1530+300=450,
The tension in the cable is 430 newtons.
You wilt notice that in Fig. £ 10 the resisting force has been drawn af grovnd level In
fact it s probatly 8 inixture of &ir resislance and a frictional force, b in Wis example
you dor'f need 1o krow how i is split befween tha fwo.
Example 244
A small boat of mass 90 kg is moved across a horizontal beach at a steady speed of
2 ms ™", One of the erew pulls with a force of P newtons, the other pushes with a force
of {P+15) newtons. The frictional force resisting the motion is 105 newtons. Find £,
The forces are shown in Fig. 2.11. There is o
no need to show the velocity in the figure, g}‘fﬂ‘;’t?g"
since it doesn’t come into the equation. T
0 ms?

As the boat is moving with constant (P+I5IN AN
velocity, you know from Newton's first law
that the net force is zero, 50

P+(P+13)-105=0. : . Fig. 2.11
This gives 2P =90,s0 P =43,

In solving this example you don't use the mass of the boat. In practice, this might well
affect the size of the frictional force, but since that force is part of the data yoiu have all
the infermation you need to apply Newton’s first law,
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25 The particle model

In this chapter Newton's laws have been applied to objects as various as stones, cars,

boats, boxes, skips and space vehicles. These are very different in size, but what they i
have in common is that the forces acting on them may cause a change in velocity, but do
not make them rotate. In such cases, the object is being medeked as a particle.

In ordinary language a particle is something very {
small, but this need not be the case when the word
‘particle” is used in a modelling sense. In all the
examptes it would have been sufficient to picture
the sitwation by a figure such as Fig. 2.12, without
trying to draw something that looks like the
particular object.

" Fig. 212

You could even describe an object such as the earth as a particle, so long as you are only
interested in its motion through space cather than what makes it spin on its axis. .

Exercise 2B

1 Three men are trying to move a skip. Two of the men are pushing horizontally with forees
of magnitade (20 N and 150 N and one man is pulling with a horizontal force of
magnitude X N. The frictional force resisting the motion is 385 N. Given that the skip
does fiot move, find the value of X.

2 A boy is pushing one side of a box, of mass m kg, with a force of 25 N . His sister is
pushing from the opposite side of the box with a force of 13 N . The box docs not move.
Given that the frictional force resisting the motion has magnitude 3m N, calculate the
value of m. The boy now pushes with an increased force of 35 N. Assuming that the
. frictional Force remains as hefore, show that the box accelerates at 2.3 m $72.

: 3 A motoreyclist moves with an acceleration of 5m s™? along a horizontal road against a

' total resistance of 120 N, The total mass of the rider and the motorcyele is 400 kg, Find
" the driving force provided by the engine.
NS § A car of mass 1200 kg is moving with a constant speed of 20 m's™' in a horizontal steaight

line, against a resisting force of 300 N . What driving force is being provided to sustain th;s
motion? The driver spceds up uniformly over the next 30 s to reach a speed of 30 ms™
Assuming that the resisting force remains at 300 N, caleulate the extra driving force
produced.

5 A student is dragging a luggage trunk of mass 85 kg along a corridor with an acceleration
of 0.18 ms~2. The horizontal force the student exerts is 180 N. Find the frictional force
between the floor and the ounk.

{ 611 A boy is pushing, horizontally, a box of old newspapers of mass 8 kg along a straight path,
against a frictional force of 16 N Calculate the force with which the boy is pushing when
he is moving

(a) with constant speed, (b) with a constant acceleration of 1.2ms™
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A particle of mass 3 kg is pulled, with constant speed, along a rongh surface by a
horizontal force of magnitude 45 N . Calculate the magnitude of the frictional force.
Assuming that this force remains constant, calculate the acceleration of the particle when
the magnitude of the horizontal force is increased to 53 N.

A water-skier of mass B0 kg i5 towed over a straight 100-metre run of water. The tension
in the horizontal towline 1s constant and of magnitude 300 N . The resistance to motion of
the skier has magnitude 140 N, Given that the skier takes 6.8 seconds to complete the run,
calculate her speed at the start of the sun,

A railway engine of mass 5000 kg 15 moving at 0.25 m s~ when it strikes the buffers in a
siding. Given that the engine is brought to rest in 0.4 s, find the force, assumed constant,
exerted on the engine by the buffers.

A barge of mass 2 x10° kg is being towed, with a force of 2.5x10* N, in a straight line
with an aceeleration of 0.06 ms™ . Calculate the magnitude of the resisting force provided
by the water.

A particle of mass 2.5 kg is pulled along a horizontal surface by a string parallel 1o the
surface with an acceleration of 2.7 ms™ . Given that the frictional force resisting motion
has magnitude 4 N, calculate the tension in the string. At the instant that the particle is
moving with speed 3 m s, the string breaks. Caleulate how much further the particle
moves before coming to rest.

At a particular instant a river boat, which is driven by a force of magnitude 3400 N | is
accelerating at 1.6 m s™ against a eesistance of 1200 N Calculatz the mass of the boat.

A porter is pushing a heavy crate of raass M kg along a horizontal floor with a horizontal
force of 180 N. The resistance to motion has magaitude 3M newtons. Given that the
acceleration of the crate is 0.45 m s, find the value of M.

A motor-boat of mass 8 toancs is travelling along a straight course with a constant speed of
2% km h™' . The constant force driving the boat forward has magnitiude 780 N . Find the
force tesisting motion, assumed constant. The engine is now shut off. Calculate, to the
nearest second, the time it fakes the motor-boat to stop, assuming that the resistance
rerains the same as before,

One horse pulls, with a force of X N, a cart of mass 800 kg along a horizontal road at
constant speed. Three horses, each pulling with a force of X N, give the cart an ’
acceleration of .8 ms™2. Find the time it would take two horses to increase the speed of
the cart from 2 ms™' to 5ms™, given that each horse pulls with a force of X N, and that
the resistance to motion has the same constant value at all times,

Miscellaneous exercise 2 e

A car of mass 850 kg is moving, with an acceleration of 14 m s, along a straight
horizontal road. The engine of the car produces a total forward force of magnitude
X vewtons and there is a horizontal resisting force of magnitude 450 N. Find X. (OCR)

www.gceguide.com
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A Loy car of mass m kg is pulled along a horizontal playground by a horizontal string. The
tension in the string has magnitade 4.5m N and the frictional force resisting the motion has
magnitude 4 N . How long does it take for the car to move 30 m from rest?

At a particular instant the engine of a motor-boat of mass 2300 kg is producing a driving
force of magnitude 6000 N and the boat is accelerating at 2 m s Find the magnitude of
the force opposing the motion of the boat.

A child is pulking a toy animal of mass 1.8 kg , with constant speed 0.6 m 5™, along a
horizontal path by means of a horizontal string. She then increases the pulling force by
0.36 N . Calculate the time taken for the toy to move 16 m, from the instant that the
pulling force is increased, given that the resistance to motion remains constant throughout
the whole motion. '

Three men, each providing a horizontal force of 250 N, cannot move a skip of mass
280 kg . Find the magnitude of the frictional force opposing the motion. When a fourth
man pushes with a horizontal of force 300 N, the skip moves with acceleration of

0.4 ms~2. Find the force resisting the motion in this case,

A laundry basket, which is initiaHy at rest on a horizontal surface, is pulled along the
surface with a horizontal force of magnitude 6 N For 8 seconds. At the end of the period
the speed of the basket is 2.4 m s~ Agsuming that the surface may be modelled as
Frictionless, find the mass of the basket.

A twin-engined aircraft of mass 12 000 kg is flying level at a steady speed of 75 m s,

against air resistance of magnitude 9000 N . Calculate the thrust provided by each engine.

A large box, of total mass 45 kg, is being transported on the flocr of a van. The box wall
begin to slip if a force of more than 90 N is applied to it. When the van is travelling at
12 ms~! the driver brakes uniformlby until the van comes to rest in a distance of 35 m,
Does the box slip?

The total mass of a cyclist and his bicycle is 100 kg . He is travelling along a straight
horizontal road with speed 15 m s~ when he stops pedalling and free~wheels until coming
to rest in | minute. Calcnlate the deceleration of the cyclist and find the force resisting
motion {assuming this to be constant). -

When a migsite launcher of mass 2000 kg fires a missile horizontally, the launcher recoils
horizontally with an initial speed of 3 m s~ Find the minimum force, assured constant,
that needs to be applied to the launcher (o bring it to rest within 2 m.

On a particular journey the resistance to motion of a car of mass 1000 kg is proportional to
its speed. The car is travelling at a constant speed of 15 ms™ with a driving force of
870 N . The driving force is instantaneonsly increased to 1200 N.

(a) Find the instantancous acceleration produced.

(b) Find the resistance to motion and the acceleration when the car is moving at 20 m s,

A van of mass 800 kg, moving in a straight line along a horizontal road, is brought to rest
in 5 seconds from a speed of 12 m s~ . Given that there is a constant resisting force of
magnitude 200 N, find the braking force, assumed constant.

Bww. gceguidie.com
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‘\1/3‘} A particle of mass 2 kg is acted upon by a horizontal force of magnitude 10 N for
& seconds, in which time it moves from rest until it is travelting with speed v m s™ . Show
that v = 40. The particle continues to move with this speed for the next 10 seconds.
It is then brought to rest by the application of a constant resisting force of magnitude
X newtons. The total distance travelled is 800 m . Find the time for which the patticle is
decelerating, and the value of X
vim s=Li4

14 The diagram shows the {¢,v) graph for the
motiton of a car of mass 600 kg which
slows down uniformly from a speed of
20ms™! torestin 4 s, The car is moving
on a straight level road.

20

(a) Calculate the magnitude of the
braking force that is applied to the car.

0 4:?5')

(b} Sketcha (z,v) graph for the mation of the car when the braking force applied is
initially less than the value calculated in part (a) but increases in rangnitude as the car
slows down. Assume that the initial speed of the car and the time for the car to stop are
the same as before. (OCR)

L

Pat and Nicholas are controlling the movement of a canal barge by means of long ropes
attached to each end. The tension in the ropes may be assumed to be horizontal and parallel
to the line and direction of motion of the barge, as shown in the diagrams.

Nicholas E I .

(&

Pat

Nicholas

------------ T b e = e

EL

VATION

The mass of the barge is 12 tonnes and the total resistance to forward motion may be taken
to be 250 N at all times.

Initially Pat pulls the barge forwards from rest with a force of 400 N and Nicholas leaves
his rope slack.

{a) Write down the equation of motion for the barge and hence calculate its acceleration.
Pat continues to pull with the same force until the Barge has moved 10 m .
(b} 'What is the speed of the barge at this time and for what length of time did Pat pull?

Pat now lets her rope go slack and Nicholas brings the barge to rest by pulling with a
consiant force of 150 N.

{c) Calculate
@ k';ow long it takes the barge to come to rest,
(iiy the total distance travelled by the barge from when it first moved,
(iii) the total time taken for the motion. {MEI, adapted)

TR
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Vertical motion

This chapter continues the topic of force and motion, and applies Newton's laws to
objects maving in a vertical Hane. When you have completed it. you should

+  know that, if thers is 1o air resistance, objects fafl with constant acceleration g
»  know the meaning of weight, and be able to distinguish weight from mass
know that an object of mass m has weight mg

be able to write equations for motion and equilibrium in a vertical direction
understand the normal contact force

understand the function of scales and balances for measuring mass.

Acceleration due to gravity

Newton wrote, “[F I have seen further than other men it is because [ stood on the
shoulders of giants,” Most important of these giants was Galileo (1564-1642).

By combining experimental abservation with mathematical argument Galileo showed that,
when an object is dropped, it falls with constant acceleration. This now seems a very simple
idea, but at the time it was so novel that Galileo only published it near the end of his life.

Other experiments compared the motion of spheres of different masses. When these
were dropped from a height, they took the same time to fall; and if swung on a string
like 2 pendnlum they Kept time with each other. From this it follows that all objects fall
with the same constant acceleration. This assumes that air tesistance is negtected.

] 2o Rl e e S U B S e e e S e e R

TR

All objects, when dropped, fall towards the earth in a vertical line with
the same constant acceleration, provided that there is no air resistance,

This acceleration is called the acceleration due to gravity, and it is always denoted by -
the letter g. Another name for it is the acceleration of free fall.

But the value of g is not quite the same at all points on the earth’s surface. This is because
the earth is not a perfect sphere, and because it spins on its axis, The acceleration is about
9,78 ms~2 at points on the equator and 9.83 m 7% a1 the poles. It also varies a little with
height; at the top of Mount Everest it is about Yoz, less than at sea level. But everywhere on
earth its value is 9.8 ms™, correct to 2 significant figures.

If you only want a good estimate o an answer, it is often sufficient to use the simpler value
10 ms™ for g . This is the value used in this book. However, you need to understand that if
answers based on this value are given to 2 or 3 significant figures, sotne of the figures will
probably not be correct.

But solving mechanics problems usvally involves seiting up a mathematical model to
represent a real situation, and this already introduces some simplification. S0 in most cases
you need not worry that approximating for g will make your solutions too inaccurate.
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Weight

If an object has an acceleration, then Newton’s second law {Section 2.2) states that there
is a force which causes it.

For an object falling with acceleration g, that force must act vertically downwards. [t is
a force of attraction on the object from the earth, cailed the force of gravity, For a
particular abject it is called the *weight’ of the object.

%5} R 5 i ] ; i 2
5 The weight of an object on or near the surface of the earth
is the force of gravity with which the earth attracts it.

Fig. 3.1 is a Force-acceleration diageam for a falling object, Jt shows mms_zl kg
an object of mass m kg , with an acceleration of 10 ms™. Let the
weight of the object be W newtons. Then, by Newton's second law,

WN

W =mx10,o0r tOm.

Fig- 3.1

fﬁ In SI units, the weight of an object of mass m kilograms
%3‘ is approximately 10 newions.

%mbﬁ?ﬁm‘?”‘%‘W&ﬁ:ﬁ?&mﬁﬁfﬁﬁﬁﬁﬁﬁnﬂmﬁ

Example 3.2.1
Determine the weight of
(a) atable of mass 42kg, (b) acarof mass ftonne, (¢} asack of mass 151b.

(a) Taking g as 10 ms™2, the weight is approximately 42x 10N =420 N.

(b} lioane =1000 kg . So the weight is approximately 1000x 10N =10000 N. You
can, if you like, write this as 10 kilonewtons; a kilonewton (kN) is 1000 newtons.

{c) kg is approximately 2.2 b, s0 15 Ib is approximately % kg=68...kg. The
weight is therefore approximately 6.8 10 N =68 N. o

Units such as the tonne and the kilonewton are called ‘supplementary’ SI units, to
distinguish them from ‘basic’ 51 units such as the kilogram and the newton.

Example 32.2

An injured sailor is being winched up to a rescue
helicopter. The mass of the szailor is 35 kg. Find the
tension in the cable when the sailor is being raised
(a) at a steady spead of 4m st

(b) with an acceleration of 0.8 m §7?

Fig.32
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The two forces acting on the saitor (see Fig 3.2) are his weight and the tension
T N in the cable. The wetght is approximately 35x 10N, or 550 N.

{a) As the sailor is moving at a2 steady speed his acceleration is zero, 5o the forces

are in equilibrium. That is, T ~550 =0, 01 T = 350,

The tension in the cable is approximately 550 newtons.

(b) The acceleration is now 0.8 m 572,50 by Newton's second law,
T — 530 =55x 0.8, which gives T =594,

The tension in the cable is 590 newtons, to 2 significant figures.

If you are working algebraically, then you don’t need
10 substitute a numericat value for g. Fig.33isa
modified version of Fig. 3.1. it shows an object of
mass me, falling with acceleration g. Let the weight
of the object be W . (Notice that no units have been
stated. You can use any units you like, provided that
they are consistent.) Then, by Newton’s second law,

W=mxXg,orjust mg.

28
i3

b

e N e
b4 ;
B The weight of an object of mass #m is mg. %
K :

I
ki ;m;;&.aa%mzammmm,mmmwmzﬁm%wmmﬁ

Example 3.2.3

Fig.33

A pulley system is used to lift  heavy crate, There are six vertical sections of rope, each
having tension T, and the crate has an upward acceleration . Find the mass of the

crate, expressing your answer in terms of 7, @ and g.

Denote the mass of the crate by m. The forces and the
acceleration are shown in Fig. 3 4, The net force
upwards on the container is 6T — W, where W=myg.

So, by Newton's second law,

6T — mg=ma.

In this exaraple it is supposed that T, a and g are

knowr, and the mass #t is unknown. So write

6T =mg+ma=mlg+a),

which gives m= ﬁ?_
gta

ww. gceguiciée.com
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Example 3.24

Machinery of total mass 280 kg is being lowered to the bottom of & ming by means of two
ropes attached to a cage of mass 20 kg. For the first 3 seconds of the descent, the tension

in each rope is 900 N. Then for a funther 16 seconds, the tension in each rope is 1500 N .
For the final 8 seconds, the tension in each rope is 1725 N, Find the depth of the minc.

www.gceguide.com

The mass of the combined machinery and cape is 300 kg, 50 its weight is

300 10 N, which is 3000 N . The forces are shown in Fig. 3.5.

The descent is in three stages and you can find the
acceleration of the cage during each stage by using
Newton’s second law.

Stage 1 ‘““S'zl
With T =900, 3000 - 2x 900 = 3004, giving a=4.

Stage 2
With T =1500, 3000 — 2% 1500 = 3004, giving a=0.

Stage 3
With T = 1723, 3000 - 2% 1723 = 300a, giving a=-1.5.

The descent is represented by the

Velocity $
velocity-time graph shown in Fig. 3.6. (m s-;% ]
During Stage | the acceleration is
4 ms™2, which means that the speed
reached after 3 seconds is 12 m st
You can now find the distance travelled
by calculating the area of the region 0 ; i
under the graph. 0 3 . m%:?{s)

o . . Fig. 3.6
This region has a trapezium shape, with

parallel sides of 27 and 16, and height 12. Sc the area is %(27 +16)x12 =258.

The depth of the mine is about 260 m.

s esnnnaner . ExerCise 3A

‘1 Find the weight of )
(a) ababyof mass 3kg, (b) acoin of mass 10 grams, () a tree of mass 800 kg.

2 A piece of luggage weighs 170 N, Find its mass.

3 A crane is lifting a load of mass 330 kg. The tension in the cable as the load is lifted is
4200 N . Calculate the acceleration of the load.

4 A lift bringing miners to the surface of a mine shaft is moving with an acceleration of

1.2 ms™2, The total mass of the cage and the miners is 1600 kg . Find the tension in the
lift cable,
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The total mass of a hot-air balloon, occupants and ballast is 1300 kg . What is the upthrust
on the balloon when it is travelling vertically upwards with constant velocity? The
occupants now release 50 kg of ballast. Assuming no air resistance, find the immediate
acceleration of the balloon. (The upthrust is the upward buoyancy force, which does not
change when the ballast is thrown cut.}

6 A steel ball of mass 1.8 kg is dropping vertically through water with an acceleration of
56 m s 2. Find the magnitude of the force resisting the motion of the ball.

7 In a simulation of a spacecraft’s lift-off an astronaut of mass 85 kg experiences a constant
force of 7000 N from the seat. Calculate the acceleration of the astronaut in the sirulation.

8 A boy of mass 45 kg is stranded on a beach as the tide comes in. A rescuer of mass 73 kg
is lowered down, by rope, from the top of the cliff. They are raised together, initially with a i
constant acceleration of 0.6 m s~ . Find the tension in the rope for this stage of the ascent.

As they near the top of the cliff, the tension in the rope is 1020 N and they are moving with
a constant deceleration. Calculate the magnitude of this deceleration.

ﬂc maximum load that a [ift of mass 600 kg cun hold is 450 kg. Find the tension in the
cable when the }ift is holding a maximum load and the lift is moving
{a) upwards with an acceleration of 02 m §72, {b) ataconstant spead of 3 m s, i

{c) downwards with an acceleration of 0.2 m 72 R

{d) downwards with a deceleration of 0.2 ms™.

' The tension in the vertical cable of a crane is 1250 N when it is raising a girder with
constant speed. Calculate the tension in the cable when it is raising the girder with an
acceleration of 0.2 m s, assuming no air resistance.

/H/ A balloon of tota! mass §40 kg is rising vertically with constant speed. As a result of
releasing some ballast, the balloon immediately accelerates at 0.5 m s~2 . Calculate the
mass of ballast released.

/(2/ “The resisting force, & N, experienced by a parachutist travelling with speed v m 57" may
he modelled as R =135v. It may be assumed that the parachutist moves vertically
downwards at all times. At the instant that she is moving with a speed of 8 ms™' she basa
deceleration of 2 ms 2. Find her mass. The speed of the parachutist continues to drop until
it reaches a constant value (the terminal speed); find this speed.

/13'('-A stone of mass 0.1 kg drops vertically into a lake, with an entry speed of {3 m s7', and
sinks a distance of 12 metres in 2 seconds. Find the resisting force, assumed constant,
acting on the stone. ’

A bucket of mass 4 kg is being lowered down a well at constant speed. Find the tension in

' the lowering rope, When filled with water, the bucket is raised with a constant acceleration
of 0.8 msZ for part of the ascent. The tension in the rope in this stage is 216 N. Calculate
Ll}c mass of water in the bucket.

A load of mass M is raised with constant acceleration, from rest, by a rope. The load
g reaches a speed of v in a distance of 5. The tension in the rope is 7 . Find an expression
for s intermsof M, T, vand g.
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/l(/ A comainer of total mass 200 kg is being loaded on to a cargo ship by using a pulley
system, similar to that used in Example 3.2.3, but with only ewo vertical sections of rope. In

this operation the container is lified vertically off the ground to a height of # metres. For
¢ the first 3 seconds of the ascent the tension in each cable is 1200 N. For the next second it

travels at constant speed. For the final 6 seconds, before it comes to rest, the tension in each

rope is T N. Find the values of h and 7.

ﬁﬁ 7'A load of weight 7 kN is being raised from rest with constant acceleration by a cable.
After the load has been raised 20 metres, the cable suddenly becomes slack. The load
continues upwards for a distance of 4 metres before coming to instantaneous rest,

Asswming no air resistance, find the tension in the cable before it became slack.

R R T A T T A B A T R A

Normal contact force

A radio is placed on a table (Fig. 3.7). Why doesn’t it fall
through?

The ebvicus answer is ‘because the table is there’. But

mechanics requires an explanation in terms of forces. Since
the radio doesn’t move, the net force on it must be zere,

You already know one lorce acting on the radio, its weight.

So if the net force is zoro, there must be a second {oree,
with the same magnitude as the weight but acting upwards.
This force comes from the contact between the radio and
the table. It is called the ‘normal contact force’. This is
shown in Fig. 3.8,

l weight

The word ‘normal’ is used in the same sense as for a geaph,
where the normal is the line at right angles to the tangent,
The direction of the contact force is at right angles to the
region over which the table and the radio are in contact.

.

S O e e

The normal contact force is sometimes called the normal reaction.

nocmal
COMAct
force

Fig. 3.8

When an objfect is in contact with & surface, there is a force on the object at
right angles to the region of contact. This is called the normal contact force.

When an object of mass  rests on a horizontal surface, as
in Fig. 3.9, the two forces on it are its weight myg and the

yrs

normal contact force R, which acts vertically npwards.
These forces are in equilibrium, so R=mg.

b

Fig. 32
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1 would be mrcer to call the normal confacy force N ralfier lhan R. But lorce is oiten

measurad in newtons, and il would be awkward fo wiils N N . However, if you are doing

an algebralc prabiem which doasal involve units, H1ere [s no reason why you shouldn’t :
use N for ihe force, |

For a rounded object like a pebble or a ball there may E
be only one point of contact with the surface, rather :

than a region. The surface is then a tangent plane to T
the object, and the contact force is at right angles to k
this plane. This is illustrated in Fig, 3.10. Fig. 1.1

Example 33.1
A book of mass 0.5 kg is placed flat on a horizontal shelf, as in Fig. 3.11. Find the
magnitude of the normal contact force.

The weight of the book is 0.3x 10 N, which is
5 N. The only other force on the book is the
normal contact force, so this is also 3 N.

nomal
contact
force

Fig. 3.11

Example 3.3.2

A container sits on the dockside waiting to be loaded on to a container ship. The mass of
the container is 6000 kg . A cable from a crane is attached to the container. At first, the !
cable is slack; the tension is then gradually increased until the container rises off the
ground, Draw a graph to show the refationship between the normal contact force and the
tension in the cable,

There are three forces acting on the container: its ‘f’m
weight, the normal contact force from the ground
and the tension in the cable. (See Fig. 3.12.)

+6OOUGN
The weight of the comtainer is 60 000 N, Denote TRN

the normal contact force by R newtons, and the

tension by T newtons. Since the three forces are Fig.3.12

in equitibrium the net force is zero, so

R+T ~60000=0. B
G000
This equation is represented by the graph in
Fig. 3.13. Note that it is drawn only for 7 =0
and R = 0, because neither the tension nor the
contact force can be negative,

At first, while the cable is stack, T =0 and ¢
R =60 000, As the cable tightens, T igcreases

and R correspondingly decreases. Eventually, Fig. 3.13
when T reaches the value 60 300, R=0 and

the container is on the point of being lifted from

the docksida,

0 60000 T
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Mass and weight

Some of the words used in science and mathematics are taken from everyday language,
bat they are given a more precise meaning. One such word is ‘weight’.

Here are some remarks which you might hear or read in 2 newspaper.

*This bag of potatoes has & weight of 3 kilograms.’
‘The weight of an elephant is about 6 tonnes.’

‘My rucksack weighs 16 kg’

*The boxer weighed in at 1539 pounds.’

These are all statements for which, in mechanics, the correct usage would be to repiace
‘weight’ by ‘mass’, and ‘weighs’ by ‘has mass’.

In the case of the potatoes, you might be interested in both the mass and the weight.
Mass is important from the point of view of feeding the family; but if you have to carry
the bag home, it is the weight of about 30 newtons that will concern you, since this hag
ta be supported by your arm muscles.

With the elephant, it is mass which matters if it charges your safari jeep; but if it walks
across a bridge, it is the weight which might cause the bridge to collapse.

The mass of the rucksack remaius constant, but its weight (about 160 newtons) decteases
very slightly as you climb a mountain, because the value of g decrcases with height.

For the boxer, the weight is irrelevant. Tt is his mass which determines how he can stand
up to a punch, or how much he can damage his oppenent.,

A particular difficulty arises when you use measuoring instruments, such as bathroom
scales or a spring balance. People who us¢ bathroom seales do so because they are
worried about their mass. But mass is difficult to measure directly; it is much easier to
measure force, So what the scales actwally measure is the force with which they support
your body, and this is equal ie your weight. So if the scales indicate that your mass is
80 kg , what they are really measuring is a force of BOx 10N =800 N.

You can demonstrate this by trying out an experiment like the one in the next example.

Example 34.1 .

A mechanics student lives on the tenth floor of a tall building. She has just bought new
bathroom scales, and decides to try them out by standing on them as she goes up in the
§ift. Initially the scales read 50 kg . After the doors have closed the reading briefly goes
up to 60 kg , but then retusns to 50 kg . As the lift nears the tenth floor, the reading
drops to 35 kg. Explain.

Before the lift starts moving, the scales show 50 kg . This is the mass of the
student. What the scales are really doing is measuring the normal comtact force
from the scales on her shoes. This is equal to her weight, which is S00 N.
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As the Yift starts to ascend, the scales show 60 Xg . This
does not mean that the student’s mass has changed, but
that the normal contact force is now 600 N . It is the
acceleration of the lift which has caused the change. The
forces on the student are her weight and the normal
contact force, as in Fig. 3.14.

Apply Newton's second law to the upward motion.

600 - 500 =50g, which gives a=2.
For a brief time at the start, the lift accelerates at 2 ms™>.
Then the reading on the scales returns to 50 kg . So the normal contact force is
500 N, the same as her weight. The forces are in equilibrium. Since the lift is
moving, it must be going at a constant speed.

Towards the end of the ascent, as the lift slows down,
the scales show 33 kg . The normat contact force is now
350 N, as shown in Fig. 3.15. Newton’s second law
now gives

350-500=50a, so a=-3,

For the final phuse of the ascent, the lift is accelerating
at ~3 ms~2. Thatis, it is decelerating at 3 m 572,

Example 342

A heavy mass ar kg is suspended from the roof of a lift by a wire. The wire is cut, and a
spring balance is inserted between the two free ends. When the lift is accelerating upwards at
ams~?, the reading on the balance is y kg. Find the equation connecting a and y.

The apparatus is shown in Fig. 3.16.

The usual function of a spring balance is to measure the mass of an object when
the upper end is held stationary. This means that, when the balance reads y kg, the
tension in the wire supporting the mass is yg N

So, when the lift is accelerating, the forces on the mass
are its weight, mg N, and the tension in the wire, yg N.
By Newton's second law,

yg-mg=ma.

This can be rearranged a8 a = g y—g.
m

This apparais can be used as an instrument for measuring
acceleration. It is called an ‘accelerometer’. You read the
value of y from the spring balance, and then use the equation .
io calculate a. . Fig. 3.16
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Ex;mé 3B

1 A bogck rests on a table. The magnitude of the normal contact force on the book from the
table is 28 N . What is the mass of the book?

£
{2) A truck of mass 4 tonnes is at rest on a platform. What is the magnitude of the normal
contact force on the trick from the platform when the platform is

(a) stationary, (b) descending with an acceleration of 0.5 m §79

3 Ancil drum of mass 250 kg rests on the ground. A vertical cable is attached to the drum
and the tension is gradually increased. At one stage the tension in the cable has magnitude
1800 N. What is the magnitude of the normal contact force between the drum and the
ground at this instant? What happens when the tension reaches 2500 N?

A girl of mass 38 kg is standling in a §ift. Find the magnitude of the normal contact force on
the gid’s feet from the Lift floor when the lift is
2

'

(a) stationary, {b) moving upwards with an acceleration of 1.8 ms™

(c} moving vpwards with a constamt specd of 4 m gL

5 A fork-lift teuck is raising a container of car batteries with an acceleration of 1.5ms™  The
normal contact force on the container from the horizontal forks is E610 N, Calculate the
mass of the load.

’?n\ A jJet aircraft of mass 7 tonnes stands at rest on a part of the deck of an aircraft carrier that
> can be lowered to allow the jet to be housed in the hold of the carrier. Find the magnitude
of the normal contact force on the wheels of the aircraft from the lowering part of the deck ;

as it is lowered with an accelecation of 0.4 ms™2.

7 The pilot of a hot-air balloon has mass 85 kg . As the balloon leaves the ground, the normal
contact foree on the pilot from the floor of the balicon immediately increases fo 901 N and
remains at this value for the first stage of the ascent. Caloulate the acceleration of the
balicor in this stage of its motion.

8 'When a man stands on bathroom scales placed on the floor of a stationary lift the reading is
90 kg . While the Tift is moving upwards he finds that the reading is 86 kg. Account for
this change and describe the motion of the lift at this time.

9 A lift starting from rest moves downwards with consiant acceleration. It covers a distance
s intime ¢, where 5= 1 gs%. A box of mass m is on the floor of the lift, Find, in terms of
m and g, an expression for the normal contact force on the box from the lift floor.

10 A spring balance is attached to the roof of a lift which is moving downwards. When an
object of mass 8 kg is suspended from the balance the reading on the balance is 8.4 kg,
Show that the lift is slowing down aad find the magnitude of the deceleration.

@/A man of mass M kg and his son of mass m kg are standing in a lift. When the Lift is

' accelerating upwards with magnitude 1 ms™ the magnitude of the normal contact force
exerted on the man by the lift floor is 880 N . When the Lift is moving with constant speed
the combined magnitude of the normal contact forces exerted on the man and the boy by
the Tift floor is 1000 N . Find the values of 4 and m.
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A spring balance hangs from the roof of 2 1ift. A case of mass m kg is hung from the spring
balance by a string. While the lif is accelerating upwards with magnitude a m s, the
reading on the balance is 12.5 kg; when the 1ift is moving downwards with an acceleration
of ams™?2, the reading is 9 kg. Find the values of m and a.

Miscellaneous exercise 3

1 A food relief parcel of mass 80 kg is being lowered vertically to the ground, by means of a i
cable, from a helicopter. Assuming there is no air resistance, calculate the tension in the
cable when the parcel is being lowered with acceleration 0.5 m 572,

2 Aboy of mass 60 kg is standing in a lift that has an upward acceleration of magnitude
0.50 m 572 . Deseribe the forces acting on the boy, and find their magnitudes. {OCR)

3 As aload moves downwards at a constant speed of 2 ms™' the tension in the cable

supporting it is 6000 N. Calculate the tension in the cable when the load is moving

downwards with an acceteration of 2ms™.

/ ;4] A balloon of total mass 680 kg is descending with a constant acccleration of 0.4 m §72,

Find the upthrust acting on the balloon. When the balloon is moving at [.5m 57!

ballast is released for the balloon to fall with a deceleration of 0.2 m §72

. enough
. Calculate

{2} how much ballast was released,

(b) the time for which the balloon continues to fakl before it begins to rise.

6

A stone of mass m is released from rest on the surface of a tank of water of depth & .
During the motien, the water exerts a constant resisting forco of maguitude &. The stone

2d
takes ¢ seconds to reach the bottom of the tank. Show that &= m(g - —-2—).
H

& A box of weight W restson a platform. When the platform is moving upwards with
acceleration « ., the normal contact force from the platform on the box has magnitsde £W .
When the platform is moving dewnwards with acceleration 2, the box remains in contact
with it. Find the normal contact force in terms of & and W, and deduce that k < %

7 Anacrobat of mass m slides down a vertical rope of height &, For the first three-quarters
of her descent she grips the rope with her hands and legs so as to produce & frictional force
equal to five-ninths of her weight. She then tightens her grip so that she comes to rest at the
bottom of the rope. Sketch a (r,v) graph to illustrate her descent, and find the frictional
force she must produce in the last quarter. If the rope is 60 metres high, calculate

(a). her preatest speed, (b) the time she takes to descend.

8 A construction worker drops a screwdriver of mass 0.15 kg inte a tank of water 1 metre
deep. It enters the water with a speed of 8 ms™', and when it hits the base of the fank it is

moving at 9 ms .

{1) What forces, apart from its weight, act on the screwdriver in the water?

(’5) Assuming that, In the water, the screwdriver falls with constant acceleration @ m s,
calculate « . Hence find the total force opposing the motion of the screwdriver in the
water.
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A lift travels vertically upwards from rest at fioor A to rest at floot B, whichis 20 m
above A, in three stages as follows. At first the lift accelerates from restat A at 2m s
for 2s. It then travels at a constant speed and finally it decelerates eniformly, coming to
rest at B after a total time of 6% $. Sketch the (¢,v) graph for this motion, and find the
magnitude of the constant deceleration.

2

The mass of the lifi and its conteats is 300 kg . Find the tension in the lift cable during the

stage of the motion when the Hft is accelerating upwards, (OCR)
TFhe disgram shows an approximate {¢,v)

graph for the motion of a parachutist vimsh

falling vertically; v ms™ is the 40 -

parachutist’s downwards velocity at time
r seconds after he jurnps ont of the plane.

Use the information i the diagram "

{a} to give a brief description of the i ;
ser : ¢ 4 10 35 7
garachuust 5 motion throughout the ¢ (seconds)
escent,

(b to calculate the height from which the jump was made.

The mass of the parachutist is 90 kg . Calculate the upwards force acting on the
parachutist, due to the parachute, when £ =7.

State two ways in which you would expect an accurate (1,v) graph for the parachutist’s
motion to differ from the appeoximate graph shown in the diagram, (OCR)

www.gceguide.com



Resolving forces

H

www.gceguide.com

This chapter deals with the combined effect of all the forces on an object, including forces
which are neither horizontat nor vertical. When you have completed it, you should

s understand the idea of resolving in a chosen direction
e  know how to find the resolved part of a force im a given direction
»  be able to solve problems by reselving in variocus directions.

Resolving horizontally and vertically

Suppose that a cyclist starts from rest and accelerates at 0.4 m s72 . The combined mass
of the cyclist and machine is 75 kg.

Since the cyclist and the bicycle have the same acceleration, they can be treated as a
single object. What are the farces acting on it?

Clearly there is a force driving it forward, which is produced by the grip of the rear wheel on
the road. Denote this by D newtons. There may als be some air resistance, K newtons,
though at low speeds this will be small compared
with the driving force: in a simplified model you
might decide to neglect it.

Aliso there is the combined weight of bicycle and
rider, which is 750 newtons. This is opposed by the
normal contact forces ftom the road on the front and
rear wheels, P newtons and Q newtons respectively.

Fig. 4.1 shows all these forces, and the acceleration,
in a single diagram.

ON N han

Whenever your have 1o solve a problem about forces
and acceleralion, you should begin by drawing &
diagram showing &/l the forces and the acceleration.

Fig. 4.1

Two equations for the forces can be written down. One uses Newton’s second law of
fmotion in a horizontal direction, the other states that the vertical forces are in
equilibrivm. These equations are D—R=75x0.4 and P+0Q ~ 750 =0.

Forming equations like this is called resolving. The first equation is ‘resolving

- horizomtally’, and the second is ‘resolving vertically’. A convenient shorthand for this is

to write R(—>) and R(T). So you could set out the equations for the cyclist like this:
R(-) D-R=73x04,
R(T) P+Q-750=0.

When you witte a resolving equation, you shouid afways indicate, either in words or by
using the R( ) shorthand, which direction you are considenng.
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You can write the equilibrium equation R(T) citheras P+ Q0 -750=0o0ras P+ =750,
whichever you prefer. The convention is that the arrow indicates the direction of the forces
on the left side of the equation. But if you are using Newiton's second law, it is best to put all
the forces on the left and the " ma’ term by itself on the right.

Forces at an angle

So far all the forces considered have been either horizontal or vertical, but in many
situations some forces act at an angle.

Suppose you are on 2 boating holiday with a

friend. As you bring the boat towards a dock,
you turn off the engine and your friend jumps
oi to the dock and steers the boat with a rope.
Fig. 4.2 shows an acrial view of the situation.
Suppose that the tension from the rope is T

newtons, and that the rope is horizontal. Fig. 4.2

For obvious reasons the rope can’( be directed straight forward from the boat. Also,
since the tension has to provide the forward movement of the boat, the rope can’t be at
right angles to the centre line of the boat (the broken line in Fig. 4.2). So the direction
will make some acute angle, a°, with the centre line of the boat. The question then is,
how much effect does the tension have in & forward direction?

The answer must be that it depends on both 7 and e . If & could be 0, then the
forward effect would be the full T newtons. If o were 90, the forward effect would be
zero. For values of & between 0 and 90, the forward effect must be rT nowtons,
whers r is some number between ! and O depending on o .

You can find the connection batween r and & by doing experiments. (Some ideas for
possible experiments are given at the end of Section 4.4 and in Section 7.1.) It teens out
that r is equal to cosa®.,

You can see that this fits the requirements of the paragraph before last. When ¢ =0, the
forward effect is (cos0%)x T newtons, which is 1X T newtons, or just T newtons. When
& =9, the forward effect is (cos90°) x T newtons,
which is zero. Between 0 and 90, the value of
cosx” is between 1 and 0.

FN

¥
7 given
. . . ditection
You can make this into a general rule, illustrated in

Fig. 4.3, : - Fig. 43

I a force of F newtons makes an angle of 8° with a given direction,

then the effect of the force in that direction is F xcos§°. This is called
the reselved part of the force in the given direction.
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1t is now possible o write down equations for
the motion of the boat. Suppose that the boat is
brought in parallel to the side of the dock at a
steady speed. There is a resistance from the
water of K newtons to the forward motion of the
boat, and a force of 3 newtons preventing the
boat from moving sideways. Fig. 4.4 shows all
theee horizontal forces on the boat. You can then

Fig. 44
resolve parallel and perpendicular to the line of
the boat.
R(ll to the line of the boat) Tcosa®-R=0,

The rope makes an angle (90— ) with the sideways direction, 30

R{L te the line of the boat) Teos(90-a)*-5=0

Notice that there are also vertical forces on the . : eigh’ "t

boat: its weight and the buoyancy force from the
water. [t is easier to show these in a separate huoyancy
diagram (Fig. 4.5}, to avoid having to draw a
three-dimensional picture.

Fig. 4.5

Example 4.2.1 .

A box of mass 15 kg is dragged along the floor at a constant speed of 1.2 m 5™ by
means of a rope at 30° to the horizontal. The tension from the rope is 50 N . Calculute
the frictional force resisting the motion and the normal contact force from the floor.

Fig. 4.6 shows the four forces acting on the
box. The frictional force is F N, and the

: . . direction
. normal contact force is R M. The weight of motion
of the box is E50 N, The tension makes 0 """" 2 >
angles of 30° with the horizontal and 60° Mo 8 _Son

with the vertical. You needn’t show the
speed in the diagram, but because the box
is moving with constant speed it helps to
show the acceleration of 0 ms™ in the
direction of motion.

A
N
=

Z

R(—) 50cos30° - F=15x0.
R(T) R+50c0s60°-150=0.
These equations give F=50c0s30°=433... and R =150 -50c0s60° =125.

The frictional force is about 43 N, and the normal contact force is 125 N. Notice
that the normal contact force is less than the weight of the box, becaunse ihe
tension in the rope is helping to support the weight.
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Example 4.2.2
A child pushes a toy car of mass 2 kg across the floor with a force of 5 newtons a1 an
angle of 35° o the horizontal, Neglecting resistance forces, find the acceleration of the car.

Fig. 4.7 shows the forces and the

acceleration of ams™2.

R{—) Sc0s35°=2a.

35° :

This gives a= 560; = i

The car accelerates at just over 2ms ™%, Fig.47
Example 423 .

A small child 1s strapped into the seat of a swing which is supported by twa ropes. To
start her off, her Father pulls the swing back with a horizontal force, so that the ropes
make an angle of 20° with the vertical. The child and swing together have mass 18 kg.
Calculate the tension in each rope, and the force exerted by her father befors he lets go.

Denote the tension in eachrope by TN,
and the force from the father by F N,
These forces, with the weight of 180 N,
are shown in Fig. 4.8,

. The forces are in equilibrium.
R(-») F=2Tcos70°.

R{T) 2T cos20°=180.

The second equation gives

180
Tr=——-=
2 cos 0°

9517....

Fip. 4.8

Substituting this in the first equation gives F =65.5. ...

Each rope acts on the swing with a tension of about 96 N . The fatfier must pull
the swing with a horizontal force of about 66 N.

Example 42.4 -

A game played on the deck of a ship uses wooden discs of mass 2 kg, These have a small
depression in the top surface into which a broom handle can be inserted. Two parallel lines
6 metres apart are painted on the deck. Players begin with their discs on the back line and,
by pushing on the broom handle, accelerate them towards the front line. When a disc erosses
the front line the handle is pulled out and the disc slides across the deck until friction brings
1t to rest. When the broom handle is pushed with a force of 20 newtons at 60° to the
horizontal, the fricticuak force is 4 pewtons. After the handle is removed, the friction drops
to 2 newtons. Find how far the disc travels beyond the front line,
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The two stages of the motiona are illusirated in
Fig. 4.9 and Fig. 4.10. Let the acceleration in the
first stage be am 72 and the deceleration in the
second stage bm s72,

Stage 1

R(—=) 20¢0s60° -4 =2a,

50 a=£:i=3‘
2
Stage 2
R(=) ~2=2x({~b}), so b=l.

Fig. 4.11 is a velocity=time graph for the two
stages. The two lfine segments have gradients of 3
and —1,and the area of the triangle on the left is
6 because it represents the distance between the
two lines which the disc covers in Stage 1.

You can deduce from the gradients that the bases Stagel  Stage2 T(i?;c
of the two triangles are in the ratio 1 to 3, and the
arcas of the two triangles are in the same ratio. So Fig.4.11

the area of the triangle on the right is 3x 6= 8.

This means that in Stage 2 the disc travels (8 metres.

:z/

Exi;zls/e 4A

1 For each of the diagrams shown below find the resolved parts of each of the forces in the

directions Ox and Oy. e f \
{a) ¥ 8N (b &N ¥
304_
10° 60°
17 _; o 300t x
8N ‘ 4N
{c) 7 d} 5N ¥ 5N
30307,
4N
S0 P’ 0 o
L5 a0
YN
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The diagram shows three coplanar forces
acting on a particle P, which is in
equilibrium. By resolving in the direction
of the 5N force, calculate the value of 8;
by resolving in the direction of the X N
force, calculate the value of X .

A oy of mass 1.8 kg is pulled along a horizontal surface by a string inclined at 30° to the
horizontal. Given that the tension in the string is" 6 N and that there are no forces resisting
motion, calculate the acceleration of the particle.

A laundry basket of mass 5 kg is being pulled, with constant speed, along a corridor by a
rope inclined at 20° to the horizontal. Given that the frictional force has magnitude 33 N,
find the tension in the rope.

A van of mass 750 kg is being towed along a horizontal road with constant acceleration
08ms? by a breakdown vehicle. The connecting towbar is inclined at 40° to the
horizontal. Given that the tension in the towbar has magnitude 1080 N, calculate the
magnitude of the force resisting the motion of the car.

A car of mass 8§50 kg is being pushed along a level road with a force of magnitude TN,
directed upwards at 25° to the horizontal, and atso pulled by a hotizontal force of 283 N.
There is a constant force of 600 N opposing the motion. The car is moving at constant
speed. Find the value of T, and the total normal contact force from the road.

A particle P of mass 4m kg is at rest on a horizontal table. A force of magnitude 50m N,
acting upwards at an acute angle 8° to the horizontal, is applicd to the particle, Given that
tan 8° =% and that there is 4 resistance to motion of magnitude 20m N, find the
acceleration with which P moves. Find, in terms of 1, the magnitude of the normal
contact force of the table on P.

A shopper pushes a supermarket trolley in a straight linc towards her car with a foree of
magnitude 20 N, directed downwards at an angle of 15° to the horizontal. Given that the
acceleration of the trolley is 2.4 m s™ , calculate its mass. Find also the magnitude of the
normal contact force exerted on the trolley by the ground.

A lamp is supported in equilibrium by two chains fixed to two points A and 8 at the safne
level. The lengths of the chains are 0.3 m and 0.4 m and the distance between A and B is
0.5 m . Given that the tension in the longer chain is 36 N, show by resolving horizontally
that the tension in the shorter chain is 48 N.. By iesolving vertically, find the mass of the
lamp.

The diagram shows three horizontal forees
acting on a mass of 4 kg. Given that the
mass moves in the direction of the dotted
line, show that @ =30 and find the
magnitude of the acceleration,
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/I/ A paraglider of mass 90 kg is pulled by a rope attached to a speedboat. With the rope
making an angle of 20" o the horizontal the paraglider is moving in a straight line parallel
to the surface of the water with an acceleration of 1.2 m ™. The tension in the rope is

250 N . Cafculate the magnitude of the vertical lift force acting on the ghder, and the
magnitude of the air registance.

}’

/I{ A child’s wy of mass 5 kg is pulled along level ground by a string inclined at 30° to the
4+ horizontal. Denoting the tension in the string by T N, find, in terms of 7, an expression
for the normal contact force between the toy and the floor, and deduce that T cannot
exceed 10C.

/f{ A block of wood of mass 4.5 kg resis on a table. A force of magnitude 35 N, acting
upwards at a angle of 8° to the horizontal, is applied to the block but does not move it.
Given that the normal contact force between. the block and the table has magaitude 30 N,
calculate

(2) the value of 8,

{b) the frictional force acting on the block.

/14/ A container of mass 35 kg is pushed along a hotizontal yard by a force of 130 N acting
downwards at an angle of 30° 1o the horizontal, against a frictional force of 60 N.
¥ Calculate the acceleration of the container, and the magnitude of the normal contact force
between the container and the floor.

/Iﬁ boy travelling in a railway carriage decides to try to caleulate the acceleration of the
train. He suspends a parcel of mass 2 kg from the roof of the carriage with a string and
measures the angle that the string makes with the vertical. When the train is travelling with
a constant acceleration of 2 m s~ the angle is 8°. Find the value of 4.

/IA concrete slab of mass m kg is being raised vertically, at a constant speed, by twe cables.
% One of the cables is inclined at 10° to the vertical and has a tension of 2800 N; the other
cable has  tension of 2400 N . Calculate the angle at which this cable is inclined to the
vegtical, and also find the value of m, assuming there is no air resistance.
Aﬁge of mass 4 tonnes is pulled in a straight line by two tugboats with an acceleration
. of 0.6m 52 . The tension in one towrope is 1300 N and the tension in the other is 1650 N

Given that the angles the ropes make with the direction of moticn are 20° and x°
respectively, find the value of x and the resistance to motion of the barge.

18 A man is pulling a chest of mass 40 kg along a horizontal floor with a force of 140 N
inclined at 30° to the horizontal. His daughter is pushing with a force of 50 N directed
downwards at 10° to the horizontal, The chest is moving with constant speed. Calculate the
magnitude, F'N, of the frictional force, and the magnitude, R N, of the normal contact
force from the ground on the chest, Show that the ratio F : R lies between 0.50 and 0.51.

B e S o R e e B A
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Some useful trigonometry

If you write equations of reselving in two perpendicular directions, and a force F
makes ant angle of 8° with one of the dircciions, then it makes an angle of (90 -ay
with the other (see Fig. 4.12). The force then has a resobved part of Fcos6® in one
direction, and Fcos(90 ~8)° in the other.

You can write this second resolved part in another way. In PL Scction 10.4 it is shown
that cos(90—6)° =sind°. So the resolved pars of F in the two directions can be
written as Feos8® and Fsind®,
second 4
dircetion |
second 4
direction | P L{%+0)°

(90 -9y direction

T8

ceevene e FiESE
direction il

Fig. 4.12 Fig. 4.13

Sometimes the sccond angle is (90 +@}°, as in Fig. 4.13, rather than (50 -8 . In that
case you can use cos(90 +8)° = —sin6°, so that the resolved part in the second direction
is —Fsing>,
. . . sin 6° ° . -
Another result that is sometimes useful is that T =tan§® (Pl Section 10.2). For
cos
example, in Example 4,2.3 the first equation could have been written as
F=2Tsin20°,
and you can notice from the second equation that

180
cos20°"

Substituting for 2T in the first equation gives

sin 20°
cos 20°

)sinZO" ='180x[ J:lSOtanZO",

B ( 180
€05 20°
From this you can find F = 63.5... directly, without first having to calculate T .

Resolving in other directions

You can write equations of resolving in any direction you like, not just horizontally and
vertically. One type of problem in which this is often useful is when an object is placed
on a track which is inclined at an angle to the horizontal.
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Example 4.4.1

A crate of mass 30 kg is at rest on a ramp which slopes at
an angle of 18° to the horizontal. It is prevented from
sliding down the ramp by friction. Find the frictional force
and the normal contact Force.

Let the friction be F N and the normal contact force
R N (see Fig. 4.14). Notice that the normal contact
force s not vertical, but perpendicular to the plane of
the ramp. The weight is 300 N.

The simplest directions {0 choose for resolving are
parallel to the ramp, and perpendicular to the
ramp. To do this, you are going to need to
calculate the angles marked x° and y° in
Fig.4.15. It is easy to sce that x=90-18=72,
and y=90-x=90-72=18.

R(ll to ramp) F—300cosx® =0,
R{L to ramp} R - 300cos y°=10.
S0 F=300cos72° =92.7 and R =300cos18%=2853, to | decimal place.

The frictional force is about 93 N and the normal contact force is about 285 N. !

Example 4.4.2
Re-work Example 4.2.3 if the child's father pulis on the Y
swing st right angles 10 the ropes, rather than horizontally. ;ED
ST TNx2

The diagram of forces now has the form of Fig. 4.16.
Notice that, although the situation being modelled is
quite different from that in the previous example, the
three forces are related in just the same way in

Fig. 4.14 and Fig. 4.16. This suggests resolving in the
directions corresponding to those in Example 4.4.1;
that is, perpendicular and parallel io the ropes, N
R(L to ropes} F=180cos 70" =61 .6,
to 3 significant figures.

Rilltoropes) 2T =180 cos20°, ) Fig. 4.16

so T =90cos 20° =84.6, to 3 significant figures.

The father must pull on the swing with a force of about 62 N. Each fope acts on
the swing with a tension of about 85 N.
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Example 443

A rail track is laid on the floor of 2 quarry,
sloping down at [1° to the horizontal from the
side of the cliff, A truck is filled with stone,
and when full may have mass up to 600 kg ¥t
is prevented from running downhilt by a cable
from the truck to the top of the cliff, as shown
in Fig. 4.17. For safety reasons the tension of
the cable should not exceed 1600 N .

Find
(a) the greatest angle that the cable should be allowed to make with the track, :
{b) the smallest value of the total normal contact force on the truck.

{(a) The maximum weight of a full truck is 6000 N. If the cable makes an angle
&® with the track, and the tension from the cable is T N, then

R{llto track) T cosa® = 6000 cos 79°,

5 79°
S0 cos” = QO—OQ;;L The requirement T < 1600 means that
6000 cos 79°
5% = ———— = 0.715,, ., =443 .
cos 1600 SO &

The cable should make an angle no greater than 44° with the track.
(b) If the total pormal contact force on all the wheelsis RN,
R{L to track) R+ T cos{90 —¢x)° = 6000 cos L 1°,
Since cos{90 — @) =sina®,
R=6000cos(1°-T sina® = 5889.7...~ T sing®.

The greatest acceptable value of 7 is 1600, and the greatest value of sina® is
sin4d.3...%=0.698.... S0 the least possible value of R is

5889.7...~1600sin44.3...° = 4772, 10 the ncarest integer.
The total normal contact -forcc will never be less than 4770 N,

The final example takes the form of an experiment which you could carry ont to test the
theory that the resolved part of a force F at an angle 8° is Fcos8°. It could conveniently
be performed in & gymnasium equipped with horizontal wall bars. You need a straight
length of model railway track fixed on to & long plank. You alse need a small wagon,
which should be loaded to make it a5 heavy as possible; this reduces the relative effect of
resistance forces. You need to fix brackets at one end of the plank which can be hooked
over the wall bats, so that the height of that end of the plank can be varied.
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Experiment 4.4.4

A track of length d has one end on the floor and the other end at a height /i above the
floor. A wagon of mass m is placed at the upper end of the track, and runs freely down o
the bottom. Show that the time T to reach the bottom of the track satisfies the equation

1 8
7z o

Fig. 4.18 shows the wagon at some point
of its run down the track, which is at an
angle 8° to the horizontal. The weight
of the wagon is mg, and its acceleration
isa.

n'/
e

Fig, 4.18
R{down the track) mgcos(90 -~ 0)° = ma,

. N . . h #t
Since cos{90—&)° =sind°, this gives « = gsin8°, Alsosing®= 7 SC (= g_{
[
The time taken for the wagon to travel down the track cun be found by using the

i

. . . h
constant acceleration equation § = ief + —z»atz ywith u=0 and a= '% , 0 that

_,:[g_i;]ﬁ.‘(ou know that s=d whea t=T s0 d:(gg}rz‘

This can be rearranged to give the required result,

=)
—=| =7 k.
7 \ad?
The reason for putting the equation into the form given is that it shows the connection
between the two variables, & and T, in the experiment. By using different wull bars, A can
be varied, and the value of T recorded for different values of £ . The other quantitics in the
equation, g and &, remain constant.
You can then plot your results in a form like TL? i
Fig. 4.19. If the theory is correct, the plotted %
points should lie approximatety on a straight "
line through the origin. =

As an additional spin-off, you can measure o
from your graph the gradient of the straight -~

line, which should equat . Since you know h

£
2d*
the length of the track, you can use the value of Fig.4.19
the gradient to estimate a value for g.
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Exercise 4B

1 For each of the forces defined below give their resolved parts in the Ox and Oy directions
respectively, in terms of F and 8.

(a) ¥

2 A block of wood of mass 4 kg is released from rest on a plane inclined at 30° to the
horizontal. Assuming that the surface can be modetled as smooth (no friction), calculate the
acceleration of the block, and its speed after it has moved 3 m.

3 A carof mass 830 kg is travelling, with acceleration 0.3 m s™ , up a straight road inclined
at 12° to the horizontal. There is a foree resisting motion of 250 N . Calculate the
magnitude of the driving force.

4 A cyclistof mass 60 kg free-wheels down a hill inclined at 6° to the horizontal, Assuming
no tesisting forces, calculate her acceleration down the hill, and show that her speed
increases from 4ms™' to 16 ms™ inabout 117 m.

5 A sack of mass 8 kp is pulled up a ramp inclined at 20° to the horizontal by a foree of
ruagnitude 43 N acting paraliel to a line of greatest slope of the ramp. The accelerstion of
the sack is 1.4 ms™. Find the frictional force.

# A particle is in equilibrium under the action of the
three forces shown in the diagram. By vesolving in
the direction of the force of magnitude ¥ N, show
that ¥ == 5. Calculate the value of X.

7 Calculate the magnitude of the hortzontal force needed to maintain a crate of mass 6 kg in
equilibrium, when it is resting on a frictionless plane inclined at 20° to the horizontal.
Calculate also the magnitude of the normal comtact ferce acting on the crate.

8 A skierof mass 78 kg is pulled at constant speed up a
slope, of inclination 12¢, by a force of magnitude
210 N acting upwards at an angle of 20° to the slope
(see diagram). Find the magnitudes of the frictional i :
force and the normal contact force acting on the skier. :

9 A part-icle of weight 10 N is placed on z smooth plane inclined at 35° to the horizontal,
Find the magnitude of the force required to keep the particle in equilibrium if it acts

{a) parallel to the plane,
{b) horizontally,
(c) upwards at an angle of 25° to a line of greatest slope of the piane.

Without making any calculations state, with a reason, which of the three cases has the
greatest normal contact force.
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The fid of a desk is hinged along one edge so that it
can be tilted at various angles to the horizantal. A
book of mass 1.8 kg is placed on the lid. The ld is
tilted to an angle of 137, as shown in the diagram.
Find the frictiona) force, given that the book does not
move.

As the desk lid is tilted further, the book begins to

move when the lid is inclined at €% to the horizontal.

Given that the maximum magnitude that the frictional force can attain is 845 N, find the
maximum value of 6 for which equilibrivm remains unbroken,

The book is held at rest and the lid is tilted until it is inclined at 40° to the horizontal. The
book is then released. Find the acceleration of the book down the desk lid, assuming the
maximum frictional force still acts.

A metal sphere of weight 500 N is suspended from a fixed point @ by a chain. The sphere
is pulled to one side by a horizontal force of magnitude 250 N and the sphere is held in

equilibrium with the chain inclined at an angle §° to the vertical, Find, in either order, the ;
temsion in the string and the value of 8.

€.com

A picture of mass 12 kg is supported in equilibrium by two strings, inclined at 207 and :\
70° to the horizontal. Calculate the tension in each string. s

A box of mass 12 kg is dragged, with a constant XN %
acceleration of 1.75m s™2, up a path inclined at 30° 1o
the horizontal. The force pulling the box hag
magnitude 2X N and acts at 10° to the path, as shown
in the diagram, The frictional force has magnitude

X N. Calculate the value of X and the magnitude of
the normal contact force of the path on the box.

A plank of mass 20 kg is pulled, with 2 rope, up a
slope inclined at 15° to the horizontal, The rope is
inclined at 30° to the horizontal, ag shown in the
diagram.

{a) Explain why the tension in the rope must certainly
be greater than 53.6 N,

Tke tension in the rope is 65 N and the plank is moving at constant speed. Calculaie
{b) the magnitude of the normal contact force exerted on the plank by the ground,

{c) the magnitude of the frictional force.

A boat on a trailer is held in equilibrium on a slipway
inclined at 20° to the horizontal, by a cable inclined at
#° to a line of greatest slope of the slipway, as shown
on the diagram. The combined mass of the boat and
frailer is 1250 kg . The cable may break if the tension
exceeds 7000 N . Find the maximom value of 8.
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16 A glider of weight 2500 N is being towed with
constant speed by a four-wheel drive vehicle. . |
The towrope is inclined at 25° to the harizontal :
and the glider is inclined at 30° to the horizontal
as shown in the diagram. The air resistance has
magnitude R N and the lift has magnitude 1. N
the directions in which they act are shown in the
diagram. Calculate the values of R and L, given
that the tension in the rope is 3000 N.

2%

Miscepmé)us exercise 4

1 A particle is in equilibrium under the action
of the three coplanar forces shown in the g
diagram. Find P and Q. (OCR) 1o :

N

2 Susie uses a strap to pull her suitcase, at a constant speed in a straight line, zlong the |
horizontal floor of an airport departure lounge. The strap is inclined at 50° to the :
herizontal and the frictional force exerted on the case by the floor has magnitude 20 N .

Modelling the suitcase as a particle, find the tension in the strap, (OCR)

3 The diagram shows a particle of mass 2.6 kg T
maintained in equilibrium in a vertical plane 2PN
by forces of 5P N and 12P N which are
perpendicular. Find
(a) o, the angle at which the force of

5P N is inclined to the vertical,

(b) the value of £. ~ (GCR) 5

4 A particle is in equilibrium under the action
of the three coplanar forces whose
magnitudes and directions are shown in the
diagram. Find the valuesof P and Q.

The force of magnitude 4 N is now remaoved
from the system, State the direction in which
the particle begins to move. (OCR)

/5/ A child is sitting on a swing. The child's T
mother is holding the seat of the swing so that 307
it is in equilibrivm. The forces acting on the
seat of the swing are as showa in the disgram.
The horizontal force has magnitede R, and
the force inclined at 40° to the vertical has ¥300N
magnitude 7. Find R and T. {OCR)

k
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The diagram shows a small metal ball, of mass

¢« \2 kg , resting in the herizontal groove between two
smooth planes inclined at 20° and 40° to the
horizontal. Find the magnitudes of the contact
forces P and Q. (OCR)

7 Aramp, of length 5 m,is inclined at 30" to the horizontal. A parcel of mass 1 kg, which
may be modelted as a particle, is placed at rest at the top of the ramp and allowed 1o slide
down. The speed of the parcel at the bottom of the ramp is just over 7 m s71. Is this data
consistent with the ramp being smooth and there being no air resistance? Justify your
answer. (OCR, adapted)

8 A cyclist starts from rest and moves along a straight, horizontal track. The forward driving
force is a constant 72 N aad the resistances to Forward meotion are a constant 20 N . The
combined mass of the bicycle and cyctist is 80 kg.

(a) Calculaie the acceleration of the cyclist.

{b) How long does it take the cyclist to reach a speed of 8 m s~'? How far does the cyclist
travel in this time?

The cyclist starts to climb a hill when her speed reaches 8 ms™ . The hill is at a constant
angle of [0° to the horizontal. The driving force and resistances to motion are unchanged.

(¢} Show that the cyclist is now decelerating at about 1.09 ms 2. (MEI, adapted)

9 A particle P rests in equilibrium on a smooth
herizontal surface under the action of the four
horizontal forces shown in the diagram. The
angles between the forces of mageitudes 12N
and 2 N, and between the forces of magnitudes

X N and ¥ N, are each 90°_The angle between
the forces of magnitudes 2N and ¥ N is 130°.
Find the values of X and Y.

The force of magnitede 1.2 N is now removed. Given that the mass of P is 0.4 kg, find

. the magnitude of the acceleration with which P starts to move, and show clearly on a
diagram the direction of this acceleration. {OCR)

10 The diagram shows a particle £ attached to

points A and B by two light inextensible A B
strings, AP of length 30 cm and BF of length

16 cm . The points A and B are at the same 30 cm 16cm
hotizontal level and P hangs frecly with angle

AFB equal to 90°. Given that the tension in the P

string BP is 15 N, find
{a) the tension in the string AP,
{b) the mass of P.

Particle P js now replaced by a heavier particle . Given that the tension in either string
must not exceed not exceed 120 N, find the greatest possible mass of . {OCR)
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A hanging flower basket A, of weight 50 N, is held
in equilibrium by kwo light inextensible strings. One
string is attached to a fixed point A and this string
makes an angle of 60° with the vertical; the other
string 15 attached to a fixed point B anel this string
makes an angle of 8° with the vertical, as shown in
the diagram. Given that the tension in the string attached to A is T and the tension in the
string attached to B is 2T, find the values of & and T . (MED

A box of mass 80 kg is to be puiled along a horizontal
floor by means of a light rope. The rope is pulled with
a force of 100 N and the rope is inclined at 20° to the
horizontal, as shown in the figurc.

{a) Explain briefly why the box cannot be in
equilibrium if the floor is smooth.

In fact the floor is not smooth and the box is in equilibrium.

(b) Draw a diagram showing all the external forces acting on the box,

“(c) Calculate the frictional force between the box and the floor, and also the normal

reaction of the floor on the box, giving your answers correct to 3 significant figures.

The maximum value of the frictional force between the box and the flooris 120 N and the
box is now pulled along the floor with the rope always inclined at 20° to the horizontal,

(d) Calculate the force with which the rope must be pulied for the box to move at a
constant spezd. Give your answer correct to 3 significant figures.

(e} Calculate the acceleration of the box if the rope is pulled with a force of 140 N.
(MED

A block of mass 20 kg is held in equilibrium on a
plane by means of a string which is at an angle of 25°
to the greatest slope of the plane. The plane is at 40°
to the horizontal, as shown in the figure.

The situation is first modeled by assuming that the
plane is smoath.

{a} Draw a diagram showing all the forces
acting on the block.

(b) Show that the tension in the string is about e
142 N and find the normal reaction of the L%fﬁ

Y
An experiment shows that when the tension in the string is ihcreased to 172 N, the b@s
still in equilibrium. The model is now refined to take account of friction.

plane on the block.

{c) Draw a diagram showing the forces acting on the block and calculate the frictional
force.

(d) Without further calculations, siate with a reason whether the normal reaction of the
plane on the block is the same in parts (b) and (c). (MEI, adapted)

www.gceguide.com
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¥ jgnored, find the frictional force.

15

5%

A toboggan of mass E5 kg carries a chifd of mass 23 kg. It starts {rom rest on a snow stope
f inclination 10°. Given that the acceleration is 1.2 m ™% and that air resistance may he

Having reached the bottom of the slope, the toboggan and child are pulled back up the
slope, at a constant speed, by a light rope which is parallel to a line of greatest slope. Find

the tension in the rope, assuming that the same {rictional force is acting. {(OCR) :

truck

plan view

~www.gceguide.com

Railway trucks in coal mines were sometimes puiied by men. One such truck is standing on
a straight, horizontal section of track. The man pulls on « light inextensible Tope AB. The
rope is horizontal and at an angle €° to the direction of the track. The man walks parallel to
the track,

Tnitially the magnitude of the tension in the rope is 100 N and & =10, This tension in the
rope is not enough 1o move the truck from rest.

{a) Calculate the resolved parts of the tension-in the rope paraliel and perpendicular to the
track.

(b) What force prevents the truck from moving perpendicular to the track?
{¢) What is the magnitude of the resistance to the forward motion of the truck?

The man now pulls harder to move the truck. The tnick moves from rest against a
resistance to its forward motion of (100 + 44 sin 8%} N at all times. There is a constant
tension in the rope and @ has the constant value of 10. It takes the man 15 seconds to

reach his normal walking speed of 1.5 m sl

(d) Bxplain briefly why the acceleration of the fruck is constant. With what force must the
man pull on the rope to maintain the speed of 1.5 m s”7? How far does the man walk
before he reaches his normal walking speed?

(¢) In order to avoid an obstacle, the man follows a path in which 8 is increased.
Assuming that the force in the rope does nolt:change. what effect does this have on the
motion of the truck? L., A {MEID)

D ]
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Friction

In this chapter frictional force is analysed in detail. When you have completed it, you should

*  be familiar with the mathematical model of friction and the propertics of {rictional
forces

¢ understand the idea of limiting equilibrium

+ know what is meant by the coefficient of friction and be able to use it

»  be able to solve problems on motion and equilibrium in which friction is one of the
forces acting on an object.

Basic properties of frictional forces

Imagine that you are trying to drag a heavy box along
a horizontal platform (Fig. 5.1). One of two things may
happen. If you pull hard enough, the box will start to
move in the direction you are puliing in. If you don’t
pull so hard, the box will stay where it is. But in cither
case your pull will be opposed by a frictional force,

‘This frictional force acts horizontally, in the plane —--l-t>
... . ot pultin
where the base of the box is in contact with the friction | foree.

platform. Its direction is opposite to the direction in wcight” norrt"ﬂ{

. . . . . . . coniac
which the box is moving, or in which it would move if force
it could. Fig. 5.2 shows the four forces acting on the

box, whether or not it is moving. Fig.5.2

If the box doesn’t start to move, then the forces are in cquilibriwm. This means that the
friction exactly balances the pull. I you pull a bit harder, the friction will increase; if you
don’t pull so hard, the friction will decrease. If you stop pulling, the friction will vanish.

If you pull hard enough for the box to move, the friction is smaller than the pull. There is a
limit to the amount of friction that the base of the box and the platform can produce. If you
pull with a force greater than this limit, the box will start to move.

When part of the sarface of an object is in contact with a fixed surface, and forces are
% tending to move the object across the surface, these forces will be opposed by a
¢ frictional force. Its direction is opposite to the direction of motion or possible motion.

The frictional force cannot exceed a certain magnitude, called the limiting friction. If
the object is at rest and equilibrium is possible with a frictional force less than this
limiting friction, the object will remain in equilibrinm.

LR

If the object is at rest and the forces are in equilibrium with the limiting friction, the
object is said to be in limiting equilibrium, and to be ‘on the point of moving’.

S R R

)

S S e é
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Example 5.1.1

A dustbin of mass 20 kg is placed on a path which is at an angle of 13° to the
horizontal. The hmiting friction between the bin and the path is SO N.

{a} Will the bin slide down the path?

(b) A force parallel to the slope is applied to the bin so that it is on the point of moving
up the path. How large is this force?

(a) There are three forces on the bin: its weight, the
normal contact force, and friction acting up the path
(Fig. 5.3). Only the weight and the friction have any
effect parallel to the path.

friction

The weight is 200 N, and its resolved part down the
normal

path is 200cos77°, which is about 45 N. This is less =~ —=iddee contact
force

than the limiting friction, so there can be equilibrium
with a frictional force of 45 N up the path. Fig.5.3

The bin will not slide down the path,

(b} Since the bin is on the point of sliding up the
path, the friction has its limiting value of 50 N and
acts in the opposite direction, down the path. Let the
applied force be P N up the path. Then the forces on
the bif are as in Fig. 54,

R(up the path) P ~50-200cos77°=0.

Fig. 5.4
This gives P =50+45=95.

If a force of 95 N is applied, the bin is on the point of sliding up the path,

How large is the friction when the object starts to move? In theory it might stay at its
iimiting value, it might be smaller, or it might get larger but not so large as the force
moving it. Experiments suggest that in practice the friction when there is motion is
slightly smaller than limiting friction, but to a first approximation it is often taken to
equal the limiting friction. This is the model you should use, unless you are told
otherwise.

When an object slides over a fixed surface, the frictional force has its

limiting value and acts in a direction opposite to the direction of motion.

Example 5.1.2
If, with the data in Example 5.1.1, a force of 100 N is applied to the dustbin up the path,
calculate the acceleration with which the bin will move.

The forces in Fig. 5.5 are the same as in Fig. 5.4, except that P is now 100. As the bin
is moving, friction has its limiting value of 50 N . Let the acceleration be & m §72.
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R{up the path} 100 - 50 — 200 ¢os 77° = 20a .

This gives 20a =100 -30-45=5,50 a = =0.25,

B[ L
L

2

The bin will accelerate up the path at 0.25ms™".

The properties of friction described in this section apply only
when the surfaces in contact are dry and fairly rigid. If there
is a layer of oil or water separating the surfaces, then you
need to use a different model of friction.

Fig. 5.5

Limiting friction

The next question to ask is, how large is the limiting friction?

This might depend on a number of factors, such as

» the materials that the surfaces in contact consist of,

s the shape and area of the region of contact between the surfaces,
= the other forces acting on the object.

The first of these is obviously important. Other things being equal, wood sliding across
gravel produces much more friction than polished steel sliding across ice. Any model of
friction has to take account of the difference in roughness of various materials,

Experiments suggest that shape and area do not have much effect on the size of the
limiting friction. However, there are exceptions to this. For example, a new car tyre with
a well-designed tread can produce more friction than a worn tyre, even though both are
made of the same material.

The effect of the other forces certainly needs to be taken into account. You can show
this by carrying out a simple experiment,.

Take two books, one heavier than the other, and
stand each upright on a table. Now clench your fists,
and try to lift each book off the table, as in Fig. 5.6.
To do this, you will need to push with your knuckles
against the covers of the book. If the book has weight
W, and the friction on each coveris F', then
2F=W sothat F= % W . This means that the
frictional force has to be larger for the heavier book.

W

Now reduce the forces R from vour knuckles until Fig. 5.6

the book is on the point of slipping. Friction is then

limiting. You will find that you need to push harder on the covers to support the heavier
book. This is because the limiting friction depends on the normal contact force. Since
the limiting friction has to be larger for the heavier book, the normal contact force also
has to be larger.,

Notice that it is the same for the box pulled across the platform in Fig. 5.1. If the box is
made heavier, then you need to pull harder before it starts to move. The limiting friction

www.gceguide.com
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)

depends on the normal contact force, and in this case the normat contact force has the
same magnitude as the weight.

If you carry out more precise experiments, you find that there is a direct proportional
relationship connecting the limiting friction and the normal contact force. For example,
if you double the normal force, the limiting friction is doubled. The rule for calculating
limiting friction can then be summarised as follows.

The limiting frictional force between two surfaces is proportional to é
the normal contact force. If the limiting friction is F, and the ;t’
normal contact force is R, then £, =uR,where U is a constant. %

The constant # is called the coefficient of friction. Its value
depends mainly on the materials of which the surfaces consist.

LB

e

e T
R o e

s s
s R A

SR

The symbol g is the Greek letter ‘m’, pronounnced ‘mu’. It is always used to denote the
coefficient of friction. For most surfaces, the value of u lies between 0.3 and 0.9, but
smaller or larger values (even greater than 1) can occur.

If u is very small, you may get useful approximate results by taking 1 to be 0, so that
friction is ignored. In that case, the surfaces are said to be smooth. If y is greater than
0, the surfaces are said to be rough, and yvou will need to consider friction. The term
‘very rough’ 15 sometimes used to describe surfaces for which 1 is so large that there is
no practical likelihood that one will slide over the other.

Example 5.2.1

A person tries to pull a small cupboard across the floor. The mass of the cupboard is
76 kg and the coefficient of friction is 0.5. Describe what happens if the cupboard is
pulled with a horizontal force of  (a) 200N,  (b) 400 N.

The forces on the cupboard are shown in pull
Fig. 5.7. The normal contact force, RN, is >
equal to the weight of the cupboard, which friction 760N¢

is 760N . 1 RN

The limiting friction is 0.5R N, that is 380 N. Fig. 5.7

- (a) The pull of 200 N is less than the limiting friction. The pull is therefore
opposed by a frictional force of 200 N, and the cupboard doesn’t move.

(B) The pull of 400 N is greater than 380 N, so friction is limiting and the

cuphoard will start to move. Denote its acceleration by ams™.

R{(—>) 400-380=76a, whichgives a=0263... .

The cupboard starts to move with acceleration 0.26 ms™2, to 2 significant figures.
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Example 5.2.2

A boy kicks a stone of mass 100 grams across the playground. The coefficient of
friction between the stone and the playground is 0.25. If the stone comes to rest 31 m
away, find the speed with which the boy kicked it.

You have to assume that the playground is direction
. S of motion

flat, so that the stone stays in contact withut. 77 -

The mass of the stone 13 100 grams, which is

0.1kg, soits weight is | N. The other forces 0.1 kg

on the stone are the normal contact force,

R N, and friction, ¥ N (see Fig. 5.8).

Resolving vertically gives R = 1. So long as h IN ,L* RN
the stone is moving, friction has its limiting
value, which i1s 025x I N=0.25N.

You can use Newton's second law to find the acceleration, ¢ m s72.

R(—>) -025=0.la,. so a=-25.

To finish the problem, you need a connection between velocity and distance. The
acceleration is constant, 50 you can use the equation v? =4? +2as. You have
found that a = —-2.5, so while the stone is moving v? = 4? - 55. You now want to
find the value of u«.

You are told that the stone goes 31 m, which means that v = 0 when s=31. So
0 =u? ~5x 31, which gives 1 =153 = 124,10 3 significant figures .

The boy kicked the stone with a speed of approximately 12.4 ms™.

Some experiments

The model of friction described in the last two sections is based on a mixture of
reasoning and experiment. Here are two experiments which you can try for yourself.

Experiment 5.3.1

You need a suitcase and a spring balance.
Begin by using the spring balance to weigh the
case. Then place the case flat on a table and
attach the spring balance to the handle. Pull the
case across the table at a steady speed with the
spring balance, ag shown in Fig. 5.9, and read
the force on the spring balance. Repeat the
experiment with various objects inside the case, and investigate the relationship between
the force and the weight.

Fig.59

The forces on the case are the same as those in Fig. 5.2. Since the case is moving
at a steady speed, the forces are in equilibrium. That is, the friction is equal to the
pull and the normal contact force is equal to the weight, So you can find the
normal contact force and the friction by measuring the weight and the pull.
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Also, since the case is moving, friction is limiting.

One complication is that most spring balances are calibrated as if they measure
mass rather than weight. (This was discussed in Section 3.4.) So when you weigh
the case, if the spring balance shows x kg, the weight is 10x newtons.

Similarly, when you measure the pull, if the spring balance reads y kg , this means
that the pull is 10y newtons.

The theory predicts that the limiting friction is proportional to the normal contact
force, so that the pull is proportional to the weight. This is expressed by the
equation 10y = p{10x), which gives y = pix.

So if, as you carry out the experiment with different objects in the case, you plot
y against x, the points should lic on a straight line through the origin. If they do,
then the gradient of the line will give the value of the coefficient of friction.

Experiment 5.3.2

You need several books of different masses, with covers all made of similar materiats,
Take onc book and place it flat on the table. Then tiit the table, gradually increasing the
angle by placing equal blocks under two adjacent legs. Continue until the book is on the
point of sliding down the table. Measure the height of the legs above the floor, and
hence calculate the angle of tilt. Repeat the experiment with each book in turn.

If the book has mass i, then the forces
on the book are its weight mg, the
normal contact force R and the friction
F, which is limiting when the book is on
the point of sliding (Fig. 5.10). Theory
predicts that F is equal to (R . Denote
the angle of tilt by «°.

R(L to table top) mgcosa®=R.

R{ll to table top) mg cos(90—&x)° = UR.

Since c0s(90 — x)° = sin &, this last equation can be writien as
mgsina® =UR.

Combining this with the first equation,
mgsing® = itmg cosa®, so  sina®= pcosa’.

o]

sin¢x

This can be simplified by using =tana®, to give tan@® = Y.

1e]

cos¥

If the theory is correct, the angles at which sliding begins should be the same for
all the books, whatever their masses. If so, then the coefficient of friction is the
tangent of the angle «°.

You can extend this experiment by turning the books round on the table top, or by using
books with covers of different sizes, to see if this makes any difference to the angle of tilt.
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Friction and motion

You may have gained the impression that friction always acts so as to prevent motion.
People often try to reduce the magnitude of the frictional force, for example by applying
oil to moving paits, or by polishing surfaces which move over each other.

However, for many types of motion friction is essential. Imagine trying to run on a
slippery pavement, trying to ride a bicycle on ice or driving a car in mud. In all these
cases, the problem is that the magnitude of the frictional force is not large enough. It is
friction which makes it possible to run, ride bicycles or drive cars.

The athlete would slip without the friction between her shoe and the ground. Pedalling
causes the bicycle’s back (driving) wheel to rotate, and the bicycle moves forward
because of the friction between the tyre and the ground. The car’s engine causes the
driving wheels to rotate, and friction is needed for the car to be able to move. These
sitnations are illustrated in Figs. 5.11,5.12 and 5.13.

Fig. 5.13

Exefcise SA

/'@Fhe diagram shows horizontal forces of

magnitudes P N and @ N acting in opposite
directions on a block of mass 5 kg, which is e SR
at rest on a horizontal surface. State, in terms
of P and @, the magnitude and direction of
the frictional force acting on the block when

(ay P>Q, (b)y @>P.

PN ON

2 \The diagram shows horizontal forces of magnitudes

P N and 100 N acting in opposite directions on a PN 100 N
block of weight 50 N, which is at rest on a ———] —
horizontal surface. Given that the coefficient of
friction between the block and the surface is 0.4, find
the range of possible values of P.

The diagram shows a force of magnitude 8 N acting
downwards at 30° to the horizontal on a block of
mass 3 kg, which is at rest on a horizontal surface,
Calculate the frictional force on the block.

www.gceguide.com
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{4 An airline passenger pushes a 15 kg suitcase along the floor with his foot. A force of 60 N
is needed to move the suitcase. Find the coefficient of friction. What force would be needed
to give the suitcase an acceleration of 0.2 m §727

@ A block of mass 6 kg is accelerating at 1.25m s, on a horizontal surface, under the
action of a horizontal force of magnitude 22.5 N . Calculate the coefficient of friction
between the block and the surface.

4 6} A horizontal cable from a winch is attached to a small boat of mass 800 kg which rests on
horizontal ground. The coefficient of friction is 3 . The tension in the cable is increased in
steps of 100 N . What is the frictional force when the tension is

(a) 5900 N, (b) 6000 N, {cy 6100N?

Describe what happens in each of these cases.

7 The diagram shows a block of weight 50 N at rest on a
plane inclined at an angle &° to the horizontal, under
the action of a force of magnitude P N acting up the
plane. Find, in terms of P,the magnitude and direction
of the frictional force acting on the block when

(a) P>350sin®, (b P<30sina®.

8 The diagram shows a block of mass 4 kg atreston a
plane inclined at 35° to the horizontal, under the action
of a force of magnitude P N acting up the plane. The
coefficient of friction between the block and the plane is
0.43. Find the range of possible values of P.

9 A bowl of mass 500 grams is placed on a table, which is tilted at various angles to the
horizontal. The coefficient of friction is 0.74. Calculate the net force on the bowl down a
line of greatest slope of the table when the angle of tilt is

(x) 36°, (b)y 361°, () 37°.

Describe what happens in each of these cases.
P

/[0 A coin of mass 5 grams is struck and slides across a horizontal wooden board If the
"/ coefficient of friction is 0.4, and the coin is struck with a speed of 1.5ms”™ ' how far will it
slide before it comes to rest?

11 . A solid cylinder of mass 6 kg is lightly held, with its axis vertical, in the jaws of a vice,
" and is on the point of slipping downwards. The magnitude of the force exerted by each of
" the jaws is 70 N, Calculate the coefficient of friction between the vice and the cylinder.

12 A builder holds up a vertical piece of plate glass of weight 40 N by pressing the two sides
with forces of P N from the palms of his hands. If the coefficient of friction is % what is
the least value of P needed if the glass is not to slip?

.13 A shopper picks up a 2 kg packet of rice with the thumb and index finger of one hand. The
coefficient of friction between her fingers and the wrapping is 0.3. What horizontal force
must she exert to prevent the packet from slipping?
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14 A cyclist and her bicycle have mass 75 kg. She is riding on a horizontal road, and positions
herself so that 60% of the normal contact force acts on the back wheel and 40% on the
front wheel. The coefficient of friction between the tyres and the road is 0.8. What is the
greatest acceleration she can hope to achieve?

Whilst riding at 6 ms™" she applies both brakes to stop the wheels rotating. In what
distance will she come to a stop?

I5 A crate of bottles, with total mass 6 kg, is placed on the floor of a delivery van. The
coefficient of friction is 0.4. What is the greatest acceleration possible if the crate is not to
slip on the floor?

16 A table of mass 15 kg stands on the floor of a restaurant. The coefficient of friction is 0.5
when there is no motion, but it drops to 0.4 when the table starts to move. A waiter pushes
the table across the floor with a gradually increasing horizontal force until the table starts to
move. Find the acceleration with which the table starts to move.

L B R e T B O o T Y o T T e T e S P

Problems involving friction

When you have a problem to solve which involves friction, you use the method of
resolving which was described in Chapter 4, together with equations expressing the
properties of friction. These can be summarised as follows, using F and R to denote
friction and normal contact force.

o If motion is taking place {whether at constant speed or with acceleration), friction is
limiting and in a direction opposite to the direction of motion.

» [fthe object is on the point of moving, friction is limiting and in a direction opposite to
that in which the object is about to move.

+  If friction is limiting, then F = R,

e Whether friction is limiting or not, F < uR.

Example 5.5.1

A block of weight 20 N is at rest on a horizontal surface. When a force of magnitude

12 N is applied to the block at an angle of 30° above the horizontal, it is on the point of
moving. Find the coefficient of friction between the block and the surface.

The forces acting on the block are shown in 12N

Fig. 5.14. Since the block is about to move FN 530",

towards the right, friction is acting towards I

the left. This is a case of limiting lT )
yer e 20NYIRN

equilibrium, so F =uR.

R(<)  F=12c0s30°=1039.... Fig.3.14

R(T) R+12c0860°=20, giving R=14.

F_1039...

Therefore pt = z " =074, to 2 significant figures.

The coefficient of friction is approximately 0.74.
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A common mistake in situations like this is to think that R =20. When resolving
vertically, you must inclide every force with a vertical resolved part

Example 5.5.2

A snow-covered hill is at an angie of 13° to the horizontal. A sledge of weight 75 N is
placed on the hill. Given that the coefficient of friction between the sledge and the hill is
0.15, find whether the sledge will slide down the hill by itself.

The three forces acting on the sledge are shown in
Fig.5.15.

R(Ltothe hill)  R=75c0s13°=73.07....

The maximum value of the friction is uR N, 75 N

where
Fig. 5.15
HR=015x7307...=1056....

The resolved part of the weight which acts down the hill is
75cosT7T° N =1687...N.

As this force acting down the slope is greater than the maximum possible
frictional force acting up the slope, the sledge will slide down the hill by itself.

Example 5.53

Part of an army assault course consists of a taut cable 25 metres long fixed at 35° to the
horizontal. A light rope ring is placed round the cable at its upper end. A soldier of mass
80 kg grabs hold of the ring and slides down the cable. If the coefficient of friction
between the ring and the cable is 0.4, find how fast the soldier is moving when he
reaches the bottom.

Fig. 5.16 shows the forces on the soldier with the ams
ring at some point of his descent. The normal
contact force is R N, the friction is F N, and the
acceleration is @ ms™ . The weight of the soldier
is 800 N, and the weight of the ring can be
neglected.

RN

R(lto the cable) 800cos55°~F =80a.

R(L to the cable) 800cos35°=R.

Since there is rnoti(.)n, friction is limiting, so that F =04R. So
800 cos 55° — 0.4 x 800 cos 35° =80a ,

a=10c0s55° -4 co835°=2459__ .
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The acceleration is constant, and you want to find the velocity when the soldier
has travelled 25 m down the cable. So use the equation v? = u® + 2as with u =0,
a=2459... and s =25. This gives

p? =07 +2x2.459...x25=1229... giving v=+1229... =11 .08... .

The soldier reaches the bottom of the cable at a speed of just over 11 ms ™.

Example 5.54

A block of weight 200 N is placed on a slope at A° to the horizontal, where sin 8° = 0.6
and cos §°=0.8. It is kept from moving by a horizontal force of P newtons. For different
values of the coefficient of friction g, find the range of possible values of P.

If P is too smali, the block might slide down the slope; if P is too large, the block
might be pushed up the slope. So the frictional force, F N, might act either up the
slope (Fig. 5.17) or down the slope (Fig. 5.18). The normal contact force is R N.

FN

Fig. 5.17
For Fig. 5.17:
R(L to the slope) Px0.6+200x08=R.
Rt to the slope} Px08+F =200x06.
Equﬂibrium is not necessarily limiting, so F = yR . This gives
120 - 0.8P = u(0.6P +160), which can be rearranged as
40(3-4u)=(08+06u)P, giving (4+3u)P=2003-4u).

Notice that, if g is greater than 3 the expression on the right is negative, but the
expression on the left is positive, so the inequality is always satisfied. This links
with the result of Experiment 5.3.2, where you found that the book would not slide
until the table is tilted so that tano® = t. In this example tan §° = g{% = -3—; so if
>3 the block will not slide down the slope even if the force P is removed.
200(3 - 44)

However, if i is less than %, P must be at least 13
+IU

from sliding down the slope.

to prevent the block

For Fig. 5.18, the equation for resolving at right angles to the slope is the same as
before, but the equation R(ll'to the s]ope) changes to

0.8P=rF+120.
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The condition F =< pR then leads to the inequality

08P 120 < u(0.6P+160), giving (4-3u)P=<200(3+4u).

Again, there are two cases. If y is less than 4 P cannot be greater than

3 k)
2003 +4
——4—(—3—3——@ ; otherwise the block would start to slide up the slope.
—OH

Butif g is greater than %, the expression on the left is negative and the

expression on the right is positive, so the inequality is always satisfied. This
means that, however hard you push, the block can never slide up the slope.

What is happening is that, as you increase P, the normal contact force from the
slope increases. If u is large, this produces a large increase in the limiting friction.
So although the resolved part of P up the slope also increases, it is not enough to
overcome the available friction.

The results of this example can be illustrated with graphs. In Fig. 5.19 values of P

200(3 -4
are plotted against gi. The lower graph has equation P = 2003~ 44) from
I h03+4n)
=0t p= 3'1 after which P = 0. The upper graph has equation P = 473‘1

from =010 = 131- If, for a particular value of 1, the value of P lies between
the two graphs, the block will be in equilibrium. If the value of P lies below the
lower graph, the block will slide down the slope. If the value of P lies above the
upper graph, the block will slide up the slope.

})
(newtons)
block |
slides up
—
___ bleekin
150 equilibrium
0 | é ‘ .
block g; % K
slides down
Fig.5.19 ‘ q'
Exergise 5B siaimng

1 A crate stands on the floor of a moving train. The crate has a tendency to slide backwards
relative to the train. State the direction of the {rictional force, and whether the train is
accelerating or decelerating.

The acceleration or deceleration has magnitude 4 m s~ and the crate is on the point of
sliding. Find the coefficient of friction between the crate and the floor.
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2 A cyclist and his bicycle have a total mass of 90 kg . He is travelling along a straight
horizontal road, at 7m s}, when he applies the brakes, locking both wheels. He comes to
rest in a distance of 5 m. Find the coefficient of friction between the tyres and the road
surface.

The coefficient of friction between a waste skip of mass 500 kg and the horizontal ground
on which it stands is 0.6. What is the maximum mass of waste material that the skip can
contain if it is to be moved by a horizontal force of magnitude 7350 N ?

A car is travelling on a horizontal straight road at 12ms™' when its brakes are applied,
locking all four wheels. The coefficient of friction between the road and the wheels is 0.8.
Find the distance travelled by the car from the instant that the brakes are applied until it
comes to rest.

5 The diagram shows a horizontal force of magnitude
30 N acting on a block of mass 2 kg, which is at
rest on a plane inclined at 50° to the horizontal.
Find the magnitude and direction of the frictional

force on the block.

6 An ice-hockey puck is struck from one end of a rink of length 27 m towards the other end.
The initial speed is 6 m s, and the puck rebounds from the boundary fence at the other
end with a speed which is 0.75 times the speed with which it struck the fence, before just
returning to its starting point. Calculate the coefficient of friction between the puck and the
icp?

A railway engine is travelling at 50m ™1, withont carriages or trucks, when the power is
shut off and the brakes applied, locking the wheels of the engine. The engine comes to rest
in 25 seconds. Calculate the coefficient of friction between the wheels and the track.

87 A block of mass 5 kg accelerates at 0.8 ms™, down a plane inclined at 15° to the
N horizontal, under the action of a force of magnitude 30 N acting down the plane. Calculate
" the coefficient of friction between the block and the plane.

,/9/ A crate of mass 350 kg is released from rest at the top of a polished chute of length 80 m,
which 1s inclined at an angle of 20° to the horizontal. The coefficient of friction between
the crate and the chute is 0.36. Calculate the frictional force on the crate, and the speed of

¥ the crate at the bottom of the chute, given that the crate

(3) 1sempty, (b) contains objects of total mass 150 kg.

A child starts from rest at the top of a playground slide and reaches a speed of 5.5m s7ha

the bottom of the sloping part, which makes an angle of 35° with the horizontal. The

coefficient of friction between the child and the slide is 0.25. Find the length of the sloping
art of the slide, and the length of time for which the child is on the sloping part. ‘

_A1 A car travels down a hill which is inclined at 6° to the horizontal, with its engine switched
off. When the car’s speed reaches 10 m s~ the brakes are applied, locking all four wheels.
The car comes (o rest in a distance of 8§ m ., Find the coefficient of friction between the
tyres and the road.
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A small magnet of mass 0.05 kg is held against the metal door of a refrigerator and then
released from rest. The magnetic effect is only partially effective and so the magnet moves
vertically downwards, remaining in contact with the door. The magnet travels 1.4 m in

¥ 2 seconds. Assuming the acceleration of the magnet is constant, find the frictional force on
the magnet.

Given that the coefficient of friction between the door and the magnet is 0.3, calculate the
normal contact force exerted by the door on the magnet.

/1{ A cyclist free-wheels down a slope inclined at 7° to the horizontal. When her speed gets to
4 ms™' she applies the brakes, locking both wheels. The cyclist comes to rest s after
¥ applying the brakes. Find the coefficient of friction between the tyres and the slope.

A/The diagram shows a force of magnitude 20 N
acting downwards at 25° to the horizontal on a block
of mass 4 kg, which is at rest in limiting equilibrinm
on a horizontal surface. Calculate the coefficient of
friction between the block and the surface.

The direction of the force of magnitude 20 N is now reversed. Calculate the acceleration
with which the block starts to move.

15 The diagram shows a horizontal force of magnitude
10 N acting on a block of mass 6 kg, which is at
rest in limiting equilibrium on a plane inclined at

4 20° to the horizontal. Calculate the coefficient of
friction between the block and the plane,

The direction of the horizontal force is now reversed. Find the acceleration with which the
block starts to move. '

1 /’+
i . Miscellarfeous exercise 5

I A book, which may be modelled as a particle of weight 8 N, rests in equilibrium on a desk
top inclined at 28° to the horizontal. Find the frictional force acting on the book.

The coefficient of friction between the book and the desk top is 0.6. Determine whether
the equilibrium is limiting. (OCR)

2 A coin is projected with speed 6 ms™' along the horizontal surface of a bench. The
coefficient of friction between the coin and the surface is 0.7. Modelling the coin as a
particle and assuming no air resistance, find the speed of the coin after 0.3s. (OCR)

3 A heavy ring of mass 5 kg is threaded on a fixed
rough horizontal rod. The coefficient of friction - ) I0°
between the rod and the ring is 1. A light string is
attached to the ring and pulled downwards with a force - T
acting at a constant angle of 30° to the horizontal
(see diagram). The magnitude of the force is T newtons, and is gradually increased from
zero. Find the value of T that is just sufficient to make the equi'l-ibrium limiting.  (OCR)
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A straight path is inclined at an angle of 15° to the
horizontal. A loaded skip of total mass 13500 kg is at -
rest on the path and is attached to a wall at the top of the -
path by a rope. The rope is taut and parallel to a line of I
greatest slope of the path, as shown in the diagram. :
Calculate the normal and frictional components of the

contact force exerted on the skip by the path when the tension in the rope is 2000 N .

After the rope is cut the skip is on the point of slipping down the path. Calculate the
coefficient of friction between the skip and the path. (OCR)

{Note: The ‘normal and frictional components of the contact force’ is another way of
referring to the normal contact force and the frictional force.)

3 A parcel, of mass 5 kg, rests on a rough plane inclined at
45° to the horizontal. The parcel is held in equilibrium by
a force of magnitude 20 N inclined at 30° to a line of
greatest stope of the plane, as shown in the diagram.
Draw a diagram showing all the forces acting on the
parcel, and show that the normal contact force between
the paicel and the plane has magnitude 254 N, correct to
3 significant figures.

Given that the-equilibrium is limiting, with the parcel on the point of moving down the
plane, find the coefficient of friction between the parcel and the plane. {OCR, adapted)

6 A straight footpath makes an angle of o with the
horizontal. An object P of weight 1250 N rests on
the footpath. The coefficient of friction between the
object and the footpath is 0.1. The least magnitude of
a force, acting up the footpath, which will hold the
object at rest on the footpath is 50 N (see diagram). By treating the object as a particle,
show that the value of ¢ satisfies 10sine® —cos® =04, (OCR)

7 XN Fig. | Fig. 2 YN

A loaded crate of mass 80 kg is to be moved along rough horizontal ground. A student was
asked to compare the least ‘pushing’ force needed with the least ‘pulling’ force needed.
The student modelled the crate as a particle, and looked at this problem by considering only
‘pushing’ forces and ‘pulling’ forces inclined at 30° to the horizontal. In Fig. 1 the least
‘pushing’ force has magnitude X newtons. Given that the coefficient of friction between
the crate and the ground is 0.6, find X,

In Fig. 2 the least ‘pulling’ force has magnitude Y newtons. Determine which of the
statements (a), (b) or (c) given below is true, and justify your conclusion.

@ X>Y, b X=Y, © X<7¥. (OCR)
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8 A book of mass 0.8 kg is placed on a rough plane inclined at an angle of 60° to the
horizontal. The book is just prevented from sliding down the plane by a force of magnitude
5N acting parallel to a line of greatest slope of the plane. Find the coefficient of friction
between the book and the plane.

@ 5N Fig. | Fig.;(S N

A small toy has mass 1.2 kg. When a child tries to move the toy along a horizontal floor by
pushing with a force of magnitude 5 N, acting downwards at an angle of 30° to the
horizontal as shown in Fig. 1, she is unsuccessful. When the child tries to move the toy by
pulling with a force of magnitude 5 N ,acting upwards at an angle of 30° to the horizontal
as shown in Fig, 2, she is successful. Show that the coefficient of friction between the toy
and the floor lies between 0.30 and 0.46, to 2 significant figures. (OCR, adapted)

A log, of mass 80 kg, rests on horizontal ground. When a force of magnitude 240 N is
applied to the log in an upward direction that makes an angle of 20° with the horizontal,
the log is on the point of moving. Modelling the log as a particle, calculate the coefficient
of friction between the log and the ground. (OCR)

(s

@ A laundry basket of mass 3 kg is being pulled along a rough horizontal floor by a light

rope inclined upward at an angle of 30° to the floor. The tension in the rope is 8 N.
Considering the laundry basket as a particle, calculate the magnitude of the normal contact
force exerted on the laundry basket by the floor.

Given that the acceleration of the laundry basket is 0.2 m s™%, find the coefficient of
friction between the laundry basket and the floor, {OCR)

@ A parcel of mass 3 kg is released from rest at the top of a straight chute which is fixed at

40° to the horizontal. Given that the coefficient of friction between the parcel and the
chute is (1.2 , and neglecting any other resistances, calculate the acceleration of the parcel
as it slides down the chute. (OCR)

@ A coin of mass 8 grams is placed flat on a rough board, which is inclined at an angle of
25° to the horizontal. The coin moves downwards with acceleration 1.5 m s™ . Find the
coefficient of friction between the coin and the board. (OCR)

{/Inltlally a small block of wood is at a point O on a rough plane inclined at 15° to the
horizontal. The block is projected directly up the plane wﬁh initial speed 4 m s ' The

¥ coefficient-of friction between the block and the plane is ;5. The block comes
instantaneously to rest at A . Find the distance OA.

Find the speed of the block as it passes through O when moving back down the plane.
(OCR)
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15 A wooden box is pulled along a rough horizontal floor by means of a constant force of
magnitude 150 N acting at an angle of 40° above the horizontal. The box may be
modelled as a particle of mass 45 kg, and air resistance may be neglected. Draw a diagram
showing all the forces acting on the box, and show that the normal contact force of the
floor on the box is approximately 334 N.

The coefficient of friction between the box and the floor is 0.3. Calculate the time taken
for the box to move 40 m from rest. (OCR, adapted)

A girl sitting on a wooden board slides down a line of greatest slope, which is inclined at
10° to the horizontal, on a snow-covered mountain. The combined mass of the girl and the
board 15 65 kg, and the magnitude of the frictional force between the board and the slope is
125 N . Air resistance may be ignored. Show that the coefficient of friction between the
board and the slope is 0.20 correct to 2 significant figures, and verify that the girl and the
board are slowing down.

The girl passes a point A travelling at Sms™'. Calculate her specd at the point B, where
¥ Bis 40 m down the slope from A .

Later in the day the girl, still sitting on the board, is pulled up the same slope, with constant
speed, by a rope inclined at 30° above the horizontal. The surface of the slope may now be
assumed (o be smooth. Calculate the magnitude of the force exerted on the board by the

siope. (OCR)

A schoolboy slides a box, of mass 6 kg, down a straight path inclined at 20° to the
horizontal. The initial speed of the box is 5m 5™, and the coefficient of friction between

p the box and the path is 0.8. Assuming constant acceleration, find the distance travelled
before the box comes to rest. {OCR)
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This chapter applics the constant acceleration formulae to the special case of motion due to
the force of gravity, either vertical or along a slope. When you have completed it, you should

s understand that motion upwards and downwards can be covered by a single set of
equations, with velocity and displacement either positive or negative

¢ appreciate the effect of friction for motion on a slope, and of air resistance for vertical
motion.

Objects failing from a height

You know from Chapter 3 that an object falling freely under the force of gravity has a
constant acceleration of about 10 ms™, often denoted by g . This acceleration is the
same whatever the mass of the object, but the model is based on the assumption that the
effect of air resistance is so small that it can be ignored in calculations.

Since the acceleration is constant, you can use the formulae in Section 1.5 to answer
questions about the time it takes to fall a certain height, the speed after falling a certain
distance, and so on.

Example 6.1.1

At a swimming pool a girl steps from a diving board 4 m above the surface of the
water. How fast is she moving when her feet hit the water?

The girl’s initial velocity is 0 and her acceleration in metre—~second units is 10.
You want a connection between the velocity v and the displacement s, s0 use the
formula v* =% +2as to get v> =0+ 2x 10x s, giving v2 =20s. When s =4,
y? =80,50 v= @,or 894....

The girl is moving at just under 9 ms™ when her feet hit the water.

Example 6.1.2
A brick is dislodged from the top of a tall block of flats. A resident on a 10th-fioor
balcony sees it passing, and a sécond later hears it hit the ground. Each storey has a

height of 2.5 m. How tall is the block of flats, and how fast is the brick moving when it
hits the ground?

As in the previous example, =0 and a =10. You are interested in the distance
the brick moves in a certain time, so use the formula s = ¢+ 4ar” to get the
displacement—time equation § = 5¢2.

Suppose that the height of the block of flats is 7 metres and that the brick takes
T seconds to fall to the ground. The height of the balcony above ground level is
10x 2.5 metres , which is 25 metres. So s =4 when f=7,and s=h —25 when
t =T —1. Substituting these pairs of valuesin s= 5¢7 gives
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h=5T" and h-25=5T -1)°.
Subtract the second equation from the first. This gives
h—(h=25)=5T =5 -1)*,
which simplifies to
25=5(2T 1), so T=3.
From this you can calculate h = 5x 3% = 43, so the block of flats is 45 m high.

To find how fast the brick is moving when it hits the ground, use the formula
v=u+at, which with the known values of u and a becomes v = 10s. So when
t=3, v =30. The brick hits the ground with a speed of 30 ms™".

S R R ke SR e
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s3Ee Exercise 6A S e e

Alr resistance may be ignored, and you may assume that the moving objects do not
cncounter any obstacles (such as the ground) unless specifically mentioned in the question.

1 A stone is dropped from rest. Find the velocity of the stone and the distance it has fallen
after 3 seconds.

2 A ball is dropped from rest at a height 10 metres above the ground. Find the velocity of the
ball just before it hits the ground.

3 A girl standing on a bridge over a river drops a stone from rest. The stone hits the water
after 1.4 seconds. How high is the bridge?

4 A ball is thrown downwards with an initial velocity of 3.5ms™', and hits the ground when
its velocity is 17.5 ms™. From what height was the bali thrown?

5 A stone is thrown downwards from a height of 14.7 metres and hits the ground after
1.4 seconds. Find the velocity of the stone just before it hits the ground.

T R B T e e L O T S s

R T

Objects projected upwards

In cricket, when a fielder makes a catch he often celebrates by throwing the ball
vertically up into the air. To do this he has to give the ball an initial velocity, and the
force producing this comes from his hands. But once the ball is in the air, the only force
on it is the force of gravity.

While the ball is rising, its displacement and velocity are upwards, but the force is
downwards. Gravity therefore produces a deceleration of 10 ms™, so that in the
constant acceleration formulae you must write a =-10.

Example 6.2.1
A ball is thrown vertically upwards and rises a height of 12.8 metres. Find the speed
with which it was thrown, and its velocity when it has risen 11 metres.
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In this example you are not interested in the time, so use the formula which leaves
out ¢, which is v* =1’ +2as. The initial velocity u is unknown, but a = —-10.
The equation connecting velocity and displacement 1s therefore vi=u? - 20s.

Since the ball rises a height of 12.8 m, its velocity is 0 when s =12.8. Therefore
0=u?-20%12.8,50 u” =256, giving u =16. That is, the ball was thrown with
an initial velocity of 16 ms™.

You can now substitute 16 for « in the velocity—displacement equation to get

v? =256 -20s.So when s =11, p? =256-20%11= 36, giving v "—“& = 6. That
is, when it has risen 11 metres the ball is moving upwards at a speed of 6 m 57

The questions asked in this example refer only to the upward motion of the ball. But
what goes up must come down, and you could go on to ask questions about the complete
throw from the moment when the ball leaves the fielder’s hands until the moment when
he catches it again. For example, how long is it in the air for, and how fast is it moving
when it is caught?

You could answer these questions by splitting the throw into two parts: the upward
motion, and then the downward motion, in which the ball falls from a height of

12.8 metres. But this is not necessary. You can usc just one set of equations, which hold
for both the upward and the downward motion.

Consider the velocity-time equation v = &+ at, which in this example takes the form
v =16 --10¢. The upward part of the throw lasts until v =0, when ¢ = {—g =1.6; so the
ball reaches its greatest height of 12.8 metres after [.6 seconds. After that the equation

gives a negative value for v.

Notice that in setting up the model for this example, and in stating that « =16 and
a =—10, it is implied that quantities measured in the upward direction are to count as
positive, So if v turns out to be negative, this means that the ball is moving downwards.

This illustrates the difference between the terms ‘speed’ and ‘velocity’. For example, if
you take =2, you get v =16-10x 2 =—4. You would say that the ball has a velocity

of —4 ms™" in the upward direction, but that it is moving with.a speed of 4 m s

Now consider the displacement-time cquation s = ut + %—m‘a , which for this example

takes the form s = 16z — 5¢>. You can check from this th_at, when t=1.0,
$=256=12.8 =12.8, which confirms that the ball reaches its greatest height,

12.8 metres, after 1.6 seconds. After that the displacement starts to decrease. For
example, when ¢ =2,you get s =16X2-5X4 =12. So after 2 seconds the ball s at a
height of 12 metres.

By writing the equation for s as s = (16~ 3¢}, you can see that s =0 when
t= 15? =3.2. This means that after 3.2 seconds the displacement s, that is the height of
the ball, is zero. So the complete throw lasts for 3.2 seconds.



80 MECHANICS 1 ;
AVTAVIAVYA g(‘Pngde.COm

Finally, substituting t = 3.2 in the equation v =16 — 10t gives v=16—-32=-16. This
means that, when the ball is caught, its velocity is —16 ms™'; that is, it is descending
with a speed of 16 ms™.

It is interesting to notice that the ball takes just the same time to go up as to come down,
and that it is caught with the same speed as it is thrown. This is always true for an object
moving under the force of gravity alone which is thrown up and caught at the same
level. You are asked to prove this in Exercise 6B Question 13.

Figs. 6.1 and 6.2 show the velocity—time and displacement—time graphs for the throw.

Fig. 6.1 shows that v is positive up to f = 1.6 and negative for ¢ between 1.6 and 3.2, but
that the whole throw can be thought of as part of one continuous motion. Fig. 6.2 shows s
increasing to a maximum value of 12.8 when ¢ =1.6 and then decreasing to 0 when r=3.2,

5 A
v
12.8
6
going
up
coming
down
16 - 16 32 1
Fig. 6.1 Fig. 6.2

It is important to notice how the displacement is found from the velocity—time graph.
The region between the graph and the time-axis consists of two triangles, shaded dark
and light grey in the figure. Both these triangles have area ;x 1.6x16 =12.8. The dark
triangle shows that the displacement increases by 12.8 metres between ¢ =0 and

£ =1.6. But the light triangle, which lies below the axis, shows that the displacernent
decreases by 12.8 metres between ¢ = 1.6 and 3.2, so that by the time + = 3.2 the
displacement is 12.8 + (—12.8), which is zero.

This illustrates the difference between the terms *distance” and ‘displacement’. During
the throw the ball moves a distance of 12.8 +12.8 = 25.6 metres, but since it ends up
where it started the displacement at the end of the throw is zero.

Example 6.2.2

Juliet’s balcony is 3.6 metres above the ground. Romeo throws a bunch of flowers up to
her with a speed of 11 ms™". Juliet responds by throwing him an orange, which she
throws upwards with a speed of 3ms™" . Find the time for which each gift is in the atr,
and the speed at which it is moving when it is caught.

For Romeo’s flowers you have =11 and a =-10, so that the displacement-time and
velocity—time equations are s =17 —5¢ and v =11—10¢. Juliet catches them when
s=3.6, which is when 11f - 5% =3.6, or 25t —55¢ +18 = 0. This factorises as

{5t —2)(5r - 9) = 0. There are therefore two possibilities, 1 =04 or r =128.

You can see the reason for this by calculating the corresponding values of v,
which are 11-10x04 =7 and 11-10x 1.8 = -7 . Julict has two chances of
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catching the flowers: either as they go past the balcony on the way up, after
0.4 seconds with a speed of 7ms™', or on the way down again, after 1.8 seconds
and with the same speed.

For Juliet’s orange u =3 and a =—10, 5o that 5= 3¢~ 5¢% and v = 3—10r. In this
case s stands for the displacement above Juliet’s hands when she throws the
orange, so to find when Romeo catches it you must take s to be —3.6. A negative
displacement means that the object is in the negative direction from the point
where it started.

This leads to the equation 3¢ — 5(* =—36,0r 25t* ~15¢ —18 =0, which factorises
as (5t + 3)(5t - 6) = 0. Since ¢ cannot be negative in this model, 5¢ -+ 3 cannot be
zero, so the only possibility is 5 —6 =0, or t =1.2. This gives the value
y =3-10% 1.2 =-9. So Romeo catches the orange after 1.2 seconds, when it is
coming down with a speed of 9 m s7t
A detail that you should notice in this example is that 3.6 m is given as the height of the
balcony above the ground, but the gifts in fact move from the hands of one of the lovers
to the hands of the other. So in taking the displacement to be + 3.6 m it has been assumed
that each throws the gift at the same height above the floor as the other caiches it.

One final point should be made. There is nothing special about taking the positive
direction to be upwards. You could equally well take it to be downwards, in which case
the signs of u, a, v and s (but not t) would be reversed. But it scems more natural to
take the positive direction upwards, since that is the direction in which the object is
moving at first. If you look back at Section 6.1, where the motion was only downwards,
the obvious choice was to take the positive direction downwards.

e

Exercise 68 S iimeanngg

Adr resistance may be ignored, and you may assume that the moving objects do not
encounter any obstacles (such as the ground) unless specifically mentioned in the question.

1 A machine projects a tennis ball vertically upwards with an initial velocity of 25 m s~
Find the velocity and the height of the ball after 2 seconds.

2 A juggler throws a ball vertically upwards with an initial velocity of 6 m s, Find the
greatest height of the ball.

3 A ball is thrown vertically upwards and reaches a maximum height of 22 metres. Find the
initial velocity of the ball.

4 A stone is thrown upwards and reaches a maximum height of 35 metres. Find the time
taken to reach the maximum height.

5 A cricket ball is hit vertically upwards and reaches its maximum height after 2.2 seconds.
Find the maximum height of the ball.
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6 A boy throws a ball upwards with an initial velocity of 8 ms™ from a point 3 metres
below the ceiling. Find the time between throwing the ball and the ball hitting the ceiling.

7 A stone is thrown upwards with an initial velocity of 20 m s™'. Find the velocity and the
height of the stone after 3 seconds.

8 A ball is thrown upwards and is caught (at the same height) 3.2 seconds later. Find the
tnitial velocity of the ball.

9 A stone is thrown upwards with an initial velocity of 18 ms™'. Find the time when the
stone returns to the point of projection, and the velocity of the stone at this instant.

10 A ball is thrown upwards with an initia} velocity of 15.5ms"". For how long is the ball
higher than 10.5 metres?

Il A ball is thrown upwards with an initial velocity of 12 ms™" from a point 2.5 metres above
the ground. Find the time when the ball reaches the ground, and the velocity of the ball at
this instant.

12 A stone is thrown upwards with an initial speed of 15 ms™" from the top of a cliff. It lands
at the bottom of the cliff after 5.4 seconds. Find the height of the cliff.

I3 An object is thrown vertically upwards with initial speed . Show that it reaches its
2
. . . . U
maximum height after time — and show that the maximum height is P
8 8

. . L . 2u .
Show that the object returns to the point of projection after total time ~— and find its
. . . ¥
velocity at this instant. §
Deduce that the time moving upwards is the same as the time moving downwards, and that

the speed of the object when it returns to the point of projection is equal to its initial speed.

14 A trampolinist bounces upwards and lands (at the same level) | .8 seconds later. Find the
initial velocity of the trampolinist, and her greatest height.

15 A stone is thrown upwards with an initial velocity of 25ms™" from a point 30 metres
above the ground.
(a) Find the maximum height of the stone (above the ground).
{b) Find the time when the stone hits the ground.

(c) Display the (¢,v) graph for the motion of the stone (up to the time when it hits the
ground).

{(d) Display a graph showing the height of the stone as a function of time,

O T e R P A S A AT R

Motion on a sloping plane

You can use a similar method to investigate the motion of an object sliding up and down
a slope under the action of the force of gravity, but the acceleration in this case is not so
large. This is illustrated by the next two examples. In the first the slope has a smooth
surface, and in the second friction is introduced.

ot -
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Example 6.3.1

A path runs up a hillside, at an angle of «® to the horizontal, such that sing® = 0.6 and
cosc® =0.8. A block is placed on the path, and is prevented from sliding down by a low
kerbstone. The block is struck and starts to move up the path at a speed of 12 ms ' The path
is icy, so the effect of friction can be neglected. Find how far up the path the block moves,
the speed with which it hits the kerbstone on its return, and the time it is in motion.

The only two forces on the block as it slides on the

path are its weight and the normal contact force, am?
shown in Fig. 6.3. The mass of the block is not given,
so take it to be M kg . Then the weight of the block is
1OM newtons, and the resolved part of this weight
down the planc is 10M cos(90 —x)° newtons, which
is 10M singe® = 6M newtons. So if the acceleration
of the block up the plane is ams™, Fig. 6.3

R(llto the plane}  —6M =Ma,  which gives a=-6.

Thc fnrst two questions can be answered from the vclocntyﬂhsplacement equation
v? =u* 4+ 2as, which with «# =12 and @ =—6 takes the form v? =144 -12s.

At the furthest point up the path v =0,80 s = 55 = 12 Later, when the block hits

the kerbstone again, the displacement is 0, so v2 =144 . Since by this time it is
sliding down the path, the velocity must be negative,so v =-12.

There are several ways of finding the time for which the motion lasts. One is to
use the velocity—time equation v = i+ at in the form v =12-61. You know that
when it hits the kerbstone v =12, s0 —12 =12 —6¢, which gives tm-— 4,

So the block travels 12 metres up the plane, and after 4 seconds it hits the
kerbstone with a speed of 12 ms™,

Example 6.3.2
Rework Example 6.3.1 when the ice has melted. The coefficient
of friction between the block and the path is now 0.45.

a m?

Fig. 6.4 shows the forces on the block while it is sliding
up the path. To find the frictional force you first need to
know the normal contact force, R newions.

R(Ltothepath) R=10Mcoset®, so R=8M.
Since the block is in motion, friction is limiting and equal to

0 45% 8M newtons, or 3.6M newtons.

R{lito the path) ~—6M —3.6M =Ma, whichgives a= —9.6.
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Using the equations v=u+af and v’ = u® + 2as for the motion up the path,
v=12-96¢ and v’ =144 -19.25. So at the

highest point, when v =0, 1 = 2% = 1.25 and
5= ?!;4—2 =735. coming down

For the return part of the motion the direction of
the frictional force is reversed, and the forces are
as shown in Fig. 6.5. It is now simpler to take the
positive direction to be down the path, since the
displacement and the velocity are both in that B I
direction. Calling the acceleration a’, Fig. 6.5

. )
ams
g D 045RN

Rllto the path)  6M —36M =Ma’, so o =24.

For this part of the motion 1 =0 and a’ = 2.4, so the equations v*° = u° + 2ay and
p q

S= 1+ % at’ take the forms v> =4.8s and s = 1.2¢%. The block hits the kerbstone

7.
when s=7.5,50 v=v48x7.5=6 and t:JTg =12.5.

So the block now travels 7.5 metres up the path, is in motion for a total time of
1.25+2.5, or 3.75 seconds, and hits the kerbstone with a speed of 6 ms™.

displacement

without
\E?alfs‘iill}y . up path (Hl‘% . friction
12 - without
; friction
going 7.5
up
2 T > with
coming 3754 time friction
down —6 - (s} .
on ™ %5 5 3754 ime
~12- friction . . o
Fig. 6.6 Fig. 6.7

Fig. 6.6 and Fig. 6.7 show the velocity—time and displacement—time graphs for
Example 6.3.1 (broken line) and Example 6.3 .2 (solid line), with the direction up the
path taken as positive. The graphs for the motion without friction take the form of a
single straight line and parabola, but those for the motion with friction consist of two
straight lines and two half-parabolas joined together. In Fig. 6.6, for both velocity—-time
graphs, the areas of the triangles above and below the time-axis are equal.

Vertical motion with air resistance

When an object is moving vertically there is no frictional force between solid surfaces,
but there will usually be resistance from the air. An important difference between these
forces is that, in the standard model, the size of the frictional force does not depend on

the speed, but air resistance increases with the speed of the object.
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The size of the air resistance force depends also on the shape of the object, the surface
area, the material of which the surface is made, and the density of the air. These factors
are combined to give a constant of proportion & in the equation defining the model. A
useful approximation is that at low speeds the air resistance is proportional to the speed,
and that at higher speeds it is proportional to the square of the speed.

For a falling object, there is a speed at which the air resistance is so large that it exactly
balances the weight. When this occurs, no further acceleration is possible. This speed is
called the terminal speed.

Example 6.4.1

Theee people step out of an aircraft, and fall vertically before opening their parachutes.
The first, who has a mass of 80 kg, remains upright as he falls, and has a terminal speed
of 50 ms™. The second is a soldier wearing heavy clothing and carrying equipmeat; his
mass is 120 kg, and he also remains upright. The third is a skilled skydiver, of mass

70 kg , who takes up a horizontal position with arms and legs stretched out; this enables
her to multiply the air resistance constant by a factor of 12. Find the terminal specd of
the soldier and the skydiver.

150“15"' L\ms—l lyms'

2500kN T k2N i2kyIN T l
80x 10N 120X 10N 0% 1ON

Fig. 6.8

Fig. 6.8 shows the forces on the three people. Suppose that the air resistance on
the first is given by the formula kv* newtons, where v is his speed in m s . The
resistance on the soldier will not be very difterent, since he adopts the same

upright position. For the skydiver the resistance is given to be 12kv?. newtons.
Let the terminal speeds of the soldier and the skydiver be x m s and yms™

respectively. Then, equating the weight to the air resistance in each case,
80X 10=kx 507, 120x10=4kx’ and 70x10=12ky".

: 80x 10
The first equation gives k = o= =1{.32. Substituting this in the second and

T =

,120><10 ’ 70x10
third ti i =, =612... and y=,|]———— =135....
ird equations gives x 033 and y =40y

So the soldier will have a terminal speed of just over 60 m s~ , but the skydiver
can reduce hers to less than one-quarter of that value.
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Notice that although the gravitational acceleration is the same for all three people,
regardless of their mass, the soldier’s greater weight causes him to fall with a faster terminal
speed than the first person. On the other hand, by presenting a larger surface area to the

air stream, the skydiver can reduce her terminal speed to allow much more time to

enjoy the fall and to carry out spatial manoeuvres before she needs to open her parachute.

A detailed analysis of motion against air resistance involves quite advanced mathematics,
which must wait until the unit M2. However, it is possible at this stage to give an
approximate description of how air resistance affects vertical motion.

Example 6.4.2°

A cannonball is projected vertically upwards from a mortar with an initial velocity of

40 ms™'. The mortar is situated at the edge of a cliff 100 metres above the sea. On the way
down, the cannonball just misses the cliff. In vertical fall the cannonball would have a
terminal speed of S0 ms . Calculate the acceleration of the cannonball just after it leaves
the mortar barrel, and at the highest point of its path. Draw graphs to compare the actual
motion with the motion predicted if there were no air resistance.

For the motion without air resistance # =40 and a =10, 50 the constant
acceleration formulae give v =40-10¢ and 5 = 407 — 5¢%. The cannonball would
reach its highest point when v =0, which is when ¢ =4, at which time s=80. It
would enter the sea when 5 = —100, and you can easily check that this is when

£ =10, that is 10 seconds after it is fired. The velocity—time graph is the broken
line in Fig. 6.10,

To find the acceleration for the actual motion you need to know the formula for
the air resistance. Suppose that this has the form kv* newtons, and that the mass
of the cannonball is M kg. Then since the terminal speed in vertical fall is

50ms ', the weight 10M must balance the resistance kv® when v =50, This is
expressed by the equation

10M =2500k, so  k=0004M .

Fig. 6.9 shows the forces on the cannonball as

, 1600kN
it leaves the mortar barrel. Since the speed is ‘ a ms-ZT D 40ms!
40 ms™ , the resistance is 16004, or
6.4M newtons. Y 10MN
R(T) -10M -64M = Ma, i

. Fig.6.9
50 a=-164.

The cannonball therefore has a deceleration of 16.4 ms™ as it leaves the barrel.

At its highest point v =0, so the air resistance is zero. Here, therefore, the
cannonball simply has the acceleration due to gravity, 10 ms ™.
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These calculations show that the

velacity-time graph has the shape of ‘(‘;]l]“:’:i',‘)y
Fig. 6.10. When ¢ =0 the gradient is 40,
—16.4, stecper than the gradient of —10 going :
for the broken line representing the up
motion without resistance. But when
v =0, as it crosses the time-axis, the
gradient is —10, so it is parallel to the

without
resistance

coming

; F. : " with
broken l:nc. Since the terminal speed is down resistance
S0 ms™, the graph can never go below
v=-50, =50 -

Fig. 6.10

The greatest height of the cannonball 1s
shown by the area of the region shaded
dark grey. It looks as if this is roughly
three-quarters of the corresponding area for the broken line, which is 80, so the
cannonball rises to a height of about 60 m. The time when the cannonball enters
the sea is shown by the value of ¢ for which the area of the light grey region
exceeds that of the dark grey region by 100. This is not so casy to estimate, but it is
probably not very different from the value for the motion without resistance.

Exercise 6C

I A particle of mass é kg is placed at a point ( on a track inclined at an angle sin"i% to the
horizontal. It is projected up the track with a speed of 12 m s”!. There is a frictional force
of magnitude 2 N, which acts in a direction opposite to the direction of motion.

(a) Find the deceleration of the particle when it is moving up the track, and the
acceleration when it is moving down.

(b) Find how far the particie goes up the track, and how long it takes to do so.
(c) Find how long it takes for the particle to return to O, and its speed when it reaches O.

(d) Draw the {¢,v) graph for the motion of the particle up to the time when it gets back to
O, and sketch the (z,s) graph.

What would be the answers to (b) and {c¢) if there were no friction? Compare the
corresponding (¢,v) and (z,5) graphs with those you have already drawn.

2 A smooth track is inclined to the horizontal at an angle of sin”! % A particle of mass m is
placed on the track at a point O, and projected directly up the track with speed 24 ms™,
Find how far the particle goes up the track, the speed at which it returns to O, and the time
that it takes from the instant of projection until it gets back to O.

What would the corresponding answers be if the plane were rough with coefficient of

29
20

3 A rock of mass 20 kg falls from a height. As it falls, it experiences air resistance of
magnitude 0.08v? newtons, where v is its speed in m s™!. Find the terminal speed of the
rock. With what acceleration will it be falling when its speed is 25 ms™ ?

friction
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A cat falls from a branch of a tall tree and lands on the ground 3 seconds later. Neglecting
air resistance, estimate the height of the branch and the speed at which the cat is falling just
before it lands.

If air resistance is taken into account, will the height and the speed be larger or smaller than
the values you have calculated?

The air resistance is modelled by an expression of the form kv newtons, where v is the

cat’s speed in m ™' If the cat has mass 2%— kg, and its terminal speed is 50 ms™", find the

value of the constant & . Calculate the cat’s acceleration when it is falling at 10 ms™ .

A child is on the balcony of a flat, 9.8 metres above the ground. She drops a brick over the
railing, and it falls to the ground below. Neglecting air resistance, calculate how long it
takes to fall, and how fast it is moving when it hits the ground.

The mass of the brick is 1 kg, and when falling at v m s~ the air resistance has maenitude
g g g

v newtons. What is the terminal speed of the brick? Find a formula for its acceleration

when it is falling with speed vms™.

Draw a sketch to compare the (£,v) graphs for the fall, using the models without and with
air resistance. What can you say about the values given by the two models for

(a) the speed when the brick hits the ground,
(b) the time that it takes to fall?

A skydiver of mass m kg steps out of an aircraft and starts to fall. The air resistance when
his speed is v m s™" is given by kv newtons. If his terminal speed s 40 ms™!, find an
expression for £ in terms of m.

When his speed reaches 16 ms™ he adopts a position for which the air resistance is dkv?
newtons. Find his new terminal speed. Find also the acceleration with which he is falling

(a) just before he adopts the new position,

(b) just after he adopts the new position.

A child throws a ball of mass 0.1 kg vertically upwards with a speed of 8 ms™' from a
height of 0.5 m above the ground, and catches it at the same level. Ignoring air resistance,
calculate the greatest height of the ball above the ground, and the time it is in the air.

Suppose that the air resistance is modelled by the expression 0.02v newtons, where v is
the speed of the ball in ms™'. Calculate the acceleration of the ball

(a) justafteritis thrown, (b} at the highest point.
With this model, what can you say about .

(i) the greatest height of the ball above the ground,

(ii) the speed at which it is falling just before it is caught,

(iii) the acceleration of the ball just before it is caught?

On another occasion the child drops the ball from the top of a high tower. What can you
say about the speed at which it hits the ground?
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e e e e et e Miscellaneous exercise 6

1 Humpty Dumpty sat on a wall 3.2 m high. When he fell off, how long did he take to reach
the ground, and how fast was he moving when he hit it?

2 A coin is thrown vertically upwards, with speed 5 m s™', from the top of a wishing-well.
There is no water in the well and the coin hits the bottom of the well 3s after being
thrown. Modelling the coin as a particle, and ignoring air resistance, calculate the depth of
the well. (OCR)

3 A ball is projected vertically upwards, from a point O, with speed 32 m s Ignoring air
resistance, find the time it takes the ball to return to 0.

Sketch the (¢,v) graph for this motion. {OCR)
4 Bheki is standing on the flat roof of a house 6 m high, and Abel is on the ground vertically

below. Abel throws a ball up to Bheki with a speed of 17 ms~, and Bheki catches it on the
way down. How long is the ball in the air, and how fast is it moving as Bheki catches it?

5 A ball is projected vertically upwards from the point A with speed um s~!. The ball
returns to A after 8 s. Ignoring air resistance, find the value of .

v oA v w v A
{ms (mshH (m s

| NN

0 4 8 1(s) 0 4 8 1(s) 0 4 g 1(s)

Students were asked to draw a graph of velocity against time to maodel the motion of the
ball. Three of the (z,v) graphs presented are shown above.
(a) Explain why the middle graph is incorrect.

{b) If you think either of the others is correct, state which one. If you think neither is
correct, sketch the correct graph. : (OCR)

6 Inalaboratory experiment the motion of a steel ball-bearing falling vertically in a tank
containing a liquid is observed.

(@) State why the acceleration of the ball-bearing is less than g.

(b) The ball-bearing is released from rest in the liquid, and after 0.60 s it has fallen a
distance of 1.53 m . Assuming that the acceleration of the ball-bearing has a constant
value @ m s, find ¢ and find also the speed of the ball-bearing after 0.60s.

(c) Atatime of 0.30s after release the ball-bearing had fallen a distance of 041 m.Show
how this observation contradicts the assurption of constant acceleration made in {(b).
(OCR)

7 A very deep shaft is drilled vertically through the earth. When a brick is dropped into the
shaft, the sound of the brick hitting the bottom is heard 7.7 seconds later. Taking the speed
of sound to be 350 ms™ ., find the depth of the shaft.
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A helicopter is hovering 500 m above the ground. A package is dropped from the
helicopter, and 2 seconds later a second package is dropped from the same position. Find
expressions for the difference in height of the two packages, distinguishing the cases
O=r=2,2<1r=<10,10<r=<12 and t>12.Sketch a graph to show this difference in
height, and find its greatest value.

A parachutist with her equipment has mass 72 kg. The speed with which she lands is equal
to the speed with which she would hit the ground if she Jjumped off 2 wall 3.2 m high.
Taking this to be her terminal speed with the parachute open, and supposing the air
resistance when she is falling at v ms™" to be given by the expression kv newtons, find the
value of k.

When she jumps from an aircraft, she falls a distance of 40 m before opening her
parachute. What can you say about the speed with which she is then falling, and her
deceleration when she first opens her parachute? Draw a rough sketch of the (,v) graph
for the complete drop.

When an object falls through a liquid, three forces act on it: its weight, the buoyancy and
the resistance of the liquid. Two spheres, of mass % kg and l% kg respectively, have the
same radius, so that they have the same buoyancy of 3.2 newtons, and the same resistance
formula, 5v newtons when failing at speed v ms™'. Both spheres enter the liquid falling
vertically at 1 ms™", Calculate the terminal speeds of the two spheres, and the acceleration
or deceleration when they enter the liquid. Using the same axes, sketch (¢,v) graphs for the
two spheres.

[f the depth of the liquid is 10 m | show that the heavier sphere reaches the bottom after a
time between 4 and 10 seconds. Find bounds for the time that the lighter sphere takes to
reach the bottom.

An object of mass m kg falling from rest has terminal speed 20 ms™". Two models are
suggested for the air resistance force: kv newtons or v’ newtons, where ki, k, are
constant and v is the speed in ms™'. Find expressions for k; and &, in terms of m, and
hence find expressions for the acceleration of the object at speed vms™ according to the
two models. Using the same axes, draw graphs of these two expressions and show that, at
all speeds up to 20 ms™, the acceleration predicted by model 2 is greater than that
predicted by model 1.

Sketch (¢,v}) graphs for the falling objects according to the two models. Which model
predicts the shorter time to fall a given distance from rest?
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Revision exercise 1

1 An iceberg breaks off from the Antarctic continent and floats due north at constant
velocity. Its latitude south decreases by 1° in 8 days. Taking the circumference of the earth
to be 40 000 km , calculate the speed of the iceberg in m s

2 A train increases speed from 40 m s to 60 ms™" in a distance of 2 km . If the
acceleration is constant, find

{a) the acceleration, {b) the time it takes.

3 A motorcyclist leaves a town travelling at 15 m s”', and accelerates at 2.5m s> Write

expressions for the distance travelled in the next ¢ seconds, and the speed after that time.
How long will he take to go 200 m, and how fast will he then be going?

4 A shopper pushes a loaded supermarket trolley of total mass 60 kg with a horizontal force
of 40 N. There is a resistance to motion of 25 N . Find how long she takes to reach a
walking speed of 1.5 m s~ from rest, and how far the trolley goes in that time.

5 An airliner of mass 60 tonnes lands at a speed of 70 m s”1. The reverse thrust of the

engines reduces this speed to 20 m s™' in 10 s. Neglecting air resistance, calculate the
magnitude of the reverse thrust.

Would you get a larger or smaller value than this if air resistance is taken into account?

6 A rowing crew with its boat has a total mass of 800 kg . Starting from rest, the boat reaches
a speed of 5ms™" in 25s.If the resistance of the water is 320 N, find the average
contribution to the forward force on the boat made by each of the eight rowers.

7 A crane lowers a container of mass 5 tonnes gently on to a quay. At a height of 10 m
above the quay the container is descending at 4 m s~!. This is reduced to zero with
constant deceleration. Calculate the tension in the cable.

8 A car accelerates using three gears to reach a speed of 30 m s~ from rest. The speed
ranges and the corresponding accelerations are given in the table for each gear. Each gear-
change takes I second, during which time the speed of the car is constant.

Gear first second third
Speed range (m s") 0to5 51020 20 to 30
Acceleration { m s™) 2.5 1.5 i

Draw a {¢,v) graph to show the motion of the car. Calculate the time the car takes to reach
30 ms™', and the distance travelled while it does so.

9 A loaded airport luggage trolley has a total weight of 960 N. It is being wheeled down a
ramp at an angle of 8° to the horizontal. What force parallel to the ramp must be exerted to
hold it steady?

A similar trolley is being pushed up the ramp by a force applied at an angle of 157 to the
ramp. What force must be exerted to keep it moving at a constant speed?
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A car of mass 1500 kg making an emergency stop leaves skid marks 7 m long on the road.
If the coefficient of friction between the tyres and the road is 1.5, calculate how fast the car
was travelling when the brakes were applied.

A train braking with constant deceleration covers 1 km in 20 s, and a second kilometre in
30's. Find the deceleration. What further distance will it cover before coming to a stop, and
how long will this take?

A sailor fires a distress flare vertically upwards with a speed of 40 ms™' . How high above
the sea does it rise? For how long will it be more than 50 m above the sea?

A quarry 20 m deep is surrounded by a high fence. A boy standing on the rim behind the
fence throws a brick upwards with a speed of 5ms™, so that it goes over the fence and
drops into the quarry. How long does the brick take to land on the floor of the quarry?

A magnetic hook of weight 0.8 N is placed on the side of a refrigerator. The force of
magnetic attraction is 13 N, and the coefficient of friction between the base of the hook
and the refrigerator is 0.6. What is the largest weight that the hook can support?

A sack of weight 600 N is being loaded on to a truck up a ramp inclined at 18° to the
horizontal. A rope attached to the sack is held at an angle of 25° to the ramp. The
coefficient of friction between the sack and the ramp is 0.3. What tension in the rope is
needed

{a) to prevent the sack from sliding down the ramp,

{b} to pull the sack up the ramp at a steady speed?

A marker buoy of mass 5 kg is dropped into the sea from a helicopter at a height of 40 m .
After the buoy enters the water it experiences a buoyancy force of 300 N. If there is no
loss of speed as the buoy enters the water, find how far it sinks below the surface. Find also
how long after it is dropped the buoy returns to the surface.

Discuss how these answers would be affected if the resistance of the air and of the water
were included in the calculation.

A naval gun has a barrel 4 m long. When fired horizontally, a shell of mass 2 kg emerges
from the muzzle at a speed of 500 ms™' . The force from the expanding gases inside the
barrel may be taken to have a constant value of 80 kN . Calculate the resistance to the
motion of the shell from the sides of the barrel.

Would the answer be substantially different if the barrel was angled at 40° to the
horizontal?

A hot-air balloon of mass 500 kg is descending at a speed of Sm s~ with an acceleration
of 0.2 m s™2. What mass of ballast must be thrown out to reduce the acceleration to zero?

If twice this amount of ballast is thrown out, how much further will the batloon descend
before it starts to climb?
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The speed limit on a motorway is 120 km per hour, but because of road works there is a
stretch of 2.4 km for which the speed limit is reduced to 80 km per hour, There is a
warning notice 0.5 km before the restriction starts. A law-abiding driver begins to slow
down as she passes the notice, with constant deceleration, so that her speed has dropped to
the required level as she reaches the road works. After the end of the restriction she
accelerates back to the regular speed limit in 9 seconds. Hiustrate her journey with a (z,v)
graph, and find how much time she loses as a result of the road works.

A box of mass m has to be moved across a horizontal stage. If it is pulied with a force of
—é-mg\/j’l at 45° to the upwards vertical, it will move. If it is pushed with a force of

%mgwf 2 at 45° 1o the downward vertical, it won’t move. What can you deduce about the
coefficient of friction?

A bed has to be pushed across a room. If one person pushes, the bed will move with
acceleration q, . If two or three people push, it will move with acceleration 4y or a;
respectively. Assuming that each person pushes with force of the same magnitude, and that
the resistance to motion is the same in each case, show that a; = 2a; —a,.

A sledge accelerates down a hill with a gradient of 28% (that is, at an angle of sin™' 0.28
to the horizontal). At the foot of the hill the ground flattens out horizontally, and the sledge
comes to rest in 40 m after 10 s. Find the speed of the sledge at the bottom of the hill, and
the value of the coefficient of friction.

Assuming that the coefficient of friction is the same throughout the ride, find the
acceleration down the hill, and how far up the hill the sledge was to begin with.

A man on a bicycle, of total mass 100 kg , is free-wheeling at a constant speed of 15m 57!
down a hill with a gradient of 10%. He wants to slow down to a safer speed, so he applies
the brake lightly to produce a constant braking force of 84 N. The air resistance is
proportional to the square of the speed.

(a) Calculate the deceleration when he first applies the brake.
(b) Calculate the deceleration when his speed has dropped to 12 m s~
(c) At what speed will his deceleration be reduced to zero?

Draw a sketch of the {¢,v) graph for the motion.

Explain why a runner’s acceleration cannot exceed 104 m s 2, where U is the coefficient
of friction between her shoes and the track.

The highest speed that a runner can keep up in an 800 -metre race is 8 m s”!. Show that the

fastest time she can hope to achieve from a standing start is [10{) + —2—) seconds. By how

. S
much could she better her time by changing running shoes, increasing g from 0.5 to 1?

A valley is formed between two hills, which are at angles of «® and ° to the horizontal.
A skier starts from rest on the slope of the first hill, at a height h above the valley floor.
Find his acceleration down the first hill and his deceleration up the opposite hill, supposing
that there is no friction. Show that, if he exerts no force with his ski sticks, he ends up at the
same height A as he started.

Suppose now that & =15, =10 and that the coefficient of friction is 0.1. Show that he
ends up at a height of about 0.4k above the valley floor.

www.gceguia%.com
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Newton's third law

Previous chapters have been about the equilibrium or motion of a singie object. This
chapter 1s concerned with situations in which there are two objects which interact with
each other. When you have completed it, you should

» understand that forces occur in equal and opposite pairs, and be able to identify the
objects on which each of the pair of forces acts

¢  be able to apply Newton's third law in situations involving two Interacting objects

¢ understand what is meant by the tension in a string

¢ be able to solve problems on pairs of objects connected by a string, which may pass over
a smooth peg or a light pulley.

Forces in pairs

Imagine two cars travelling along a motorway, one in front of the other. The front car
slows down just as the car behind it accelerates. The cars collide, and both suffer damage.

The front car is damaged because it experiences a large force from behind. The rear car
experiences a large force in the opposite direction, from the front. These forces are shown in
Fig. 7.1. The third of Newton’s laws of motion states that the two forces are equal in
magnitude. ’

Fig. 7.1

Newton’s third law  If an object A exerts a force on an
object B, then B exerts a force on A of the same magnitude

in the opposite direction.

This is neatly summarised by Newton’s own statement, which (translated) was that
‘action and reaction are always equal and opposite’. But in the case of the cars it is not -
clear which force is the ‘action’ and which the ‘reaction’. Both drivers contributed to the
accident, and each would probably say that it was the action of the other that caused it,

The important point about Newton’s third law is that it applies to every kind of force.
Here are some more examples.

Normal contact forces Think of a person riding a horse. Fig. 7.2 shows the forces on
the rider: her weight W and the normal contact force of magnitude R from the horse
supporting her,
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Forces on rider Forces on horse

Fig. 7.3

What about the horse? The forces on the horse (Fig. 7.3) similarly include its weight and
normal contact forces from the ground. But the horse is also aware of the rider, because
there is a normal contact force acting downwards on its back. Newton’s third law states
that this force also has magnitude R.

It is important to understand that this last force is noz the weight of the rider. The
definition of weight is that it is the force with which the earth attracts the rider. It is a
force on the rider, not on the horse.

If the rider is simply moving horizontally, then R would equal W, so that the force on
the horse’s back would have the sarme magnitude as the rider’s weight, But if the nider is
moving up and down in the saddle, then she will have some vertical acceleration, and in
that case R will not equal W .

Notice that lo show the forces two diagrams were needed, one for the rider and one for
the horse. You shoutdn't try to economise by putling all these forces on a single diagram,
because it woulan't then be clear which forces act on the rider and which on the horse.

Frictional forces  Here is an experiment for you to try. You need a trolley with a
rough-ish top and a large, full teapot. Place the teapot on the trolley, and get a friend to
hold the trolley still. Now place your hand on the side of the teapot facing the end of the
trolley, and gradually increase the force until the teapot moves atong the top of the
troliey.

Now ask your friend to let go, and repeat the experiment with the frolley free to move.
This time you will probably find that as you push the teapot it'is the trolley which
moves, and the teapot stays in the same position on the trolley.

What is the force which makes the trolley move? It can’t be your push, because that is a
force on the teapot, not on the trolley.

Fig. 74 and Fig. 7.5 analyse the forces on the teapot and on the trolley respectively. In
the first part of the experiment, when your friend is holding the trolley, you have to
increase your push until it exceeds the limiting friction between the teapot and the top of
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the trolley. Since the teapot is full, and the normal contact force equals the weight of the
teapot, this limiting frictior will be quite a large force.

Forces on teapot Forces on trolley

1
force

from
friend

friction

L ]

O M O RO

0. 74 Tnnrmal force T
Fig from floor

Fig. 7.5

There are two forces from the trolley on the teapot: the normal contact force and the
friction. So by Newton’s third law there are equal and opposite forces from the teapot on
the trolley. The frictional force on the trolley is balanced by the force exerted by your
friend. As your push increases, the friction increases, so your friend’s force must also
increase. But once the teapot starts to move, friction has reached its limiting value, and
your friend won’t have to increase his force any more.

When the trolley is free to move, your push on the teapot is still opposed by friction, and
there is an equal and opposite frictiorial force on the trolley, but there is no other
horizontal force acting against it. So the trolley will start to accelerate. And because the
frictional force is much less than its limiting value, the teapot will not slide on the
trolley top but will also accelerate with the trolley.

Gravity forces  The force which causes the moon to go round the earth is the force of
the earth’s gravity. If there weren’t any gravity, then you know from Newton’s first law
that the moon would move in a straight line rather than (approximately) in a circle.

The force on the moon has a magnitude of about 2 x 10?° newtons. B y Newton’s third
law, the moon exerts a gravitational force of the same magnitude on the earth. The most
obvious evidence of this force is in the oceans; tides are caused mainly by the
gravitational attraction of the moon.

You might ask why the moon’s gravity doesn’t make the earth rotate round the moon.
The answer is that, to a small extent, it does. In fact, both the earth and the moon rotate
. about a common point; but because the earth is so much heavier, that'point is below the
earth’s surface, and you would need very accurate instruments to detect the effect.

If you drop a brick, its weight is the force of attraction from the earth. By Newton’s
third law, the brick also attracts the carth with an equal force in the opposite direction.
But since the earth has mass about 10% times that of the brick, the effect of this force is
insignificant.
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Calculations using Newton’s third law

Example 7.2.1

A pick-up truck of mass 1200 kg tows a trailer of mass 400 kg . There is air resistance of
140 N on the truck, but the resistance to the motion of the trailer is negligible. A coupling
connects the trailer to the truck. Find the force from the coupling, and the driving force on
the truck, when the truck and trailer accelerate at 05 ms™ .

Fig. 7.6 shows the horizontal forces on the trailer and on the truck. {To avoid
complicating the diagrams, the vertical forces, weights and normal contact forces from
the ground, are left out.) The only horizontal force on the trailer is the force from the
coupling, denoted by C N . By Newton’s third law, there is an equal force in the
opposite direction on the truck . The driving force on the truck is denoted by D N.

Forces on traifer Forces on pick-up truck
0.5 ms? 0.5ms?2
B

Fig. 7.6

For the trailer,

R(—) C=400x05, so C=200.

For the truck,

R(-») D-C-140=1200x0.5.

Since € =200, this pives D =200+ 140+ 600 = 940.

The force from the coupling is 200 N, and the driving force is 940 N.
Example 7.2.2
A man of weight 750 N tries to push a bookease of weight 1200 N across the floor.

The coefficient of friction between the bookcase and the tloor is 0.4. How rough must
the contact between his shoes and the floor be for this to be possible?

The forces on the bookcase and on the man are shown in Fig. 7.7,

Forces on bookcase ” Forces on man

push

l
i

d|

'l
]
S

|
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The normal contact force on the bookease is equal to its weight of 1200 N, so the
maximum frictional force is 0.4 1200 N, which is 480 N. To move the
bookcase, the man must push with a force larger than this.

There is a force equal to this in the opposite direction acting horizontally on the
man, and this is balanced by the friction from the soles of his shoes. So this
frictional force must be larger than 480 N,

The normal contact force on the man’s shoes is equal to his weight, which is
750 N . The coefficient of friction between his shoes and the floor must therefore

be greater than ‘é}%g , which is 0.64.

Example 7.2.3

A bar magnet of mass 0.2 kg hangs from a string. A metal sphere, of mass 0.5kg, is
held underneath the magnet by a magnetic force of 20 N, The string is then pulled
upwards with a force of T N, Find the largest possible value of T if the sphere is not to
separate from the magnet,

As long as the sphere remains attached to the magnet, there are two forces
between them: the magnetic force and a normal contact force of R N. By
Newton’s third law, these act in opposite directions on the magnet and the sphere.
Suppose that the magnet and sphere accelerate upwards at ¢ m s>

Fig. 7.8 shows the forces on the sphere and on the magnet, whose weights are 5N
and 2 N respectively.

Forces on sphere Forces on magnet

ams2 T

Fig. 7.8

For the sphere, R(T}) 20-R-5=0.5a.

For the magnet, R(T) 7-2-20+R=02a.

You c:an eliminate a from these two equations and deduce that
2(20—R~5)—~ 5T ~2~-20+R) =2(0.5a) - 5(0.24) = 0,

so 40-2R—10-5T +10+100-5R =0, which simplifies to 57+ 7R = 140,

Since contact is maintained, the normal contact force cannot be negative. It
follows that 57 = 140,50 T = 28,

If the sphere is not to separate from the magnet, the force from the string cannot
exceed 28 newtons. '
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Example 7.24

A student has two books lying flat on the table, one on top of the other. She wants to consult
the lower book. To extract it, she pushes it to the left with a force of ¢ N . To prevent the
upper book moving as well, she exerts a force of P N on the upper book to the right. The
lower book then slides out, and the upper book remains stationary. The weights of the upper
and the lower books are § N and 7 N respectively. Between the two books the coefficient of
friction is {1.25, and between the lower book and the table it is 0.4. Calculate P and Q.

The forces on each book are

shown in Fig. 7.9. The motion of
the lower book is opposed by two
frictional forces, £ N from the -

Forces on lower book Forces on upper book

upper book and G N from the L PR '3')4—(:)1\1 g N'*A_R_N
table, both acting to the right. By L I > SRS MATD
Newton’s third law, there is a D) N‘f‘h N GN
frictional force of F N on the

Fig. 79

upper book acting to the left.

There are normal contact forces of R N between the books, and S N on the lower
book from the table. Since there is motion, the frictional forces will have their
limiting values, F=025K and G =045,

If the lower book moves at a steady speed, the forces on both books will be in

equilibrium.
For the upper book, R(=) P~F=0, R(T) rR-8=0.
For the lower book,  R(=) F+G-Q=0, R(T) §-7-R=0.

From these equations you can calculate R=8, §=15, F=2, G=6, P=2, 0=8,

The student pushes the lower book to the left with a force of 8 newtons, and
prevents the upper book from moving with a force of 2 newtons to the right.

Exercise 7A

1 A crate of weight 80 N 1s stacked on top of a crate of
weight 100 N, on horizontal ground as shown. Make
separate sketches showing the forces acting on the
upper and lower crates. Indicate the magnitudes of the
forces in your sketches.

2 A birdbath consists of a concrete pillar of weight 1000 N
with & concrete bowl of weight 200 N on top, as shown in
the diagram. State the magnitude and direction of the force
exerted by

(a) the pillar on the bowl,  (b) the bowl on the pillar,
(c) the ground on the pillar.
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A sack is in contact with both the base and the
vertical back of an excavator scoop, as shown in
the diagram. The excavator is moving forwards
at constant speed in a straight line. Make
separate sketches showing the forces acting on

{a) the sack, (b} the scoop.

A man of mass 75 kg travels upwards in a lift which is decelerating at 04 ms™. Make a
sketch showing the forces acting on the man.

Find the magnitude of the force exerted by the man on the floor of the lift.

A reckless truck-driver loads two identical

untethered crates stacked one upon the other

as shown in the diagram. No sliding takes _ s
place. Make separate sketches to show the
forces acting on each crate when the truck

travels on a horizontal straight road

(a) with constant speed, (b) while accelerating, (c) while decelerating.

Each crate has mass 250 kg . Calculate the magnitude of the frictional force exerted on

(i) the upper crate by the lower, (ii) the lower crate by the deck of the truck,

when the acceleration of the truck is 1.5 ms ™.

In an archacological reconstruction a group of students try to drag an ancient warship along
a beach. This requires a horizontal force of 5000 N . The average weight of a student is
600 N, and the coefficient of friction between each student’s feet and the sand is 0.2, How
many students are needed?

A steel block of weight W rests on a horizontal surface in an inaccessible part of a
machine. The coefficient of friction between the block and the surface is pt. To extract the
block, a magnetic rod is inserted into the machine and this rod is used to pull the block at a
constant speed along the surface with a force F . The magnetic force of attraction between
the rod and the block is M. Explain why

(a) M>pW, (b)) F=uWw.

A car of mass 1200 kg, towing a caravan of mass 800 kg, is travelling along a motorway
at a constant speed of 20 m s7!. There are air resistance forces on the car and the caravan,
of magnitude 100N and 400 N respectively. Calculate the magnitude of the force on the
caravan from the towbar, and the driving force on the car.

The car brakes suddenly, and begins to decelerate at a rate of 1.5 m s™. Calculate the force
on the car from the towbar. What effect will the driver notice?

From the instant that a pile-driver of mass 2000 kg comes into contact with a pile of mass
600 kg , they move vertically downwards together, with common deceleration 0.8 ms™,
until they come to rest. Make separate sketches showing the forces acting on the pile-driver
and on the pile.

Find the magnitudes of all the forces exerted on the pile

(a) when it is moving, (b) after it has come to rest.
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10 A drop-forge hammer, of mass 1500 kg , falls under gravity onto a piece of hot metal
which rests in a fixed die. From the instant that the hammer strikes the piece of metal until
it comes to rest, the hammer is decelerating at 1.5 m s™2 . Make sketches showing the forces
on the hammer and on the metal while they are in contact.

Find the magnitude of the force exerted by the hammer on the piece of metal
(a) while the hammer is decelerating,

() after the hammer has come to rest.

11 Three identical boxes, each of weight W, are to be
stacked one on top of another against a vertical
wall. The lowermost box is in contact with the
wall, and the other two boxes are positioned as
shown in the diagram. The middle box is pushed
into position by the application of a horizontal
force of magnitude P. Make separate sketches showing the forces acting on

(a) the uppermost box, (b) the middle box.
Show that P> 2uW , where i is the coefficient of friction between any two boxes.

Show also that, if P> 4uW , sliding takes place between the upper and middle boxes, and
that if P <c 4uW , sliding between these boxes does not take place.

12 With the situation in Question 1, suppose that the force is first applied to the top box, until
it touches the wall, How large a force will be required? Will the middle box move as well?

Once the top box is touching the wall, a force is applied to the middle box. How large a
force will be needed to move it?

13 Two cylinders of equal radii each have
weight W . They are at rest on a smooth
slope of inclination o to the horizontal,
the lower of the two cylinders being in
contact with a smooth vertical wall as
shown in the diagram. Find, giving your
answer in terms of W and «°, the
magnitude of the force exerted by

(a) the slope on the upper cylinder,

(b) the lower cy]inder on the upper cylinder,
(¢) the upper cylinder on the lower cylinder,
(d) the wall on the lower cylinder,

{e) the slope on the lower cylinder.
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Strings, ropes, chains and cables

In Fig. 7.10 one end of a string is tied to a hook in
a wall. You hold the other end so that the string is

horizontal, and pull on it with a force of P ‘)
magnitude P (in any units) to the left. @ ——rre—(
Usually the weight of the string is very small

compared with the size of P. It can be left out of
the calculations without much loss of accuracy.

The string in the model is then described as Fig. 7.10

‘light’, which means that its weight, and its mass, are taken to be zero.

Now consider the equilibrium of the string. There Forces on string

must be a force on it to counteract your pull, and <P T R i
that force comes from the hook. So the hook also TRy

exerts a force on the string of magnitude P to the

right (see Fig. 7.11). Fig. 7.11

However you are not pulling on the hook, but on the string. You pull on the string
with a force P to the left, so by Newton’s third law the string exerts on you a force of
magnitude P to the right.

Newton’s third law applies similarly at the other end. The hook exerts on the string a
force P to the right, so the string exerts on the hook a force P to the left.

; . T Force on Force on
For this reason, when you draw a string in a you hook

diagram, you show it with a line and arrows
pointing inwards, as in Fig. 7.12. These arrows
indicate the force which the string exerts on the
objects attached to its two ends. Fig. 7.12

A light string exerts forces of equal magnitude on the objects
attached to its two ends. These forces act along the line of the g]
string, and are directed inwards at each end. The magnitude of &
the force at either end is called the tension in the string.

=

The same ideas apply to other objects such as ropes, chains, cables and rods, provided
that their weight can be neglected by comparison with the forces which act on them.

The difference between a rod and a string, rope or cable is that it can also exert forces
which are directed outwards at each end. The magnitude of such a force is called the
thrust in the rod.

The objects at the end of the string may be stationary, —

as in the example just discussed, or they may move. | |
o ® o o

For example, the same ideas could be applied to the
cable joining two trucks in Fig. 7.13. Fig.7.13
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In this case, another important property of the cable is that it remains the same length as
the trucks move. The cable is then said to be ‘inextensible’. It follows from this that the
two trucks have the same speed, and the same acceleration.

Example 7.3.1

Suppose that in Fig. 7.13 the truck on the left has mass 30 kg, and the truck on the right
has mass 50 kg . The truck on the right is pulled along with a force of 120 N. Calculate
the tenston in the cable.

Let the common acceleration of the two trucks be a ms™ , and denote the tension
in the cable by 7 N. In Fig. 7.14 the middle part of the cable is shown as a light
grey line. This is a reminder of what the problem is about, but separates out the
forces on the two trucks. Only the horizontal forces are shown in the diagram.

For the left truck,

am 5_2
R(~») T =30a. TN TN 120N
| o o
For the right truck,
Fig.7.14

R(-») 120-T =50a.

It is probably simplest to begin by finding @, by substituting 30« for 7" in the

second equation, which gives 120 - 30a = 50a,s0 a= % =1.5.Then

T=30x1.5=45,

The tension in the cable is 43 newtons.

Pegs and pulleys

Another property of a string is that it is flexible, so
that it can be passed round a fixed peg. The string
then has two straight sections and a curved section
where it is in contact with the peg, as in Fig. 7.15.
The argument used above to explain the force on
the hook can be applied to each of the straight
sections of the string. This means that the tension
in each of the straight sections acts on the curved
section round the peg.

Fig.7.15
If the contact between the string and the peg is
rough, there could be some friction acting on the string round the circumference of the
peg, and in that case the tensions in the two straight sections would be different. But if
the contact is smooth, the tensions in the two straight sections are the same.

Another possibility is for the string to pass round a pulley, which can rotate on a fixed
axis. Now, if the surface is rough, the pulley will go round with the string. (The same
applies when a chain passes round a cog wheel.) To make the pulley go round, the
tensions in the two straight sections have to be different. But if the mass of the pulley is
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small, and if it runs on smooth bearings, the difference in the tensions is very small, so it
can be neglected in a first approximation.

Smooth pegs and light pulleys are further examples of mathematical models often used
in mechanics. You will never find them in practice, but you can often use the models in
calculations with only a small loss of accuracy.

When a string passes round a smooth peg, or a light pulley with

smooth bearings, the tension in the string is the same on either side.

Example 74.1

Repairs are being carried out in a tall building. A wheel is attached at the top of the
scaffolding with its axis horizontal. A rope runs over the rim of the wheel and has buckets
of mass 2 kg tied to it at both ends. One bucket is filled with 8.5 kg of rubble and then
released, so that it descends to ground level. With what acceleration does it move?

As always, modelling approximations have to be made. In this example, assume
that the mass of the rope and the wheel can be neglected, that the wheel rotates on
smooth bearings, and that the rope doesn’t stretch. Then the tension in the string
will be the same at both ends, and the upward acceleration of the empty bucket
will have the same magnitude as the downward acceleration of the filled bucket.
Denote the tension by 7 N, and the acceleration by a m s72.
Fig. 7.16 shows the forces on each bucket
during the motion. The weights of the
buckets are 20 N and 105N,

For the empty bucket,

R(T) 7T-20=2a.

For the filled bucket, . ams—ZT
R} 105-7 =105a.
' 20N
Adding,
(T —20)+(105~T) = 2a + 10 54, Fig.7.16

which gives 12.5a = 85,50 a=06.8.

The filled bucket descends to ground level with acceleration of 6.8 ms ™2,

Example 7.4.2

A box of mass 2 kg is placed on a table. A string attached to the box passes over a
smooth peg at the edge of the table, and a ball of mass 1 kg is tied to the other end. The
two straight sections of the string are horizontal and vertical. If the coefficient of friction
between the box and the table is 0.2, find the acceleration of the box and the ball.
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Fig. 7.17 shows the forces on the box and the
ball. Because the peg is smooth, the tension in
the string has the same magnitude, T N, at each
end. The normal contact force on the box is

R N, the friction is F N, and the acceleration is
ams 2. The weights are 20 N and 10 N

" ™
respectively. ® l
ams?

Resolving vertically for the box gives R =20.
Since the system is in motion, friction will be the 10N
largest possible,so F=02x20=4.

Fig. 7.17

Forthebox, R(—=) T-F=2a.

For the ball, 'R(J,) 10-T =a.

Adding the two equations and substituting F =4 gives 104 =3a,s0 a =2.
The box and the ball have an acceleration of 2 m 572,

The next example can be used as the basis of an experiment to verify the rule for finding
the resolved part of a force, given in Section 4.2,

Example 7.4.3

In the apparatus illustrated in Fig. 7.18 a mass
m is attached to two strings of equal length,
each of which carries a mass M at its other
end. The strings are placed symmetrically over
smooth nails A-and B, which are at the same
level. The whole system is in equilibrium. The
distance between the nails is 2¢, and the mass
m is at adepth d below the mid-point of AB.
Find an equation connecting M, m, ¢ and d. Fig. 7.18

Let the tension in each of the strings be T N, and suppose that the sloping
sections of each string make an angle @ with the vertical.

For each mass M, ’R(T) T-Mg=0.
For the mass m, R(T) 2T cos@ —mg =0.

Substituting Mg for 7' in the second equation and dividing by g gives m = 2Mcos@.

d

Je? + d? ‘

The sloping sections of the strings have length \/:,—2 +? , so that cos8 =

2Md
\ch +d?

This gives m =
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To use this as an experiment, keep the masses M constant but vary the mass m.
Set a scale down the line of symmetry to measure the depth 4 , and calculate
cosB = [,f{w- If you plot cos8 against m, you should get points

Vet +d? 1
which lie on a line through the origin with gradient SY7A

Example 744

On a construction site a truck of mass 400 kg is pulled up a 10° slope by a chain. The
chain runs parallel to the stope up to the top, where it passes over a cog wheel of negligible
mass. It then runs horizontally and is

attached to the rear of a locomotive of

2
mass 2000 kg . Neglecting any s 0-lms
resistances, calculate the driving force olms 2000kg

needed to accelerate the truck up the
slope at 0.1m s,

Fig. 7.19 shows the forces on
the truck and the locomotive.
Denote the tension in the chain
by TN and the driving force by
D N. The weight of the truck is 4000 N.

Fig.7.19

For the truck, R(ll tothe slope) T —4000cos80° =400x% 0.1,
which gives T =734.5....

The locomotive also has acceleration 0.1 m s™

For the locomotive, R{—) D-T =2000x0.1,

0 D=7345...+200=9345....

The driving force required is about 935 N.

7.5% A way of simplifying calculations
When you have a problem to solve about two or more objects, you sometimes find that the
equations have several terms which depend on the value of g. Some people find it simpler
not to substitute the numerical value 10 at first, but to replace it by a letter. You can then
make a single substitution of the numerical value at the end, when you calculate the answer.

Normally the letter g is used in place of the numerical value 10. For example, in
Example 7.4.2, the weights of the box and the ball could be written as 2g newtons and
& newtons respectively. The friction would then be 0.2 x 2¢ newtons, which is

0.4g newtons. The two equations for the box and the ball would then be

R(>) T-04g=2a and ’R(T) e~T=a,

which can be added to give g~0.4g =3a,s0 a=0.2¢. A single substitution of 10 for
g then produces the answer a =2.
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In fact, using the letter g for the number 10 can be rather confusinc because in algebraic
applications you have used g to stand for the quantity 10 m 5™, which could be written in
other units such as 0.01 kms ™2 or 1000 cms™. So in working a particular problem you need
to be clear whether you are using the letter g as an abbreviation for the number 10, or
whether it stands for the quantity which is the acceleration due to gravity. In the first case
you need to include units in your answers, for example a force of 0.4g N or an acceleration
of 0.2g ms™; in the second case the units are included in the symbol for the quantity, and it
would be wrong to add a unit to the symbol.

All the same, this is a useful way of avoiding over-complicated arithmetic, and you would
find it useful in several of the questions in Exercise 7B. A further advantage is that in some
problems the value of g cancels out, which can save you unnecessary arithmetic.
. D b[ 2
Exy e 7B e R R R

In the cases illustrated in the following diagrams the strings pass over small light pulleys.
The contacts between the blocks and the surfaces are rough, except where they are
indicated as smooth in parts {d}, (e) and (f). The blocks are at rest and the strings taut. In
each case find the tension in the string and the frictional force exerted by each surface on
the block with which it is in contact.

(a) (b}
Skg

10 kg

2 A tape is wound round two smooth cylinders as shown.
The higher cylinder is fixed, but the lower cylinder sits in
a loop formed by the tape. If the 5 kg mass descends at
constant speed, calculate the mass of the lower cylinder,

3 In the system illustrated the string passes over a smooth
fixed peg. The particles are held in the positions shown,
with the string taut; they are then released from rest. Find
the tension in the string and the acceleration of the kg
particles. 2kg

/4’/ Suppose that in each of the cases iltustrated in Question 1 the pulleys can rotate freely and
that all the contacts between the blocks and surfaces are smmooth. The blocks are held in the
positions shown, with the string taut. The blocks are then released from rest. Find the
acceleration of the blocks in each case.

b OI\‘,EL(\'
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5 A particle of mass 3 kg is attached to one end of
each of two strings, s, and s, . A particle of
mass 2.5 kg 1s attached to the other end of s,,
and a particle of mass 1 kg is attached to the
other end of s, . The particles are held in the
positions shown, with the strings taut and s, 2.5 kg
passing over a smooth fixed peg. The system is
released from rest. Find the acceleration of the
particles, and the tensions in s, and s, .

6 In the system illustrated in Question 2 suppose that the mass of the lower cylinder is 12 kg .
The system is held at rest in the position shown, with the tape taut, and then released. Find
the acceleration of

(a) the lower cylinder, (b} the 5kg mass.

//T wo particles are connected by a light inextensible string which passes over a smooth fixed
? peg. The heavier particle is held so that the strin g is taut, and the parts of the string not in
contact with the pulley are vertical. When the system is relcased from rest the particles
have an acceleration of 1 5 & - Find the ratio of the masses of the particles.

A particle of mass m is placed on a rough track which goes up at an angle & to the

» horizontal, where sina® = 0.6 and cos®=0.8. The coefficient of friction is 0.5. A string
is attached to the particle, and a particle of mass M is attached to the other end of the
string. The string runs up the track, passes aver a smooth bar at the top of the track, and
then hangs vertically. Find the intervat of values of M for which the system can rest in
equilibrium.
Find expressions for the acceleration with which the system will move if the value of M
lies outside this interval.

e AT R S B

R AT LA AR SR R e ST S T e

7.6 Internal and external forces
Suppose that a vehicle of mass 1600 kg accelerates at 0.5 m s, and that the motion is
opposed by a resistance of 140 newtons. What is the driving force, D newtons?

You can answer this question using the methods of Chapter 2. By Newton's second law
D—-140=1600x 0.5, so that D =940.

)

Now compare this with Example 7.2.1, in which a pick-up truck of mass 1200 kg tows a
trailer of mass 400 kg against a resistance of 140 newtons with acceleration 0.5 m s 2
You found there that the driving force required is also 940 newtons.

This is hardly surprising. If the *vehicle’ in the first paragraph consists of a truck and a
trailer, then it makes no difference whether you treat this as a single object or as two
connected objects moving with the same velocity and acceleration.
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But what you can’t find by applying Newton’s
law to the truck-and-trailer vehicle s the force
from the coupling. If you draw a diagram for
the horizontal forces on the vehicle, it will look
like Fig. 7.20. The only forces affecting the
motion are the driving force and the resistance.
These are called the ‘external’ forces on the combined vehicle. The force from the
coupling on the truck and on the trailer, which had to be included in Fig. 7.6, become
‘internal’ forces when you are thinking of the truck-and-trailer as a single vehicle.

e TR R R i Ry gL
BERERER S R T A AT TR AL o S8 Y S

£

‘When an object is made up of two parts, each of which has the
same velocity and acceleration, you can apply Newton’s second
law either to the object as a whole or to the patts separately.

& For the object as a whole, forces of interaction between the two
) )
parts are internal forces, and are not included in the equation.

For the separate parts, the forces of interaction of each on the
other are external forces, and are included in the equations.

PR A A

This principle also applies in Example 7.3.1. Since both trucks are moving on the same track
and are connected by an inextensible cable, they have the same velocity and acceleration.
You ean therefore treat the two trucks together as a single object of mass 80 kg, and the only
horizontal external force is the pull of 120 ncwtons; the tension in the cable is an internal

120 ~2

force. The acceleration of the trucks is 0 msT, whichis 1.5 ms™2.

But to calculate the tension in the cable you must use one or other of the Newton’s law
equations for the separate trucks. When you have to carry out calculations for the
motion of an object which splits into two parts, you will often find it simplest to write
equations for the object as a whole and for just one of the parts.

Example 7.6.1

A dynamo of mass 1500 kg is placed in a cage of mass 500 kg , which is raised

vertically by a cable from a crane. The tension in the cable is 20 400 N. Find the
acceleration of the cage, and the contact force between the cage and the dynamo.

The cage and the dynamo have the same 20400N
)
, $0 they can be treated

acceleration, ams™”
as one object (Fig. 7.21). The only external

forces are the tension in the cable and the B 2002kg
combined weight of 2000x 10 N, which is ams ? :
20 000 N.
For the cage-and-dynamo, l '
20000N
R(T) 20400 - 20 000 = 2000a, )
Fig. 721

s0 a=0.72.
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To find the contact force, R N, you must I
consider either the cage or the dynamo

separately. It is simpler to take the dynamo, 02ms2
because there are fewer forces acting on it T
(see Fig. 7.22). You now know that a = 0.2,

For the dynamo alone, L5000N lf RN

R(T) R-15000=1500%02,

Fig. 7.22
so R=15300.

The acceleration of the cage is 0.2 m s 25 the contact force is 15 300 N.

Example 7.6.2

Three barges travel down a river in line. Only the rear barge has an engine, which produces a
forward force of 400 kN . The masses of the front, middle and rear barges are 1600 tonnes,
1400 tonnes and 2000 tonnes, and the water exerts on them resistances of 100 kN,

20 kNand 30 kN respectively. Find the forces in the couplings joining the barges.

The three aerial views in Fig. 7.23 show the horizontal forces on all three barges,
on the front two barges and on the front barge. The acceleration is a m s™
the forces in the couplings are RkN and § kN,

,and

ams2

400 kN)G 2000 tonnes >—( 1400 tonnes )—( 1600 tonnes > 100 kN
B ) )

——
30 kN 20 kN
g 100 kKN
L '—'""){ 1400 tonnes H J600 tonnes  y-efasmmema
e e ..‘_‘.M,S kNa
20 kN
Fig.7.23

Notice that, although tonnes (1000 kg ) and kilonewtons (1000 N) are not basic SI
units, they do form part of a system which is consistent with metres and seconds,
so that the equation F = ma can be used without any need for conversion.

There are three nnknowns, but the forces in both couplings are internal forces if
you take all three barges together.

For all three barges,
R(forwards) 400—100-20 30 = (1600 + 1400 + 2000)a .

This gives a = 5%56% =0.05. .
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For the front two barges,

R(forwards} §—100-20 = {1600+ 1400} 0.05.

For the front barge,

Riforwards) R-~100=1600x0.05.

These equations give § =270 and R=180.

The forces in the front and rear couplings are 180 kN and 270 kN respectively.

Notice that if you use this method each equation involves just one of the unknown
quantities, so you have no simultaneous equations to solve.

You can if you wish check your answers by considering the forces on one of the other barges
by itself. For example, Fig. 7.24 shows the forces on the middie barge. The forces in both
couplings are external forces on this barge, and the forward force is (S R~ 20) kN . With
the values of R and S found, this is 70 kN Since 70 = 1400 x 0.05, you have a check that
the equation F = ma is satisfied for the middle barge.

0.05 ms-2

—

~§ - - 1400 tonnes

20 kN

Fig. 7.24

;g;‘é
.
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Exercise 7C &
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1

/l/A car of mass 1000 kg is towing a trailer of mass 250 kg along a straight road. There are

constant resistances to the motion of the car and the trailer of magnitude 150 N and 50 N

respectively. The driving force on the car has magnitude 800 N . Calculate the acceleration
of the car and the trailer, and the tension in the towbar, when

{a) the road is horizontal,
* xﬁﬁhe road is inclined at sin™' 0.04 to the horizontal and the car is travelling uphill.

/VWhen a car of mass 1350 kg tows a trailer of mass 250 kg along a horizontal straight
road, the resistive forces on the car and trailer have magnitude 200 N and 50 N
respectively. Find the magnitude of the driving force on the car when the car and trailer are
travelling at constant speed, and state the tension in the towbar in this case.

Find the acceleration or deceleration of the car and the trailer, and the tension in the
towbar, when the driving force exerted by the car has magnitude

(a) 330N, (b)y 170N, (c) zero. :

Find also the deceleration of the car and the trailer, and the magnitude of the force in the

towbar, stating whether this force is a tension or thrust, when the driver applies the brakes
and the braking force exceeds the driving force by

*{d} 30N “(e) 70N, < (fy 150N.

om
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3 Acarof mass M pulls a trailer of mass m down a straight hill which is inclined at angle
o to the horizontal. Resistive forces of magnitudes P and Q act on the car and the trailer
respectively, and the driving force on the car is F . Find an expression for the acceleration
of the car and trailer,in terms of F, P, Q, M, m and «.

Show that the tension in the towbar is independent of o .

In the case when F = P+ (2, show that the acceleration is gsina® and that the tension in
the towbar is (.

4 Five spheres, each of mass m, are joined together by four
nextensible strings. The spheres hang in a vertical line as shown in
the diagram, and are held at rest by a force applied to the
uppermost sphere, of magnitude Smg, acting vertically upwards. Smg
Find the tension in each of the strings.
The force on the uppermost sphere is now removed. If the total air
resistance acting vertically upwards on the spheres is %mg , find
the acceleration of the system in the subsequent motion.
Find also the tension in each of the four strings if

{a) the air resistance on each individual sphere 1s 'ljﬁ mg,

(b) the air resistance on the uppermost sphere isi!:A % mg and the air
resistance on each of the other four spheres is "Zlﬁ mg.

9% 2
e e S e MisceHaneous exercise 7 R O s i e

/A girl of mass 55 kg is standing in a lift which is moving with an upwards acceleration of

0.15 ms™. The force exerted on the floor of the lift by the girl has magnitude R newtons.
Draw a diagram showing the forces acting on the girl, who may be modelled as a particle,
and find the value of R. (OCR)

A child of mass 30 kg is standing in a lift which is descending. The force exerted on the
floor of the lift by the child has magnitude 270 N. Find the magnitude of the acceleration
of the lift and state whether the lift is speeding up or slowing down. {OCR)

Two bodies, of masses 3 kg and 5 kg, are attached to the ends of a light inextensible
*% string. The string passes over a smooth fixed pulley and the particles are moving vertically

with both vertical parts of the string taut. Find the tension in the string, {OCRY

4 Two children P and Q, of masses 40 kg and 50 kg respectively, are holding on to the
ends of a rope which passes over a thick horizontal branch of a tree. The parts of the rope
on either side of the branch are vertical and child Q is moving downwards. A model is to
be used in which the children may be considered as particles, and in which the rope is light
and inextensible and is moving freely in a smooth groove on the branch. Show that the
acceleration of each child has magnitude 1.11 ms™, and find the tension in the rope.

When child @ is moving at 2 m s she lets go of the rope. Child P continues to rise for a
further distance /2 metres before falling back to the ground. Calculate the value of & .

Choose one of the assumptions stated in the model and comment briefly on how realistic
you think it is, {OCR, adapted)

.
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5 Two small bodies P and @, of masses 6 kg and
2 kg respectively, are attached to the ends of a
light inextensible string. The string passes over a
pulley fixed at a height of 4 m above the
ground. Initially Q is held on the ground and P
hangs in equilibrium at a height of 2 m above
the ground (see diagram). Both hanging parts of
the string are vertical. @ is released. The
modelling assumptions are that there is no air
resistance and that the putley is smooth. Find the
speed of Q when P hits the ground, and find
also the greatest height, above the ground,
reached by O in the subsequent motion.

When O reaches its highest point the string is cut. Find the speed of ( just before it hits
the ground.

Without further calculation, sketch the (¢,v) graph of the motion of @ from the start until
it hits the ground. Show clearly, by shading, a region on your sketch whose area is equal to
the greatest height, above the ground, reached by Q. (OCR)

6 Two particles P and Q,of masses 2 kg and mkg
respectively, are connected by a light inextensible _31—"%
string. Particle P is held on a smooth horizontal table.
The string passes over a smooth pulley R fixed at the
edge of the table, and Q is at rest vertically below R
(see diagram). When P is released the acceleration of
each particle has magnitude 0.81 m s 2. Assuming that
air resistance may be ignored, find the tension in the L J¢
string and the value of m. (OCR)

R

7 The diagram shows a light inextensible string passing
over a fixed smooth pulley. Particles A and B, of _
masses 0.03.kg and 0.05 kg respectively, are attached /—\
to the ends of the string. The system is held at rest with
4 and B at the same horizontal level and the string v
taut. The two parts of the string not in contact with the :
pulley are vertical. The system is released at time
t =0, where ¢ is measured in seconds. The particle B
moves downwards for 2 s before being brought to rest ‘ A
as it hits the floor. The string then becomes slack and .
B remains at rest. Neglecting air resistance, show that
the string becomes taut again when ¢ = 3.

Draw, on separate diagrams, the (z,v) graphs for A and B,for =< 3, clearly
indicating the velocity of A when ¢ =2 and when £=3. (OCR)
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Particles A and B, of masses 0.5 kg and 0.8 kg respectively, are joined by a light
“~inextensible string. A is held at rest on a smooth horizontal platform. The string passes
over a small smooth pulley at the edge of the platform, and B hangs vertically below the
pulley. A is 1.3 m from the pulley. A is released, with the string taut, and the particles
start to move. Find the tension in the string, and the speed of A immediately before it
reaches the pulley, stating any assumption you make.

Immediately before A reaches the pulley it becomes detached from the string. Given that
B reaches the floor 1.215 after the release of A, calculate the initial height of B above the
floor. (OCR)

9 Particles A and B, of masses 0.2 kg and X ncwtons A
0.1 kg respectively, are joined by a light
inextensible string. Particle A is placed on a
fixed smooth plane inclined at 10° to the
horizontal, and is held at rest by a force of
magnitude X ncwtons which acts in a
direction parallel to a tine of greatest slope
of the plane. The string passes over a
smooth pulley P fixed at the bottom of the
plane, and the part PB of the string hangs
vertically, as shown in the diagram. Find X.

The force of magnitude X newtons is now removed. [gnoring air resistance, find the
tension in the string in the subsequent motion. (OCR, adapted)

10 Machinery of mass 300 kg is placed on the floor of a lift of mass 450 kg . The magnitudes
of the tension in the cable holding the lift, and the normal contact force between the
machinery and the lift floor, are T newtons and R newtons respectively. By considering
the forces acting on the machinery, find the value of R when the lift is moving upwards
with a deceleration of 2.2 ms™ . By considering the motion of the machinery and the lift
as one body, find the value of T for the same deceleration.

r

P

11 Two particles P and @, of masses 4 kg
* and 6 kg respectively, are connected by a

light inextensible string which passes over
a light smooth pulley A . Particle P is held
at rest on a rough horizontal table and
particle O rests on a smooth plane
inclined at 30° to the horizontal, as shown
in the diagram. The string is taut and lies ~
in a vertical plane perpendicular to the line of intersection of the table and the inclined
plane. The particles are released from rest and in the subsequent motion each particle has
an acceleration of magnitude 1.9 m s, provided P has not reached A . Find the tension in
the string and the coefficient of friction between P and the table.

One second afier the system is released from rest the string breaks, and P subsequently
comes to rest before reaching A . At the instant when the string breaks P is 0.8 m away
from A .Find the distance from A at which P comes to rest. {OCR)
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\IKA metal block M, of mass 2 kg, is held at i
rest on a smooth horizontal table. The e
block M is connected to a wooden block
W, of mass 0.1 kg, by a light inextensible W

string which passes over a smooth light

pulley fixed at the edge of the table. The

block W hangs vertically, as shown in the

diagram. Block M, which is 0.6 m from the pulley, is now released. Modelling the
blocks as particles and ignoring air resistance, find

(a) the tension in the string in the ensuing motion,

(b) the speed of W immediately before M reaches the pulley. (OCR)
3 Twotrucks A and B, of masses 1000 kg A B

and 800 kg respectively, are connected by X newtons

a horizontal coupling. An engine pulls the <

NS N NN

trucks along a straight horizontal track by
exerting a horizontal force of magnitude
X newtons on truck A (see diagram). The resistances to the motion of truck A,
excluding the tension in the horizontal coupling, may be modelled by a constant
horizontal force of magnitude 300 N; for truck B the magnitude may be modelled
by a constant horizontal force of magnitude 100 N.

(a) Given that the trucks are moving with constant speed, find

(1) the tension in the horizontal coupling between the trucks,
4.(ii) the value of X.

A (b} Given instead that X = 800, find the common acceleration of the trucks. (OCR)

14 Twotrucks A and B, of masses 6000 kg
and 4000 kg respectively, are connecied by a
horizontal coupling. An engine pulls the
trucks along a straight horizontal track,
exerting a constant horizontal force of magnitude X newtons on truck A (see diagram).
The resistance to motion for truck A may be modelled by a constant horizontal force of
magnitude 360 N ; for truck B the resistance may be modelled by a constant horizontal
force of magnitude 240 N . Given that the tension in the coupling is T newtons and that
the acceleration of the trucks is ams ° ,show that T = %X , and express a in terms of X.

X e A B

Given that the trucks are slowing down, obtain an inequality satisfied by X.

The model is changed so that the resistance for truck 8 is modelled by a constant force of
magnitude 200 N . The resistance for truck A remains unchanged. For this changed model
find the range of possible values of X for which the force in the coupling is compressive
(i.e. the force in the coupling acting on B is directed from A to B). (OCR)

15 Aload P,of mass 200 kg, is suspended by the vertical cable of a crane. Another load @,
of mass 120 kg, is suspended from P by another vertical cable. Both cables may be -
considered as light and inextensible, and any resistances to motion may be neglected. Find
the tension in the vertical cable supporting the load P,

(a) when the loads are hanging in equilibrium,

(b) when the loads accelerate vertically upwards at0.4 m s72. (OCR, adapted)
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17
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A van of mass 1200 kg is towing a car of mass 800 kg up a slope inclined at 8° to

the horizontal. The resistance to the motion of the van may be modelled by a single force of
magnitude 500 N acting parallel to the slope. For the car the resistance may be modelled
by a single force of magnitude 200 N acting parallel to the slope. The van is travelling at
constant speed. Stating one assumption that you have made, find, in cither order,

{a) the tension in the towrope between the van and the car,
(b} the driving force acting on the van.

The driving force acting on the van is now increased to 4000 N . Find the time taken for the

van to increase its speed from 10 m sV to 14 ms™. (OCR)

A small smooth ring R, of mass 0.6 kg, is threaded on 8 -

a light inextensible string. One end of the string is

attached to a fixed point A and the other end is attached

to aring B, of mass 0.2 kg, which is threaded on a

fixed rough horizontal wire which passes through A ®

(see diagram). The system is in equilibrium, with B

about to slip and with the part AR of the string making an angle of 60° with the wire.

(a) Explain, with reference to the fact that ring R is smooth, why the part BR of the string
is inclined at 60° to the wire.

(b) Show that the normal contact force between B and the wire has magnitude 5N.

(c) Find the coefficient of {riction between B and the wire. (OCR, adapted)

A smooth bead B of mass 0.6 kg is threaded on a
light inextensible string whose ends are attached to
two identical rings, each of mass 0.4 kg. The rings
can move on a fixed straight horizontal wire. The
system rests in equilibrium with each section of the
string making an angle 8° with the vertical, as
shown in the diagram.

(a) Find the magnitude of the normal contact force exerted on each ring by the wire.
(b} Find, in terms of &, the magnitude of the frictional force on each ring.

Given that the coefficient of friction between each ring and the wire is 0.3, find the
greatest possible value of & for the system to be in equilibrium. {OCR)
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Work, energy and power

In this chapter the basic equations of mechanics are put together into a new form which
can be applied to a wider range of problems. When you have completed it, you should

e know the definitions of work and kinetic energy

e be able to use the work—energy principle, and distinguish work done by a force from
work done against a force

+  know that the work-energy principle can be extended to situations in which forces are
not constant

¢ use the fact that a force perpendicular to the direction of motion does no work

« understand the idea of power and be able to calculate it

e know and be able to use the relation between power, force and speed.

The work—energy equation

Example 8.1.1
A car and driver have a total mass of 1000 kg. The car gains speed from 7 m s to

13ms~! with constant acceleration over a distance of 200 metres. Calculate the driving
force.

Method 1  The acceleration of the car can be found by using the equation

v? =u® +2as, taking u=7, v=13 and s =200 in SI units. This gives

169 =49 +2ax 200,50 a= %—% =0.3. By Newton’s second law, the driving force
in newtons is given by F=1000x0.3=300.

This example is typical of many problems in mechanics, in which a force of magnitude
F acts on an object of mass m over a distance s, so that the speed of the object

increases from « to v. You solve it by combining Newton’s second law F = ma with
2

2
v U J,which
2.

the constant acceleration equation v? = u® +2as to show that F =m

§
can be rearranged as

Fs= %mv2 - %muz.
The expression on the left of this equation, the product of the force and the distance
through which the object moves, is called the work done by the force. This is such
an important idea in mechanics that the unit by which it is measured in the SI system
has a special name, the joule. (James Joule was a 19th-century English physicist who
played a leading part in developing the science of thermodynamics.) A joule is the
work done when a force of 1 newton acts through a distance of 1 metre; that is,
1 joule = 1 newton metre. The abbreviation for joule is J. o

On the right of the equation you have two terms of a similar form. If an object of mass
m 1s moving with speed v, the quantity —%mv?' is called the kinetic energy of the body.
So the expression on the right is the increase in the kinetic energy of the obiject resulting
from the action of the force. Kinetic energy is dlso measured in joules.
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Work-~energy principle  If a constant force acts on an

object over a certain distance, the work done by the force is
equal to the gain in the kinetic energy of the object.

You can now use the work—energy principle to shorten the solution of Example 8.1.1.
Method 2  The kinetic energy increases from % x1000x7% J to
%x 1000 x 132 3, that is by 500 % (169 —49) J , which is 60000 J .

60 000
o = 300.

If the force is F newtons, the work doneis Fx200J.50 F =

The driving force is 300 newtons.

8.2 Some generalisations

The work—energy principle can be generalised in a number of ways. This is one reason
why it is so important.

First, suppose that the force doesn’t act along the line of motion, but

R ]
at an angle to it. Fig, 8.1, in which all the forces are horizontal, F
illustrates this with an object moving along a straight track, being o Ao
accelerated by a force of magnitude F at an angle @ to the track. The -
object is prevented from leaving the track by a normal contact force
N . The acceleration can be found by resolving along the track: i
Fig. 8.1

Fcost =ma.

So in the algebraic calculation in Section 8.1, F must be replaced by Fcos8, and the
_ work—energy equation becomes

(F cos@)s = gain in kinetic energy.

This means that the definition of work must be generalised as follows.

If an object moves through a distance s along a line

under the action of a force of magnitude F at an angle
8 to the line, the work done by the force is Fscos8.

It is important to notice that the normal contact force N doesn’t appear in the work-energy
equation. This is because its direction is at right angles to the direction of motion, so the
work done by this force is Nscos90°, which is zero since cos90°=0.

The work done by a force perpendicular to the direction of motion is zero.

A
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The next generalisation is to introduce a resisting force R,
as in Fig. 8.2, Newton’s second law then becomes

Fcos@-R=ma,

so that in the work—energy equation the term (Fcosf)s is
replaced by (Fcos8@ — R)s. Thus
Fig. 8.2
Fscos 8~ Rs = gain in kinetic energy .

The extra term, —Rs , can be described as the ‘work done by the resistance’, which is
negative. But it is more usual to call the positive quantity Rs the ‘work done against the
resistance’, and to extend the statement of the work—energy principle as follows.

Extended work—energy principle  The work done by the

force acting on an object, minus the work done against resistance,
is equal to the gain in the kinetic energy of the object.

Example 8.2.1

A cyclist and her machine together have a mass of 100 kg . She frec-wheels down a hxl] of
gradient 5% (1 in 20) for a distance of 500 metres. If her speed at the top was 5ms™ ,and
there is air resistance of 40 newtons, how fast will she be going at the bottom of the hill?

The force accelerating the cyclist is the weight of 1000 N, acting at an angle to the
direction of motion of (90~ &), where cos(90 — ) =sina® = 0.05. The work
done by the weight is 1000 500x cos{90 —ex)° J, which is 500 000x 0.057J, or
25000 J . The work done against the resistance is 40 x 500 J, which is 20 000 .
So the gain in kinetic energy is {25000—20 000) J , that is 50003

At the top of the hill the kinetic energy was %x 100 x 52 T, which is 1250 J. The
kinetic energy at the bottom is therefore {5000+ 1250) J , that is 6250 J. If her
speed is then v m s,

Ix100xv* = 6250,
s0 v2 =125, giving v=11.18...
The speed at the bottom of the hill will be 11.2 m s, to 3 significant figures.

There is another way in which the work—energy principle can be generalised: it enables
you to talk sensibly about forces which are not constant. In the Jast example it is
unlikely that the air resistance is constant; it will almost certainly get bigger as the
cyclist gains speed. But if you think of the air resistance as having an ‘average’ value of
40 newtons during the descent, you can still use this to find the work done against the
resistance. So the work—energy principle produces valid answers in situations when the
acceleration is not constant.
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Similarly, in Example 8.1.1, if the driving force is not constant, you can still use the
work—energy method to deduce that the average driving force on the car is 300 newtons.

The proof of this, and a more precise definition of what is meant by the average force,
involves the use of calculus. It will be discussed in more detail when motion with
variable force is dealt with in M2.

Example 8.2.2

A nail is being hammered into a plank. The mass of the hammer is 200 grams, and at
each stroke the hammer is raised 15 cm above the nail. If the average force used to bring
the hammer down is 10 times the average force used to raise the hammer, find the speed,
to 2 significant figures, with which the hammer hits the nail.

When the hammer is raised, the kinetic energy at both the beginning and the end
of the movement is zero. So the work done in raising the hammer is equal to the
work done against the force of gravity.

The weight of the hammer is 0.2x 10 N, which is 2 N, and the hammer rises by
0.15m. So the work done against the weight is 2% 0.15F, whichis 0.37].

On the downward stroke the work done is 10 times the work done in raising the
hammer, so this is 3 J. Also, as the hammer falls, its weight does work of
2x0.15J =0317. So the total work done on the downwazd stroke is 3.37J.

This is equal to the kinetic energy acquired by the hammer, which is % Lx0.2xv?
where v ms™ is the speed with which the hammer hits the nail. This gwes
0.1v2 =33,50 v=+33=574..

-1

The hammer hits the nail with a speed of 5.7 ms™ , to 2 significant figures.

8.3 Motion round curved paths

A further generalisation of the work—energy principle is that it is not restricted to motion
along a straight line. It can also be used when an object moves round a curved path.

As an example, consider a satellite orbiting the earth in a circular path outside the
earth’s atmosphere. It is acted on by the gravitational pull from the earth, whose
direction is along the radius, perpendicular to the direction of motion. So the work done
by this force is zero, which means that the kinetic energy remains constant. That is, the
satellite moves at constant speed.

This is a case when it is important to distinguish between speed and velocity. The satellite
doesn’t, of course, move with constant velocity. It is continually changing direction
because of the gravitational pull from the earth. But in the expression for kinetic energy,
v stands for the speed of the moving object. Kinetic energy is an example of what is
called a ‘scalar quantity’; its value doesn’t depend on the direction of motion.

A similar argument applies for a particle moving on a smooth curved horizontal path, or
a bead on a smooth horizontal wire. In such cases both the weight and the normal
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contact force are perpendicular to the velocity of the moving object. So, if there are no
other forces, the particle moves with constant speed.

4/3
Exércise 8A

)/find the kinetic energy of

/(ﬁ{ a football player of mass 90 kg running at 6 m s,
,65{ an elephant of mass 6 tonnes charging at 10 m st

/(Q/ a racing car of mass 1.5 tonnes travelling at 300 km per hour,
!

»

a bullet of mass 20 grams moving at 400 m s~

(e) a meteorite of mass 20 kg as it enters the earth’s atmosphere at 8 km st

2 An object of mass 20 kg is pulled 7 metres at a constant speed across a rough horizontal
floor by means of a horizontal rope. The tension in the rope is 100 N. Calculate the work
done by the rope. State the work done by the weight of the object and the normal contact
force between the object and the floor. State also the work done against resisting forces.

/S/A gardener moves a wheelbarrow 30 metres along a level, straight path. The work done by
the gardener is 120 J, and the barrow is initially and finally at rest. Caiculate the average
force resisting the motion.

A crate is moved at a steady speed in a straight line by means of a towrope. The work done
in moving the crate 16 metres is 800 J. Calculate the resolved part of the tension in the
rope in the direction of motion,

A ball of mass 1.2 kg moving with initial speed 20 m " comes to rest after travelling
30 metres across a horizontal surface. Find the work done against resisting forces, and
hence calculate the mean resisting force.

6 An aircraft of mass 1.8 tonnes landing on an aircraft carrier at 144 kilometres per hour is
brought to rest by a parachute brake and an arrester cable. If 30% of the work is done by
the parachute, calculate the work done by the cable.

//A father puils his children on a wagon along a level path. The rope by which the wagon is
pulled makes an angle of 20° with the horizontal, and has tension 30-N . Calculate the
work done in moving the wagon ‘40 metres at constant speed.

/8/Abicycle of mass 30 kg is pushed up a hill inclined at 15° to the horizontal. Calculate the
work done in moving the bicycle 70 metres, starting and finishing with the bicycle at rest.

A car of mass 600 kg is pushed along a horizontal road. Initially the car is at rest, and its
final speed is 4 ms™ . Calculate the work done in accelerating the car.

10 A box of mass 20 kg is pulled up a ramp inclined at 30° to the horizontal. The work done
in moving the box 10 metres is 1200 J. Calculate the magnitude of the average resisting
force.
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11 A cyclist free-wheels down a slope inclined at 15° to the horizontal, increasing his speed
from 4 ms™! to 10 ms™! over a distance of 50 metres. Calculate the mean resistance on
the cyclist, given that the mass of the cyclist and his bicycle is 60 kg .

12 A car of mass 700 kg accelerates from 10 ms™ to 30 ms™' over a distance of
120 metres. Neglecting resistances, calculate the work done by the car engine if the road is

(a) horizontal, (by rising at 10° to the horizontal, {c) dropping at 5°.

Comment on the work done if the gradient of the road is 20° below the horizontal.

13 A parachatist of mass 70 kg falls from a stationary helicopter at an altitude of 1 km . She
has speed 8 ms™ on reaching the ground. Calculate the work done against air resistance.

14 A tractor of mass 500 kg pulis a trailer of mass 200 kg up a rough slope inclined at
17° to the horizontal. The resistance to the motion is 4 N per kg. Calculate the work
done by the tractor engine, given that the vehicle travels at a constant speed of 1.4 m s~
for 2 minutes.

i

Power

Competitors in a long-distance canoe race have to get past a series of waterfalls by
dragging their canoes up the riverside path, a distance of 60 metres. One competitor takes
90 seconds to do this, another takes 100 seconds. The combined force of the friction and
the resolved part of the weight down the path is 75 N for both canoes, Both competitors
therefore do the same amount of work in raising their canoes, 75> 60 I, which is 4500 J.
But the first canoeist is more powerful; he does this work in a shorter time.

The rate at which a person or an engine works is called power. The unit of power is the
joule per second; this is given a special name, the watt, abbreviated to W. Thus
1W=1Js". James Watt was a Scottish engineer in the second half of the 18th
century, most famous for his contribution to the development of the steam engine.

. 4500 . .
In the example of the two canoeists, the first expends power of 0 joules per second,

on average, which is 50 watts; the second expends power of 4150?)0 joules per second,

which is 45 watts.

Example 8§.4.1
A hotel lift, of total mass 1200 kg, rises a distance of 60 metres in 20 seconds. What is
the power output of the motor?

The weight of the liftis 12 000 N, so the work done in raising it 60 metres is

12 000 60 J, which is 720 000 J. To do this work in 20 seconds requires power

of 222 W, which is 36 000 W.

The power output of the motor is 36 000 W, or 36 kilowatts (kW).

www.gceguide.com
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Example 84.2

A car of mass 1500 kg arrives at the foot of a straight hill travelimg at 30ms™ . It
reaches the top of the hill 40 seconds later travelling at 10 ms™ ' The length of the hill
is 1000 metres, and the gain in height is 120 metres. The average resistance to motion is
500 N . Find the average power developed by the engine.

The work done against the resistance is
500 x 1000 J. From Fig. 8.3 the resolved

part of the weight of 15000 N down the 10000 120m
hillis 15 OOOXIIE]%%N,which is 1800 N, ¥ 150008
so the work done against the weight is Fig.8.3

1800 x 1000 1 =1 800 000 i . The total
work done against the external forces is
therefore (500 000 + 1800 000) J, which
is 230000017,

Some of this work i 15 accounted for by the loss in kinetic energy, whlch is
(4x1500 x30% - { x 1500 10%)} J = 600 000 .

This leaves (2 300 000 — 600 000} J =1700 000 J to be provided by the engine.

So the engine has to produce 1 700 000 J in 40 seconds, which means that the

average power developed is 7 0 W, which is 42 500 W, or 42.5 kW,

8.5 Power, force and velocity

Suppose that a vehicle is travelling on a level road with constant velocity v, so that the
driving force F from the engine exactly balances the resistance R.Then over an
interval of time ¢ the vehicle will travel a distance vt , and the work done by the driving

. F . :
force is F x(vt). The power developed by the engine is therefore i Jthatis Fv.
t

It can be shown that this formula still holds if the velocity of the vehicle is not constant.
The general resuit is:

If an engine drives an object at velocity v by means of a force # in

the direction of motion, the power developed by the engine is Fv.

In many cases, both for mechanical engines and for athletes, the greatest power of which
they are capable is roughly constant over a range of speeds. This means that, when v gets
larger, F decreases; and by Newton’s second law, it follows that the acceleration decreases.

This is a familiar experience to anyone who drives a car, rides a bicycle or runs sprint
races. If you are producing maximum power, then you can achieve higher acceleration
at low speeds than at high speeds.
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Example §.5.1

A swimmer of mass 50 kg pushes off from the side of a pool with a speed of 0.8 ms™,
She can develop power of 200 W, and the resistance of the water is 220 N.

{a) At what rate can she accelerate away from the side of the pool?

(b) Assuming the resistance remains the same, what is her greatest possible speed?

(a) Ataspeedof 0.8 m s" the largest force she can produce is given by
power + speed, which is N 250 N. The net force available for acceleration
is {250 -220) N, or 30 N Therefore by Newton’s second law, her greatest

possible acceleration is 39 ms™?, whichis 0.6 ms™.

(b) At her greatest possible speed the forward force is equal to the resistance of
220 N . Swimming at her full power of 200 W, her greatest speed is given by
power -+ force, which is %g% ms™,or 0.909...ms™,

At aspeed of 0.8 ms™ she can accelerate away from the side at 0.6 ms™

reach a maximum speed of about 0.9 ms™

,and

Example 8.5.2

A racing car of mass 1830 kg is being tested out at high speeds. Running at full power,
it is found that the greatest speed the car can achieve is 80 ms™ . With the same power
output, at a speed of 64 ms™, the car accelerates at 0.5 ms™. Assuming that the
resistance to motion is proportional to the square of the speed, find the acceleration of
the car at full power when its speed is 7Sms™.

Let the power output of the car be P watts, and suppose that the resistance when
the car is travelling at v ms™ is kv? newtons.

At 80 ms™' the driving force is 315 P newtons. At the car’s top speed the driving

force is equal to the resistance of k X 80° newtons. So

ag P=kx80%,  whichgives P =512000%.

At 64 ms™', the driving force is 63 P newtons and the resistance is k x 64% newtons,
so by Newton’s second law

1 2 _
;‘ZP—.kx64 =1830x05.
Substituting 512 0004 for P, this equation becomes
8000k — 4096k =915,
giving 3904k = 915, 50 k=55 ,and P =512 000k =120 000.

If the acceleration at 75ms™ is @ ms™2, Newton’s second law gives
i 315 2
75 %120 000 ~ i fogq X 19" =1830a,
1600 -13183...

s0 a=——————=(.154 to 3 significant figures.
1830

At full power, the acceleration of the car when its speed is 75ms™ is 0.154 m s~




CuapTER 8: WORK, ENERGY AND POWER WWW. Wom

9[%
Exy.c/lsesn

A crane is used to raise a block of mass 2 tonnes to a height of 75 metres in 45 seconds.
What is the average power cuiput of the motor?

A mountaineer and her pack have mass 90 kg . She climbs a 1200 metre mountain in
160 minutes. At what average power is she working?

%\ child of mass 30 kg runs up a flight of stairs in 6 seconds. The top of the flight is
/ 3 metres above the bottom, and at the top he is running at 2 m s™'. What average power
does he need fo produce?

A chatr-lift runs at constant speed. Each passenger starts from rest at the lower station, and

/ is delivered to the upper station with the speed of the lift. The lift raises 30 passengers a
minute, of average mass 75 kg. The top of the lift is 300 metres higher than the bottom,
and the ride takes 3 minutes. What power do the motors produce?

The power developed by a motorcycle, as it travels on a horizontal straight road at a
constant speed of 20 ms™',is 12 kW . Calculate the resistance to the motion of the
matorcycle.

Calculate the power of the engine of a car which maintains a steady speed of 40 m 57!

when the motion is opposed by a constant force of 400 N.

A cyclist maintatos a steady speed of 11 m s”! when opposed by a force of 80 N . Calcutate
the power produced by the cyclist.

A motorcyclist is travelling on a straight leve! road, with the engine working at a rate of
8 kW . The total mass of the motorcyclist and the machine is 160 kg . Ignoring any

resistance, find the acceleration at an instant when the speed is 20 m st

/ A winch operating at 1 kW pulls a box of weight 980 N up a smooth slope at a constant
speed of 2 m s™!. Calculate the angle the slope makes with the horizontal.

10 A car of mass 800 kg travels on a horizontal straight road. The resistance to motion is a
constant force of magnitude 300 N . Find the power developed by the car’s engine at an
instant when the car has a speed of 10 m s™! and acceleration of 0.6 ms™.

11 A winch is used to raise a 200 kg load. The maximum power of the winch is 5 kW .
Calculate the greatest possible acceleration of the load when its speed is 2 m s”', and the
greatest speed at which the load can be raised.

A car of mass of 950 kg moves along a horizontal road with its engine working at a
constant rate of 25 kW . The car accelerates from 14 ms™ to 18 ms™ . Assuming that
there is no resistance to motion, calculate the time taken.

on a horizontal road. Find the acceleration of the car at the instant when its speed is
<

—r

25ms™" and the resistance to motion has magnitude 200 N.

A locomotive of mass 50 000 kg pulls a train of mass 80 000 kg up a straight slope
inclined at 0.5° to the horizontal, at a constant speed of 9 m s~ 1. The resistance to motion
is a constant force of magnitude 5000 N . Calculate the power generated by the locomotive.

iy
6(3
\ The engine of a car of mass 1200 kg works at a constant rate of 18 kW . The car is moving
)
X
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A car of mass 1200 kg is moving along a horizontal road. The engine of the car is working
at a constant power of 24 kW . The frictional resistance to motion has magnitude of

ms™2

N. When the speed of the car is v ms™, show that the acceleration is 3
v

A car of mass 900 kg descends a straight hill which is inclined at 2° to the horizontal. The
car passes through the points A and B with speeds 14 ms™ and 28 ms™! respectively.
The distance AB is 500 metres. Assuming there are no resisting forces, and that the
driving force produced by the car’s engine is constant, calculate the power of the car’s
engine at A and at B.

A car of mass of 960 kg moves along a straight horizontal road with its engine working at
a constant rate of 20 kW . Its speed at the point A on the road is 10 ms™ . Assuming that
there is no resistance to motion, calculate the time taken for the car to travel from A unti}
its speed reaches 20 ms™.

Assume now that there is a constant resistance to motion and that the car’s engine
continues to work at 20 kW, It takes 12 seconds for the car’s speed to increase from
10ms™ to 20ms™*. During this time the car travels 190 metres. Calculate the work done
against the resistance and hence find the magnitude of the resistance. '

A pump, taking water from a large reservoir, is used to spray a jet of water with speed
20 ms™" and radius 0.05 metres, from a nozzle level with the surface of the reservoir.
Calculate the power of the pump.

E

Miscellaheous exercise 8

A small block is pulled along a rough horizontal surface at a constant speed of 2 ms™ by a
constant force. This force has magnitude 25 N and acts at an angle of 30° to the
horizontal. Calculate the work done by the force in 10 seconds. {OCR)

The power developed by a motoreycle, as it travels on a horizontal straight road at a
constant speed of S0ms™,is 25 kW . Calculate the resistance to the motion of the
motorcycle. {OCR)

A crate of mass 5 kg is pulled directly up a rough slope, of inclination 10°, by a constant
force of magnitude 20 N, acting at an angle of 30° above the horizontal, Find the work
done by the force as the crate moves a distance of 3 m up the slope. (OCR)

A car of mass 852 kg is moving on a horizontal road. The resistance to motion has

magnitude 95 N, Find the power of the engine at an instant when the speed is 15 m s~
and the acceleration is 1.2 m s™2. State where the external forces, causing the motion of the
car, act, and identify their nature. (OCR)

1

A motorcyclist is travelling on a straight level road, with the engine working at a rate of
kW . The total mass of the motorcyclist and her machine is 200 kg . Ignoring any air
resistance, find the acceleration at an instant when the speed is 20 m gt (OCR)
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A car of mass 1000 kg travels on a horizontal straight road. The resistance to motion is
odelled as a constant force of magnitude 380 N . Find the power of the car’s engine at an
instant when the car has a speed of 12 m s”' and an acceleration of 0.7 ms™>. {OCR}

A barge is pulled along a straight canal by a horse on the towpath. The barge and the horse
move in parailel straight lines 5 m apart. The towrope is 13 m long and it remains taut and
horizontal. The horse and the barge each move at a constant speed of 0.78 m s”! and the
towrope has a constant tension of 400 N. Calculate the work done by the horse on the
barge in 10 minutes, (OCR)

A locomotive of mass 48 900 kg pulls a train of 8 trucks, each of mass 9200 kg ,upa
straight slope inclined at 1° to the horizontal, at a constant speed of 8 m s~!. The total of
the resistances to motion of the locomotive and its trucks is modelled as a constant force of
magnitude 4000 N . Calculate the power generated by the locomotive.

At a later instant the locomotive and trucks are travelling along a straight horizontal track at
aspeed of 20 m s , with the Jocomotive continuing to work at the same rate as before.
With the same model for the total of the resistances as before, find the acceleration at this
instant. {(OCR)

A car of mass 1220 kg travels up a straight road which is inclined at an angle & to the
horizontal, where sin ¢ = 0.05. The resistances to motion are modelled as a constant force
of magnitude 1400 N . The car travels a distance of 25.8 metres whilst increasing its speed
from 8 ms™', at the point X, to 12 m s”! at the point Y. Calculate the work done by the
car’s engine in travelling from X to Y.

The car’s engine works at a constant rate of 40 kW . Calculate the time taken to travel from
XtoY. : (OCR)

A resistive force acts on a cyclist, as she free-wheels down a straight hill at constant speed.
The cyclist and her machine are modelled as a particle of mass 70 kg , and the resistive
force as a constant force. This constant force has magnitude 48 N and acts upwards in a
direction parallel to the hill. Calculate the angle of inclination of the hill to the horizontal.

The cyclist reaches the foot of the hill at a speed of 6 m s”! and starts to pedal, travelling
along a horizontal straight road. The cyclist works at a constant rate of 624 W . By
modelling the resistive force as a constant horizontal force of magnitude 48 N, calculate
the acceleration of the cyclist immediately after she starts pedalling. Show that her
subsequent speed on the horizontal road cannot exceed 13 m s7h (OCR)

A car of mass 700 kg descends a straight hill which is inclined at an angle of 3° to the
horizontal. The car passes through the points P and Q with speeds of 12 m 57! and
30 ms™ respectively. The distance PQ is S00 metres. Assuming there are no resistances

_ to motion, calculate the work done by the car’s engine for the journey from P to Q.

Assuming further that the driving force produced by the car’s engine is constant, calculate
the power of the car’s engine at P,at @, and at the mid-point of PQ. {OCR)
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12 A carof mass 1050 kg moves along a straight horizontal road with its engine working at a
constant rate of 25 kW . Its speed at a point A on the road is 12 ms™'. Assuming that there
is no resistance to motion, calculate the time taken for the car to travel from A until it

reaches a speed of 20 ms™.

Assume now that there is a constant resistance to motion and that the car’s engine
continues to work at 25 kW . It takes 10.7 s for the car’s speed to increase from 12 ms™
to 20 ms™!. During this time the car travels 179 m. Calculate the work done against the
resistance and hence find the magnitude of the resistance.

Later the car moves up a straight hill, inclined at 2° to the horizontal. The engine works at
25 kW as before, and there is a constant resistance of the same magnitude as before. The
car travels a distance of 393 m while its speed increases from 12 ms™ to 20 ms™.
Calculate the time taken by the car to travel this distance. {OCR)

13 A car starts from rest and travels on a horizontal straight road. A resisting force acts on the
car. By modelling the resisting force as a constant force of magnitude 750 N acting in the
direction opposite to the motion of the car, calculate the maximum speed which the car can
reach with its engine working at a constant rate of 30 kW .

The car, with its engine switched off, can easily be pushed by one person along the
horizontal road. State, giving a reason, whether or not the mode! for the resisting force is
realistic at low speeds.

The maximum power of the car is 40 kW and the mass of the car is 1250 kg . Calculate the
maximum speed the car can attain after starting from rest and while travelling up a straight
hiil inclined at 3° to the horizontal, assuming that the resistance of 750 N continues to
act. (OCR)

14 A car manufacturer plans to bring out a new model with a top speed of 65 m s to be
capable of accelerating at 0.1 m s~2 when the speed is 60 ms™' . Wind-tunnel tests on a
prototype suggest that the air resistance at a speed of v ms™' will be 0.2v? newtons. Find
the power output (assumed constant) of which the engine must be capable at these high
speeds, and the constraint which the manufacturer’s requirement places on the total mass of
the car and its occupants.

15 If the air resistance to the motion of an airliner at speed v m s7is given by kv newtons at
ground level, then at 6000 metres the corresponding formula is 0.55kv? , and at
12 000 metres itis 0.3kv>. If an airliner can cruise at 220 ms™' at 12 000 metres, at what
speed will it travel at 6000 metres with the same power output from the engines?

Suppose that & = 2.5 and that the mass of the airliner is 250 tonnes. As the airliner takes
off its speed is 80 m s™! and it immediately starts to climb with the engines developing
three times the cruising power. At what angle to the horizontal does it climb?
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Potential energy

This chapter makes a distinction between two kinds of force, conservative and
non-comnservative, and shows how the former can be regarded as the source of a store of
energy. When you have completed the chapter, you should

s  know how to calculate the work done by a constant force acting on an object which
moves in a curved path

* know the difference between conservative and non-conservative forces

¢ know that the work done against a conservative force creates potential energy

¢ understand and be able to apply the principle of conservation of energy

«  know that the total energy (potential and kinetic) can be changed by the work done by
non-conservative forces.

Another expression for work

In Section 8.2 the work done by a force was defined as (F cos8) X s; that is, the product of
the resolved part of the force and the distance moved by the object it acts on. Another way
of writing this product is to link the factor cos@ with s rather than F,as Fx(scos0).

This is illustrated in Fig. 9.1. If the object moves from A to 8
under the action of the force, then scos@ is the distance AK,
where K is the foot of the perpendicular from B to the line of
action of the force. That is, AK is the displacement of the
object in the direction of the force.

So if an object moves along a line under the action of a force
of magnitude F , the work done by the force is equal to the
product of F and the distance that the object moves in the direction of the force.

If you know about scalar products of vectors (see P1 Section 13.8), you will recognise
=
this as the scalar product F .r, where r denotes the displacement AB.

Fig. 9.1 shows this only when the object moves in a straight
line, but it is also true if the object moves in a curved path, as
in Fig. 9.2. To show this, you can divide the path up into a lot
of small steps AB, BC, CD, ... , for each of which the
straight chord can’t be distinguished from the curve. In these
steps the displacements of the object in the direction of I are
AK, KL, LM, ... . Sothe work done is

FXAK+FXKL+FXIM+.. .=F(AK+KL+IM+... )}

This means that, in the statement in the third paragraph in this section, you can replacé
the word ‘ling” by ‘curve’:
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If an object moves along a curve under the action of a constant force

of magnitude F', the work done by the force is equal to the product of
F and the distance that the object moves in the direction of the force.

Example 9.1.1

A small sphere of mass m is suspended from a hook by a thread of length /. The sphere is
pulled sideways, so that the thread makes an angle of 60° with the downward vertical, and

then released from rest. How fast is the sphere moving when the thread becomes vertical?

Fig. 9.3 shows that, after the sphere is released, there are
two forces on the sphere, its weight and the tension in the
thread. Since the sphere goes round part of a circle, it is
always moving at right angles to the direction of the thread,
so the work done by the tension is zero.

-

The weight mg acts vertically downwards, so the work
done by the weight is equal to mg times the distance that
the sphere moves in the vertical direction. This distance is just the vertical height
h of the initial position above the lowest point of the circle.

Fig. 9.3

The speed v of the sphere at the lowest point can be found by using the
work—energy principle,

(mg)h =1 my*.

This gives v = 2gh,s0v= \/2hg71“.

Now you can find h by trigonometry. From the right-
angled triangle in Fig. 9.4, the initial position of the
sphere is a distance [cos60° below the hook. So
= o _ By _ |
h=10-[cos60 -[(lwi-)—-z-l.
Substituting this in v =./2gh gives
.y -
= Iafb )=
=y28(3!) = el

When the thread is vertical the-speed of the sphere is \/ al.

9.2 Three problems with one answer

Here are two problems which you already know how to solve.

1 A stone is thrown vertically upwards with initial speed . Find its speed v when it
has risen to a height % .

2 Ablock is hit and starts to move up a smooth path at an angle ¢ to the horizontal.
If its initial speed is u, find its speed v when it is at a height /4 above its starting point.

The solutions are as follows.

L VSR RSl it ks v el e

3
i
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1 This is a straight application of the constant acceleration equation
v =u® +2as. Writing a=—g and s = h gives

vi=u? —2gh.
2 Fig. 9.5 shows the two forces acting on the block, its /",
weight mg and the normal contact force N, By Newton’s
second law, N
R(ll to the path) —mgsinx = ma, o M
50 the block has constant acceleration ~gsina up the Fig. 9.5

path. To reach a height A above its starting point the

block must travel a distance
formula v* = u® +2as,

up the path. So, using the constant acceleration
sinex

. h
v =y + 2(~gsin @) X~ = u® ~2gh.
sin

The work—energy principle provides the explanation why both these problems lead to the
same answer. If you multiply each term of the equation v o=yt - 2gh by %m . you get

1,2 1, .2
smv” =xmu” —mgh.

The terms & mu? and 4 my? are the kinetic energy of the object initially and after it has

risen a height % . It remains to see why the kinetic energy is reduced by the same amount,
-nigh , in each case,

The stone thrown vertically upwards moves a distance # in the direction opposite to the
weight mg, so mgh is the work done against the force of gravity.

For the block moving up the smooth path there are two forces. The normal contact force
does no work, because it acts at right angles to the direction in which the block is
moving. The result in Section 9.1 provides the explanation why the work done against
the force of gravity is mgh.

Here is another problem to which the work—energy principle can be applied to give the
same answer,

3 A ballis thrown at an angle to the horizontal with speed u. Neglecting the effect of
air resistance, find how fast it will be moving when it is at a height A above the ground.

3 In this example the ball travels in a curved path, so the initial v
and final velocities are in different directions (see Fig. 9.6). T
- h
The only force on the ball is its weight mg , which always acts P ,*'img
uf[ I'

vertically downwards. You can therefore again use the resuit in
Section 9.1 to show that the work done by the force of gravity is
mg x{—h) . So, applying the work-energy principle,

- =Loyn? _Lp?
mgh =5mv" —smu”,
which again leads to the equation

vi=u®-2gh.
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These examples illustrate how you can economise by using the work—energy principle.
It provides a general theory which can be applied in a large number of situations that
seem to be quite different.

Conservative and non-conservative forces

Here is a fourth problem which could have the same answer as those in the last section.

4 A brick is set in motion with speed u across a rough floor. The frictional force is F .
Find the speed at which it is moving when it has gone a distance & horizontally.

4 Newton’s second law gives —F = ma , so the acceleration has the constant value
. F .
> =4® +2a5 with a=—— ands = h gives

~E. Using the formuia v
n L)

F
vi=ut 2o
m

h.

Now suppose that F has the value mg. The equation would then become v? = u® — 2gh.
This can again be expressed in work—energy form, as ; myv? = %mu2 —mgh , but this time
the term mgh is the work done against the frictional force mg over the horizontal

displacement k.

But there is an important difference between this example and those in Section 9.2. For
the objects thrown into the air or hit up the smooth path, kinetic energy has been
temporarily lost, but you will eventually get it all back when they return to the same
level as they started. For this reason the force of gravity is called a conservative force.
You can think of gaining height as a way in which an object can store up energy, which
it can use later to recover its original kinetic energy.

It is quite different with the frictional force. In the fourth example, if the brick is allowed
to continue across the floor, it will go on losing speed until it stops. The kinetic energy
which it had to start with is lost, and there is no way of getting it back. The frictional
force is said to be non-conservative.

Another example of a non-conservative force is air resistance. If air resistance had been
taken into account in the third example in Section 9.2, it would act along the tangent to
the path of the ball in a direction opposite to the velocity. The work done against the

- resistance would have the effect of reducing the final velocity. So when the ball returns

to its original level, its speed will be smaller than u.

The conservation of energy NP r

Fig. 9.7 shows part of a roller-coaster ride in an ¢
amusement park. Consider an idealised model in ‘\V

which there is no friction or air resistance. At D \S
four points A, B, C and D on the ride the car & -
has speeds p, g, r and s, and it is at heights a, bB
b, ¢ and d above ground level. The car has ! l
mass m and weight W, where W =mg.

]
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The two forces on the car (with passengers) are its weight and the normal contact force
from the track. The contact force does no work, because it always acts at right angles to
the direction in which the car is moving.

Between A and B the car is descending with increasing speed. The car loses height of
amount a— b, so the work done by the weight is W(a — b). Therefore, by the
work-energy principle,

W(a—b}m%qu —%mpz.

This equation can be rearranged as

Between B and C the car climbs and the speed decreases. Work is done against the
weight of amount W(c—b), so there is a decrease of kinetic energy of amount

%—qu - %mr:a =W(c-b).
Rearranging,
K/Vl’)+%-rm;:2 = Wn:'~l—%i*1'1r2 .
Between C and D the car descends again, so
Wc+%mr2 = Wd + %msz.

What these equations show is that, as the car goes up and down, its height /4 and speed
v at any point vary so that the sum

Wh + %mvz
remains constant. As h increases, v decreases and vice versa.

The quantity Wh represents the car’s store of energy, which can be traded in for
increased kinetic energy by reducing & . It is called potential energy, and the property
illustrated by the roller-coaster example is called the conservation of energy principle.

Conservation of energy principle For an object moving along a path,

if there is no work done by external forces other than the force of gravity,
the sum of the potential energy and the kinetic energy is constant.

. The terms ‘potential energy’ and ‘kinetic energy’ are often abbreviated to their initials
pe.and ke.

The idea of storing energy in the form of potential energy has many practical
applications. For example, in mountainous areas valleys are often dammed to create a
reservoir of water at a height above the surrounding land. This allows water to be
released when required so that, as it loses height, it gains speed which can be used to
drive a turbine and generate electricity.
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Another example is in clock mechanisms. Some clocks work by means of a heavy
weight attached to a chain. The energy needed to keep the clock going is provided by
raising the weight to the top of its case, thus creating a store of potential energy.

You can also think of Example 9.1.1 in terms of the conservation of energy. When the
sphere is pulled aside, so that it is at a height ~2'~l above the lowest point of the circle,
potential energy of amount mg(% l) is created. When the sphere is released, this is

converted into kinetic energy of amount %mv2 .

Example 9.4.1

Fig. 9.8

Fig. 9.8 shows the profile of a hill. The points A, B and C are at heights 80, 40 and

50 metres respectively above D, A lightweight truck of mass 250 kg starts from rest at
A and descends the hill without power. Neglecting any resistances, calculate how fast it
is travelling at B, C and D.

Denote the speedsat B, C and D by g m s7h, rms™ and s ms™! respectively.
The weight of the truck is 2500 N, so the potential energy at a height of # metres
is 2500h joules. When the speed is v ms™', the kinetic energy is -;:X 250 v?
joules, which is 125v2 joules. The conservation of energy principle gives the
equations

2500 % 80 = 2500 % 40 + 125¢% = 2500 x 50 + 125r% = 125s°.

Notice that at the beginning there is no kinetic energy, and at the end there is no
potential energy. At B and C there is both potential and kinetic energy.

From these equations you can calculate g° =800, r* = 600 and s* = 1600, so
g=282..., r=244. . and 5s=40.

At B, C and D the truck is travelling at about 28 m s',24ms™ and 40 ms™"
respectively.

In working this example all the heights have been taken to be measured above D, 50
that the potential energy at D is zero. But in fact you can take any level to be at *zero
height’ , SO long as you are consistent right through the calculation. For example, D
might be 600 m above sea level; if you choose to take the potential energy above sea
level, then the potential energy terms in the equations would be 2500 680,

2500 x 640, 2500 650 and 2500% 600.
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Alternatively, you could choose 1o take the potential energy above B. In that case the
heights at A, B, C and D would be 40, 0, 10 and —40. The conservation of energy
equations would then be

2500 % 40 = 1257 = 2500 % 10 + 12577 = 2500 x (—40) + 1255,

You can easily check that in either case you get the same answers as before. This is
because, in a conservation of energy equation, measuring from a different level simply
adds or subtracts the same amount on both sides of the equation, which doesn’t affect
the answer.

For instance, in Example 9.1.1 you could measure all the heights from the level of the
hook. The sphere is initially %l below the hook, and you want the speed v when itis /
below the hook. The conservation of energy equation would then be

mg(— %I) = mg(~)+ —%mv2 ,

which gives the answer v = \/Q , as before.

VE
Exe}v.ié 9A

7 A particle of mass 2 kg falls freely from rest. Calculate the kinetic energy of the particle
after it has descended 20 metres.

A stone of mass 0.8 kg is thrown vertically upwards with speed 10 m s”!. Calculate the
initial kinetic energy of the stone, and the height to which it will rise.

3 A helicopter of mass 800 kg rises to a height of 170 metres in 20 seconds, before setting
off in horizontal flight, Calculate the potential energy gain of the helicopter, and hence
estimate the mean power of its engine. State a form of kinetic energy that has been ignored
in this model.

)/’A child of mass 25 kg slides 15 metres down a water-chute inclined at 30° to the
horizontal, starting from rest. Calculate the speed the child would have at the foot of the
" chute, assuming no energy is lost during the descent.

,,S/K mountaineer of mass 65 kg scales a peak 3.2 km high. Calculate her gain in potential
energy.

f no mechanical energy were lost, a skate-boarder descending a straight 40 metre slope
would arrive at its foot with speed 15 m s, Calculate the angle the slope makes with the
horizontal.

7 In an amusement park, a boy reaches the foot of a slide with speed 7 m s, after starting
from rest. Because of friction, only 25% of his initial potential energy has been converted
into kinetic energy. Calculate the vertical distance the boy has descended.
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A 160 kg barrel of bricks is raised vertically by a 2 kW engine. Calculate the distance the
barrel will move in 7 seconds traveiling at a constant speed.

9 A stone of mass 0.5 kg is attached to one end of a light inextensible string of length
0.4 metres. The other end of the string is attached to a fixed point O. The stone is
released from rest with the string taut and inclined at an angle of 40° below the
horizontal through O . Calculate the speed of the particle as it passes beneath O.
Calculate also the speed of the stone when the string makes an angle of 20° with the
vertical through O.

A simple pendulum is modelled as a thread of length 0.7 metres, fixed at one end and with
a particle (called the ‘bob’) attached to the other end. As the pendulum swings, the greatest
speed of the bob is 0.6 m s~ Calculate the angle through which the pendulum swings.

11 A particle of mass 0.2 kg is attached to one end of a light rod of length 0.6 metres. The
other end of the rod is freely pivoted at a fixed point O. The particle is released from
rest with the rod making an angle of 60° with the upward vertical through 0. Calculate
the speed of the particle when the rod is

(a} horizontal, (b) vertical.

12 A bead is threaded on a smooth circular wire hoop. The radius of the hoop is a metres.
The bead is projected from the lowest point of the hoop with speed ums™ , and just
reaches the top of the hoop. Express 1 interms of a and g,

/IS/A particle is projected with speed 4 ms™" up a line of greatest slope of a smooth ramp
inclined at 30° to the horizontal. It reaches the top of the ramp with speed 1.2 m s,

Calculate the length of the ramp.

)Q/Acyclist of mass 90 kg arrives at the top of a hill travelling at 4 ms™ . Free-wheeling,
he descends to a bridge and then climbs up to his house on the other side of the valley.
The heights above sea level of the three points are 432, 350 and 387 metres respectively.
Use a model which neglects resistances to estimate the cyclist’s speed as he crosses the
bridge and as he reaches his house. (See Exercise 9B Question 9.)

S e e D S e S e R

9.5 A;iplication to systems of connected objects

Conservation of energy can also be used to solve problems about a pair of objects
connected by a string.

Example 95.1

A toy has the form of a truck of mass 4 kg which can run on a track at an angle of 30° to
the horizontal. A light chain attached to the truck runs parallel to the track, passes over a
light pulley at its upper end, and then hangs vertically (see Fig. 9.9). A counterweight of
mass 3 kg is attached to the free end of the chain. The system is released from rest with
the counterweight at a height —é— m above the floor. Find how fast the truck is moving
when the counterweight hits the floor.
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Fig.99

Suppose that the truck is originatly 4 metres above the floor. Let the s;)eed with
which the truck is moving as the counterweight hits the floorbe vm s~ L 1f the
chain is inextensible, the counterweight will also be moving at vms -

At the start there is no kinetic energy, but both the truck and the counterweight
have potential energy, of amounts (4g)h joules and (3g)é joules respectively,
where g = 10. When the counterweight hits the floor, the truck has moved a

1

distance 5 m up the track, so it has gained a height of ism 30° m, which is 4 m.

So, equating the total energy at the beginning and the end,
4gh+%gm4g(h+2‘i)+%x4xv2 +1x3%32,

which can be simplified as
(%—I)g:%vz, so v :%g, and  v=1.195....

The truck is moving at about 1.2 m s™! as the counterweight hits the floor.

In this example you might wonder whether the tension in the chain contributes to the
energy equation. The answer is that when you consider the system as a whole the
tension does no work. As the truck and the counterweight move i m , the tension of
T newtons acting up the plane on the truck does work 7T'X 5 J and the tension of

T newtons acting upwards on the counterweight does work (-T)x5 L J. These add up
10 zero,

You can, though, find the tension by writing 4 work—energy equation for the truck by
1tself Dumng the motion the truck gains potential energy 4gx 4 L J and kinetic energy
—2- x 4% v* ], So, equating the gain in energy to the work done by the tension,

37 =g+2{}s).

which gives T = 1,-?- g =25.71... . The tension in the chain is therefore 25.7 N,
to 3 significant figures.

You can check for yourself that this is tfie same answer as you get using the method
described in Chapter 7.
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Including non-conservative forces in the equation

The speeds calculated in Example 9.4.1 are unrealistic, since resistance is not taken info
account. Because some of this will be air resistance, it is likely to be greater at higher
speeds. The next exampie tries to model the motion of the lightweight truck more
realistically.

Example 9.6.1

Suppose that in Example 9.4.1 the distances AB, BC and CD measured along the hill
are 200 m, 100 m and 300 m. The average resistances to motion along these stretches
of the hill are estimated to be 95N, 140 N and 210 N . For the uphill stretch from B to
C the motor is activated, producing a driving force of 700 N . Calculate the speeds at
B, C and D using this model.

Between A and B the work done against the resistance is 95x 200 J , and the
effect of this is to reduce the total energy (potential and kinetic) at B. So the first
equation in Example 9.4.1 is replaced by

2500 % 80 — 95 200 = 2500 % 40+ 1254°.

Between B and C there are two extra terms in the equation, the work done by the
driving force, which is 700 x 100 J , and the work done against the resistance,
which is 140 x100 J. So the equation is

2500 % 40 + 125¢% + 700 x 100 — 140X 100 = 2500 x 50 + 125¢2.
For the final stretch the work done against the resistance is 210% 300 J, so
2500 % 50 +125r% —210x 300 =125s2.

These equations give 125¢° = 81000, 12577 =112 000 and 125s% = 174 000, so
g=648=254..., r=+/896=299.. and s=+/1392=373....

At B, C and D the truck is moving at about 25 m 7! ,30ms™ and 37 ms™L.

This example shows that the conservation of energy principle has to be modified to take
account of the driving force and the resistance, which are the non-conservative forces in

_ the situation. Notice, though, that the work done by the weight no longer appears as a

separate term in the equations, since this has already been included in the form of the
potential energy.

For an object moving along a path, the total energy

{potential and kinetic) is increased by the work
done by the non-conservative external forces.

In Example 9.6.1 the work done by the driving force between B and C is positive,
but the work done by the resistance is negative, equal to minus the work done against
the resistance.

www.gceguide.com
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Notice that potential energy can be used up either by conversion into kinetic energy, or in
overcoming resistance. In Examples 9.4.1 and 9.5.1, all the potential energy lost is
converted into kinetic energy. In Example 9.6.1 some of it is converted into kinetic energy
and some is lost in work done against resistance. In the example of the clock, raising the
weight inside the case doesn’t make the clock run faster; the potential energy created when
the weight is raised is all used to overcome the resistance inside the clock mechanism.

Example 9.6.2

Abe and Dev have mass 30 kg and 40 kg respectively. Abe is standing on the ground
holding one end of a rope. Dev is 5 metres up a tree. Abe tosses the other end of his rope
over a high branch. Dev grabs it, pulls it tight and then uses it to descend to the ground.
As he does 0, Abe keeps hold of the rope and goes up. As Dev reaches ground level,
both boys are moving at 3 m s~!. How much work is done against the frictional force
between the rope and the branch?

In the descent Dev loses potential energy of 40x10x 57, and Abe gains potential
energy of 30x 10X 5J, so the net loss of potential energy is {40 ~30)x10%x 57,
which is 5607,

Both boys gain kinetic energy. Abe gains % x30x 3% J, and Dev gains
Lx40x3% 1, 50 the total gain is §x (30+40)x 3 I, which is 315J.

The only non-conservative force is the friction between the rope and the branch,
so the loss of energy of 185 J must be accounted for by the work done against this
frictional force.

Notice that in this example various minor complications have been neglected, such as
the mass of the rope, air resistance and the possibility that the rope might stretch. None
of these factors is likely to have much effect, and the calculated answer would give a
good estimate of the loss of energy due to the friction.

03
Exefcise 9B  mesmmmiin

1 Two particles of mass 0.3 kg and 0.5 kg are connected by a light inextensible string
passing over a smooth rail. The particles are released from rest with the string taut and
vertical except where it is in contact with the rail. Calculate the velocity of the particles
after they have moved 1.3 metres. '

/2/Particles of mass 1.2 kg and 1.4 kg hang at the same level, connected by a long light
inextensible string passing over a small smooth peg. They are released from rest with the
string taut, Calculate the separation of the particles when they are moving with speed
05m s7L

%particle of mass 1.2 kg is at rest 2 metres from the edge of a smooth horizontal table. It

is connected by a light inextensible string, passing over a light pulley on smooth bearings at
the edge of the table, to a particle of mass 0.7 kg which hangs freely. The system is
released from rest. Calculate

(a) the distance moved by the particles when their speed is 3 m s,

(b) the speed of the particles just before the heavier particle reaches the pulley.




140 MEcHANICS |

wowwsgeeguide.com

/(m:bject of mass 1.6 kg rests on a smooth slope inclined at 10° to the horizontal. It is
connected by a light inextensible string passing over a smooth rail at the top of the slope to
an object of mass 0.8 kg which hangs freely. After their release from rest, calculate

(a) their speed when they have moved 0.5 metres,
(b) the distance they have moved when their speed is 3ms™".

5 Two particles of mass 0.1 kg and 0.2 kg are attached to the ends of a light inextensible
string which passes over a smooth peg. Given that the particles move vertically after being
released from rest, calculate their common speed after each has traveiled 0.6 m. Deduce
the work done on the lighter particle by the string, and use this to calculate the tension in
the string.

6 A particle of mass 2.2 kg rests on a smooth slope inclined at 30° to the horizontal. It is
connected by a light inextensible string passing over a smooth rail at the top of the slope to
a particle of mass 2.7 kg which hangs freely. The particles are set in motion by projecting
the lighter down a line of greatest slope with speed 4 ms™'. Find the distance the particles
travel before their direction of motion is reversed. Find the total energy gained by the

/yging mass during this part of the motion, and hence find the tension in the string.

An airliner of mass 300 tonnes is powered by four engines, each developing 15000 kW .
Its speed at take-off is 75 ms™', and it takes 11 minutes to reach its cruising speed of
210 ms™" ata height of 10 000 metres. Calculate the work done against air resistance
during the climb.

8 A and B are two points 1 km apart on a straight road, and B is 60 metres higher than A.
A car of mass 1200 kg passes A travelling at 25 ms™' . Between A and B the engine
produces a constant driving force of 1600 newtons, and there is a constant resistance
to motion of 1150 newtons. Calculate the speed of the car as it passes B.

A Exercise 9A Question 14 a more realistic model for the cyclist’s motion includes a
resistance force of constant magnitude, which produces a value of 15m s™ for the speed of
the cyclist as he crosses the bridge. The road lengths of the downhill and uphill stretches of
his ride are 820 metres and 430 metres respectively. Calculate the resistance force. Show
that he won't be able to complete the journey without pedalling, and find the constant force
necessary on the uphill stretch to produce the energy to reach his house.

Miscellaneous exercise 9

1 A particle is at rest at the apex A of a
smooth fixed hemisphere whose base is
horizontal. The hemisphere has centre O
and radius a. The particle is then displaced
very slightly from rest and moves on the
surface of the hemisphere. At the point P
on the surface where angle AOP =8 the
particle has speed v. Find an expression for
vintermsof a, g and 8. {OCR)
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2 A smooth plane AB is 10 metres long. It is inclined at 30° to the horizontal with the lower
end, B, 6 metres vertically above horizontal ground. A particle is placed on the plane at the
upper end, A, and then released from rest so that it slides down the plane. Find the speed
of the particle as it strikes the ground. (OCR)

3 A skier of mass 70 kg sets off, with initial speed of 5m s down the line of greatest
slope of an artificial ski-slope. The ski-slope is 80 metres long and is inclined at a constant
angle of 20° to the horizontal. During the motion the skier is to be modelled as a particle.

(a) Calculate the potential energy that the skier loses in sliding from the top to the bottom
of the siope.

(b Ignoring air resistance and friction, calculate the speed of the skier at the bottom of the
slope.

The skier actually reaches the bottom of the slope with speed 6 m s7'. Calculate the

magnitude of the constant resistive force along the slope which could account for this final

speed. (OCR)
4 Two bodies, of mass 3 kg and Skg,are attached to the ends of a light inextensible string.

The string passes over a smooth fixed rail and the particles are moving vertically with both

vertical parts of the string taut. Find the speed of the particles when they have travelled

0 4 metres, and deduce the magnitude of their acceleration.

string passing over a fixed smooth pulley.
Particles A, of mass 4 kg, and 8, of mass
3 kg, are attached to the ends of the string
and each of the two parts of the string that
are not in contact with the pulley is
vertical. The system is released from rest
with the string taut, with A at a height of
1.4 m above the horizontal step, and with
B on the floor. The modelling assumption
is made that the acceleration of each
particle is constant. Calculate the speed
with which A hits the step. State a
physical force that has been neglected in the above model. (OCR)

5 The diagram shows a light inextensible /\

l4m

6 Particles, of mass 1.5 kg and 2 kg, are attached to the ends of a light inextensible string.
The string passes over a light pulley on smooth bearings, fixed at the top of the smeoth,
sloping face of a fixed wedge. The 2 kg mass 1s at rest on the sloping face, which is
inclined at 30° to the horizontal. The 1.5 kg mass hangs freely and the string is taut. The
particles are released. Find the speed of the particles when they have travelled 0.7 metres,
and state the direction of motion of the 1.5 kg mass. '
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A car of mass 650 kg is travelling on a straight road inclined to the horizontal at 5. At a
certain point P on the road the car’s speed is 15 m s~ . The point Q is 400 metres down
the hill from P,and at Q the car’s speedis 35 m s~ . For the motion from P to @, find

(a) the increase in kinetic energy of the car,
(b} the decrease in gravitational potential energy of the car.

Neglecting any resistances to the car’s motion, and assuming that the car’s engine
produces a constant tractive force on the car as it moves down the hill from P to Q,
calculate the magnitude of the tractive force and the power of the car’s engine when
the caris at Q.

Assume instead that resistance to the car’s motion between P and O may be represented
by a constant force of magnitude 900 N . Given that the acceleration of the car at @ is
zero, show that the power of the car’s engine at this instant is approximately 12 kW.

Assuming that the power of the car’s engine is the same when the car is at P as it is when
the car is at @, calculate the car’s acceleration at P. (CCR)

A smooth wire is bent into the shape of the graph of y = éxa - % x>+ 4x for 0<x<6,the

units being metres, Points A, B and C on the wire have coordinates (0,0), (3,3) and
(6,6). A bead of mass m kg is projected along the wire from A with speed ¥ ms™
it has enough energy to reach B but not C'. Prove that u is between 8.16 and 10.95,
to 2 decimal places, and that the speed at B is at least 2.58 ms™.

s0 that

If u =10, the bead comes to rest at a point D between B and C . Find
(a) the greatest speed of the bead bétween B and D,

(b) the coordinates of D, to 1 decimal place.

What happens after the bead reaches D?

A block of mass M is placed on a rough horizontal table. A string attached to the

block runs horizontally to the edge of the table, passes round a smooth peg, and supports
a sphere of mass m attached to its other end. The motion of the block on the table is
resisted by a frictional force of magnitude F', where F < mg. The system is initially

at rest.

(a) Show that, when the block and the sphere have each moved a distance A, their
common speed v is given by v¥ = 2Amg—F)h
' M+m

(b) Show that the total energy lost by the sphere as it falls through the distance A is
m(Mg+ F)h
M+m
{¢) Write down an expression for the energy gained by the block as it moves through the
distance £ . Use your answer to check the expression for the tension which you found
in part (b).

. Hence find an expression for the tension in the string.

e
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10 A tube is bent into the form of a semicircle
with centre @ and radius 7. Itis fixed ina
vertical plane with its diameter horizontal,
as shown in the diagram. A steel ball is
held at one end A, and released into the
tube. Throughout its motion the ball
experiences a resistance of constant
magnitude R.The ball first comes to rest
at B, where OB makes an angle of %ﬂ'
with the vertical. It then runs back down the tube and next comes to rest at C, where OC
makes an angle o with the vertical.

(@) Show that R= "8
5

(b} Find the speed of the ball at the lowest point of the tube
(i) as it moves from A to B,
(it) as it moves from Bto C.

(¢) Show that 0.6a = w(cosc ~0.7).

(d) Explain why the ball will continue to oscillate after reaching C if o > sin”l[gé], and
determine whether this condition is satisfied. *
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Force as a vector quantity

This chapter deals with foree as an example of a vector quantity, and shows how forces
may be combined or taken apart. When you have completed it, you should

*  understand the terms ‘resultant’ and *component’

+  be ahle to find the resultant of two or more forces

=  be able to find the components of a force in two given directions

*  appreciate that when a force is split into perpendicular components their magnitudes are
equal to the resolved parts of the force in the given directions

e be familiar with the notation of vector addition and with the representation: of forces by
column veclors

+ understand how the equilibrium of two or three forces can be expressed in vector
notation

= e able to represent the equilibrium of three forces with a triangle of forces.

Combining forces geometrically

You have now met a number of different mechanics concepts, such as displacement, velocity,
acceleration and force, What these all have in common is that to describe them you have to give
both & magnitude and a direction. They ate all examples of vector quantities.

Contrast this with mass and kinetic energy, which are completely described by their magnitude,
and which have no direction associated with them. These are examples of scalar quantities.

When you want to show that a symbol stands for a vector quantity, it is usual to write it with a
wavy line under the tetter. Thus, a force of 10 N on a bearing of 020° might be denoted by
the symbol P . In print, in place of the wavy line, the symbol is written in bold type, as P.

You are already used to showing vector quantities in diagrams as arcows. This is fine for
indicating the direction, but you slso need a way of showing the
magnitude. A simple way of doing this s with the length of the
arrow, Choose a scale, such as | centimetre to 5 newtons; then
the force P would be represented by un armow of length 2 cm
peinting on a bearing of 020°, as in Fig. 10.1. Another force, Q
of 15 N on a bearing of G807, would be represented by an arrow
of length 3 cm. Now suppose that B and Q act on a particle at
the same time. In which direction will the particle accelerate?

+

Fig. 10.1

To answer this, you wani to find a single force which has the
same effect on the particte as P and Q together. This is done
by taking the two arrows representing the forces, and placing
them so that the head of P coincides with the tail of Q ,as in
Fig. 10.2. Then join the tail of P to the head of Q with a third
arrow . This arrow then represents (on the same scale) the single
force R which has the same effect as P and Q together. The
force R is called the resnltant of P and Q. Fig.10.2

www.gceguide.com
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If you draw this 10 scale, you wilt find that the Jength of the third arrow ts about 4.4 cm, and
that it makes an angle of about 37° with the P arrow, Now 4.4 cm represents 44X 5N, or
22 N . So the resultant of P and Q is a force of magnitude 22 N on a bearing of 057°.

To see why this works, look at Fig. 10.3. The
lines AB, BC and AC correspond to the three
arrows in Fig. 10.2. Draw a line AL inany
direction you like, and draw BM and CN
perpendicular to AL, and BK parallelto AL.
Then you can see that

N

AN = AM + MN = AM+ BK .

Now AR, which has length 2 cm, represents Fig. 103

the force P, of magnitude 10 newtons. So

AM , of length 2cos ZBAL cm , represents a force of magnitude 10cos ZBAL newtons.
You will recognise this as the resolved part of P in the direction AL.Tn just the same
way, BK and AN represent the resolved parts of Q and R in the direction AL.So the
cquation AM + BK = AN shows that the effect of P and Q {taken together) in the
direction AL s equal to the effect of R in that direction.

o in bk Y 1 o e e e Srsrem e g e e @i s e sens

Since AL was drawn in any direction you like, the same argument shows that the effect
of P and Q together in any direction is the same as the effect of R in that direction.
&wﬁﬁiﬂ%ﬁ&?iﬂa{wﬁ‘&ﬁ-%ﬁﬂjﬂmMﬁ%mﬂﬁﬁmm&%ﬁﬁaﬁﬁﬁﬁﬁwwgﬁ%
i ;
ig Triangle law for combining forces  If two forces P and Q are

g% represented by arrows (on some scale) and the arrow representing R is

_,ix obtained from these as in Fig. 10.2, then the single force R has exactly :
jﬁ the same effect on a particle as the two forces P and Q acting together. é
i I .
T T R A R e A R

A figure like Fig. 10.2 is called a force diagram.

To find R by calculation rather than by scale drawing, you have to use trigonometry. In
that case you do not need to choose a scale; you can simply use the magnitudes of the
forces as if they were the lengths of the sides of a iriangle. '

Example 10.1.1
Find the resultant R of the two forces P and Q in Fig. 10.1 by calculation.

It is convenient to use the letters P Q and R,
printed in italic but not bold, to stand for the
magnitudes of I, Q and R.{In handwriting,
you would use P, Q and R without 2 wavy
line underneath.} In Fig. 10.4 these are used as
the lengths of the sides of a triangle XYZ, so
that XY =10, ¥Z =15 and XZ=R. Alsc the
angle between the directions of P and Q is
80°—20° = 60°, 50 ZXYZ = 180°—60°=120°. Fig. 104
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Using the cosine rule,
R? =107 +15% = 2x 10X 15 cos120° = 100 + 225 - 300% {—0.5)
=475, so R=aT5=2179....

To find the direction of R, you can use the sine rule to caleulate £YXZ,

- 13 = - R gives sinél’XZ:lssmlz—G—
sin Z¥YXZ  sini20° 2179,

»

so0 sinZ¥XZ=90.596..., and LYXZ=3658..°.

(Alternatively you could use the cosine rule a second time, in the form
152 =10% + R —2x10x Rxcos £ VXZ )

The resultant is therefore about 22 N on a bearing of approximately 0207+ 37°,
whichis 057°.

An important special case i when two forces P and Q z

are at right angles to each other. The force diagram then RaQ

takes the form of Fig. 10.5. From this you can calculate .
X P

R=+/P?+ 0% and tan LYXZ = %

This calcuiation is easy if vour calowialor Ras 3 rectangiiar-polar conversion kay. Enfer the
values of P and Q, and you can read off ifte magnitude of the resufiant and the angie.

16.2 Splitting a force into components

Suppose that you are trying to shift a heavy object but don’t have the strength to do it by
yourself. You get a friend to help, and hope that your combined efforts will produce the
resultant force needed. How much force will you gach have to exert?

This is the reverse of the problem in Section 10.1. You know R, and you want to find
P and Q. The forces P and . are called components of R.

If you know the directions in which these components act, it is easy to construct the
force diagram in reverse. Draw the arrow to represent R on the chosen scale, and then
draw lines through the tail and head of that arrow, one in each of the given directions,
far enough so that they intersect. Then insert arrowheads on the two lines so that they
form two vectors which combine to give R.
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Again you can do the calculation using trigonometry. You know all the angles of the triangle
and the magnitude of one side, so you can use the sine rule to find the other two sides.

Example 10.2.1

Twao people are pushing a piano across a stage. This needs a force of 240 N.One
person pushes at 20° to the left of the desired dircction of motion, the other pushes at
30° to the right of it. How hard must each person push?

direction
of motion <,
LN PN aN
20° £
HON

Fig. 10.6 Fig. 10.7

Fig. 10.6 illustrates the actual situation, and Fig. 10.7 is the triangle construction
for calculating the forces. Two of the angles of the triangle arc 20° and 30°, s0
the third angle is 130°. By the sine rule,

P _ @ _ 240
$in30°  5in20° sini30°
H 3 o .t o
This gives £ = 2083 1566, and o 205 20% o1
sin130° sin 1307

The two people must push with forces of about 157 N and 107N respectively.

Example 10.2.2

A ship is towed along a narrow channel by cables attached to two tugboats. The more
powerful tugboai produces a force of B00 kN ; its cable is at 10° to the dirgction of the
channel. The other tugboat is to produce as small a force as possible. What should be the
direction of the second tugboat's cable, and how large is the net forward force on the ship?

.

800 kN

\ 00 kN
cyegegll D iqu .

Fig. 10.8 Fig. 109

Fig. 10.8 illustrates the ship and the two cables, and Fig. 10.9 is the beginning of
the construction of the force diagram. The arrow represeating the force in the
second cable is drawn with a wavy line, since its direction is unknown. But the
arrow representing the resultant force has to lie along the broken line, paraliel to
the direction of the channel.

147 .
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For the force in the second cable to be ag small /’w/]
as possible, it must be drawn perpendicular to L 167

the direction of the channel. The triangle can ’
then be completed as in Fig. 10.10. From this

you can calculate the magnitude of the
resultant; it is 80Ccos10° kN, or 7878, kN.

Fig. 10.10

The second tugboat’s cable should be at right angles to the direction of the
channel, and the net forward force on the ship is then about 788 kN .

An important special case is when a force is split into
two components in perpendicular directions. This is
ilustrated in Fig. 10.11, If the directions make angles
of A® and (90 A)® with the resultant force R, then
the magnitudes of the two components are Rcos A°
and Rsin A°, which is Rcos(90 ~ 4)°.

Notice that these expressions are the same as the
resolved parts of the force in the two directions, This
is an important esult.

RS
Lt
% If a force is split into components in two perpendicular directions, the

ﬁ maguitude of each componeat is the resolved part of the force in that direction.

)

i

TR A

RHEE P R e e

FhE

IR

When you read mechanics books or articles, you will notice that authors sometimes use
the word ‘component’ instead of the more corrcet “resolved part’. Strictly, a phrase like
‘the vertical component of R’ shouldn’t be used without specifying the direction of the
other component. Butif you do come across il, you should assume that the other
componenlt is at right angles (in this case, horizonkal), in which case the words
‘component’ and “resotved part’ are interchangeable.

You can ind perpendiouiar components of & Force very quickiy if Your cateuizior has a
polar-rectanguar conversion key. Simply enter the values of R and the angle A, and you
can read off the magnitudes of the two components.

In solving problems it is sometimes hcipflil to show two perpendicular components of a
force separately on a diagram, rather than just the single force. For example, if you are
dealing with an object of weight 80 N on a slope inclined at 20° to the horizontal, you

www.gceguide.com

could replace the weight (Fig. 10.12) by two components (Fig. 10.13), of 80c0s20° N > b

perpendicular to the slope and 80sin20° N down the slope. These two figures are L
precisely equivalent ways of showing the same information. et

’

gﬁgjn"zo" N
2 N 80cos20° N

Fig. 10.12 vr

P Fig. 10.13
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Exercise 10A Zosmssmmmesns

I Use scale drawing to find the resultant of the forces P and € in the following eases.
Confirm your answer in each case by calculation,

@j P has magnitude 15 N and bearing 025°, Q has magnitude 10 N and bearing 075°.
{b) P has magnitude 20 M and bearing 0307, Q has magnitude 15 N and bearing 115°.
(¢} P has magnitude 25N and bearing 045°, Q has magnitude 20 N and bearing 200°.
(d} P hasmagnitude 10 N and bearing 065°, Q has magnitude 5 N and bearing 310°.

"2Y A car is being pushed by two people. The
Ve magnitude and direction of the horizontal
force exerted by each is shown in the
diagram. Find the resultant of the two
forces.

3 ) particle P of weight 4 N is attached to
"7 one end of a light inextensible string. The
other end of the string is attached to a

fixed point & . With the string taut

P travels in a circular path in a vertical
plane. The string exerts a force T on the “.‘
particle in the direction PO as shown in A
the diszgram. The resultant of T and the RS-
weight of P isdenoted by R,

{a) The magaitude of T is 28 N when P is at A, the lowest point of the circular path.
State the direction of R when 2 is in this position, and find its magnitude.

{h) The magnitude of T is 4 N when 2 is at B, the highest point of the circular path.
State the direction of R when P is in this position, and find its magnimde,

¢} The magnitude of T is 16 N when OP is horizontal. Find the magnitude and direction
2
of R.

4 Use scale drawing to find the magnitude of the resultant of the forces P and Q in the

following cases. Confirm your answer in each case by calculation.

{a) P has magnimde 20 N and bearing 030°,  has bearing 065° and the resultant has
bearing 045¢.

{t) P has magnitude 25 N and bearing 035°, Q has bearing 125° and the resultant has
bearing 060°, '

{(¢) P has magritude 15 N and bearing 050°, Q has bearing 210° and the resultant has

bearing 100°.

:"(J)“‘} P has magnitude 30 N and bearing 075°, Q has bearing 330° and the resultant has

~ " bearing 035°.
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A cricket ball has weight [.6 N, At any instant between being struck by the bat and
reaching the ground the ball is subject to a resistive force of constant magnitude 0.5N.
The diagram shows the directions in which the resistive force acts

(i) immediately after the ball leaves the bat,
(ii} atthe highest point of the flight,
(iit) imnediately before the ball reaches the ground.

The resultant of the resistive force and the weight of the cricket ball is denoted by R . Find
the magnitude and direction of R in each of the three cases.

Assuming that the resistive force always acts in a ditection opposite to that in which the
cricket ball is moving, state at which stage of the flight

(a) the magnitude of the resuitant is greatest,

(b} the angle between the resultant and the vertical &s greatest,

{8% A child has weight 456 N . Whilst on a fairground
" ride the child is subject to a force P acting at 35°
to the upward vertical, as shown in the diagram.
Given that the resuftant of P and the child’s weight
acts horizontally,
(ay find the magnitude of this resultant,

(b) state the direction of the child’s acceleration,

{c} find the magnitude of the child’s acceleration.

/7/ A package of weight 6 N slides down a
~ smooth chute which is inclined at 50° to
- the horizontal. The chuie exerts a force C
on the packagé, which acts in a direction at
right angles to the chute, as shown in the
diagram. Given that the resultant of C and
the weight of the package acts in a /6N
direction down the chute, find 50°

the magnitude of this resultant,

(b) the magnitude of the acceleration of
the package.
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Horizontal forces P and Q acton a particle of mass 0.8 kg which is free to move on a
horizontal plane. P has magnitude 0.5 N and bearing 020°, and Q has magnitude 0.7 N
and bearing 100°. Find the distance travelled by the particie while its speed increases from
restto 4 ms .

Use scale drawing to find the magnitude of the resultant of the forces P and Q in the
following cases. Confirm your answer in each case by calculation.

{a) P has magnitude 15N and bearing 035°, Q has magnitude 20 N and the resultant
has bearing 030°.

(6) P has magnitude 20 N and bearing 040°, Q has magmtude 25 N and the resultant
has bearing 075°.

(¢} P has magnitude 10 N and bearing 0557, Q has magnitude 15 N and the resultant
has bearing 110°.

{d) P-has magnitude 25 N and bearing 080°, Q has magnitude 30 N and the resultant
has bearing 0407,

A rock-climber has weight 350 N. A rope atiached to her waist-belt passes through a ving
which is fixed at a point higher up the cliff. She loses her foothold and starts to move in a
direction &t 20° 1o the horizontal. The tension in the rope at this instant is 560N .
Calculate the angle that the rope makes with the vertical.

Find the magnitudes of the components P and Q of the force R in the following cases.
{2) R has magnitude 20 N due notth, P and Q have bearings (40° and 320°.

{(b) R has magnitade 25 N dueeast, P and Q have bearings 110° and 310°.

{(¢) R has magnitude 30 N due south, P and Q bave bearings 073° and 225°.

(d) R has magnitude 35 N due west, P and Q have bearings 220° and 300°,

A force F acts in an easterly dircction. it has components B and Q; P is known and the
magnitude of Q is to be as small as possible, Describe the component ) when

(#) P has magnitude 20 N and bearing 030°,
(b} P has magnide 20 N and bearing 120°.

An object can slide on a path inclined at 15°
to the horizontal. It is acted on by a force of
magnitude 50 N, acting at an angle of 5% to
the upward vertical, as shown in the diagram.
Find the components of the force

(a) in directions parallel to and at right angles to the path,

(b) in horizontal and vertical directions,

(¢) in directions parallel to the path and horizontaily,

(d) in directions at right angles to the path and horizontally,
(¢) in directions parallel to the path and vertically,

(0 in directions at right angles to the path and vertically.
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;:! 14 J man

10 m

hoyrse

A barge moves in a straight line parallel (0 and midway between the banks of a canal of
width 10 m. A horsc on one bank and a man on the other bank pull the barge with taut
horizontal towropes. The length of the towrope pulled by the horse is 13 m and the tension
in itis 400 N, as shown in the diagram. Assuming the resultant of the two tensions is in the
direction of motion of the barge, state the direction in which the man must pull to exert the
least effort. Find the corresponding tension.

15 A particle of mass 0.2 kg moves in a straight line AB on a horizontal surface, under the
influence of horizontal forces P and Q. The direction of P makes an angle of 30° with
AB. The distance AB is 1.5 m and the speed of the particleis brns ™t at A and 2 ms™ at
B. If the magnitude of Q is as small as possible, find the magnitwde of P.

AT AL 2 st PR VBRI R

10.3 Cambining forces by perpendicular components

The process of splitting and combining forces in perpendicular directions suggests
another method of calculating the resultant of two or more forces.

Step 1  Choose two directions at right angles,
Step 2 Split each force into components in these directions,
Step3  For each direction, find the sum of the components you have calculated.

Stepd  Find the resultant of the two sums.

Example 10.3.1
Use this procedure to calculate the resultant of P and Q in Fig. 10.1 (page 144).
The solution shows the pracedure in use direction 1

Y 10N

with two different choices of directions.

Choice 1 Choose the directions to be
north and east, as shown in Fig. 10.14.
The calculation is s¢t out in Table 10.15;
the first two lines of figures correspond
to Step 2, and the third line is Step 3. Fig. 10.14

ISN

T
dizection 2
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P

Component in

direction ! (north}

direction 2 {east)

P 10cos20°=939...
15cos80° =2.60...

10sin20°= 342...
1551 80 =14.77...

R i200...

18.19...

Table 10.15
The resultant of 12.00... N north and 18.19... N east is a force of magnitude

V1200..2+18.19..2 N,or 22N to

the nearest whole number. It acts at an

(1809,
12.00...
nearest degree, to the north direction.

4.
Fdirection 1

10N

angle tan”~ ,or 57° tothe

15N

Choice 2 The calculation is simpler if
you choose one of the directions to be
parallel to one of the forces, say P. This
is shown in Fig. 10.16, and the
calenlation is set out in Table 10.17.

e, dhirgction 2

tm

Fig. 10.16

Foece Component in
direction 1 (ll to Py direction 2{ L to )
P 10 0 ;
Q 15c0860°=7.5 15sin60°=1299...
17.5 12.99.
Table 10.17

The re_sufltant of 17.5 N parallel to P and 12.99... N perpendicular to P is a force

1299...
5

of magnitude 17.5% +12.99..° N,or 22 N, at an angle tan” or 37°,

to the direction of P (both to the nearest whole number). So the bearing is
{020+ 037)° =057°.

With this method you need to take care when calculating the direction of the resultant. Using
tan™" to find the angle leaves you with two possible ways in which the resultant could point.
If the components of R in directions 1 and 2 are denoted by &, and R, then the angle

s g - 4R
which the resultant makes with direction 1 could be cither tan™ —% or tan I—R%i 180°.
L 1
Draw for yourself diagrams with the four possible sign combinations:
R>0.R,>0; R>0R,<0; R <O >0 R<OR; <0

You will see that in the first two cases the resultant makes an acute angle with direction I,



i
154 MECHANICS 1

www.gceguide.com

i

) . 2Ry - -1,
The angle is thercfore given by tan ?2 , since by definition the angle tan™ x lics

1
between —90° and 90°. Bt in the last two cases the resunitant makes an obtuse angle

R
with direction 1, so the angle is tan™ ?2 +180°.
1

. . L . R
The rule is therefore that if ®, >0 (as it is in Example (0.3.1}, the angle is tan ! R—z;
but if R, <0 you have 10 add or subteact 180°. !

It is not worthwhile remembering this rule. In a numerical example it is casy to check !

|
with a sketch whether you bave chosen the correct angle. But it is important (o !
remember that you have lo make the decision. *

The advantage of the splitting and combining method is greatest when you want to find
the resultant of seversl forces, The next example solves such a problem by scale
drawing and by the component method.

Example 1032
The following four forces act on & particle (see Fig. 10.18). Find theit resultant V.,

P 6Ninthe x-direction

Q B Nat 50° to the x-direction

8§ 12 N in the negative y-direction
U 10N at 160° to the x-direction ¥

Q
U
Method 1  The force diagram is drawn in e
Fig. 10.19 onascaleof Lemto 4 N, It PAS0T
contains a chain of four ammeows, P, Q, 8 and rx

1J. The resultaut ¥ is represented by the
arrow from the tait of P tothe head of U.

To see why, draw in the broken arrows R and
T. R is the resultant of P and Q. T is the

resultant of R and 8;thaiis,of P, Q and §. ¥g
YV is the resultant of T and U; that is,of P,

By measurement ihe arcow labelled V has
length 0.75 cm and is at an angle of 557
below the x-axis, So the resultant is about
3 N at an angle of —55° io the x-axis.

Method 2 Table 10.20 shows the
components in the x- and y-directions of the
forces and of their resultant.

Fig. 10.19



CuarTER 10: FORCE AS A VECTOR QUANTITY 155 d
Q www.gceguide.com

Force Component in
x-direction y -direction

p 6 0
Q 8cos30°=35.44... 8sin50° = 6.12... i
s 0 12
u 10cos160° = -9.39... 10sin160°= 342... ;

H
v 1.74... ~245.. :

Table 10.20

The resultant of 1.74... N in the x-direction and —2.45... N in the y-direction has

magnitude 174, +(=2.45.. Y N, or 301 N, and makes an angle tan™" ~245.
. , 1.74 ...
or —54.5% with the x-axis.

In solving this example, the first method is fine, but you will often want greater
accuracy than you can achieve with scale drawing. You don’t need to include in the
diagram the intermediate resultant forces R and T. The higure formed by P, Q, 8, U
and the resuliant 'V is called 4 forece polygon.

However, if vou want to calculate the resultant accurately with this method you have
1o use the sine und cosine rules in three triangies, one after the other. This is very
laborious. The second method, using components, is the onl); sensible way to find the
resultant by calculation when there are forces in more than twe directions.

10.4 Using algebraic notation

The process of finding a resultant R of two forces P and Q is called vector addition, and
is expressed by the equation R =P -+ Q. This is of course a different operation from addition
of numbers, though there are many similarities between the two. Notice that the magnitude
of the resultant is not the sum of the magnitudes of the compenents. For instance, in
Example 10.1.1 (working in newtons) P = {0 and O =15, but R=2179....not 25.

If you use the component method for finding the resultant, the mosi obvious perpendicular
directions to take are those of the x- and y-axes, as in method 2 of Example 10.3.2. In that
cass, it is usual (o represent a force as a column of two numbers, called a column vector. A

o . o X
force with compoenents X in the x-direction and ¥ in the y-direction (s denoted by (Y) .

Putting these two ideas together, yon could write out the solution in method 2 of
Example 10.3.2 in algebraic form: ’

6 8cos 50° 0 10cos160°

v_P+Q+S+U"(0]+(Ssin50°)+(—-12]+(lOsianO*‘)
(o + 3.04... + 0 + -39,
Vo) 612, -12 3.42...

_ (5+ $.14..40+(29.39..) )

0+612,..+(-12)+342...

1.75 o
= [_2‘ 45], to 3 significant figures.
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'

Thiere is nothing essentially new Aere that is notin Table 10.20 You may use whichever
ayout you prefer. However, more advanced mechanics uses vecior operalions other han
addition. he advaniages of using column-vecior nolation ten become apparent. So you
may ke 10 get some pracltice in using it Iow in Simple aookcatlions.

sEsmassssses Exercise 10B

S

e e e L

1 Rework Exercise 10A Question 1 using the splitting and combining method, taking
components in directions north and east.

2 Repeat Question |, taking coraponents parallel to and ai right angles to P.

3 Rework Exercise 10A Question 2 using the splitting and combining method, taking
compoaents paraltel and at right angles to the direction in which the car is facing,

#" Find the magnaitude and direction of the resultant of the four forces (_5) N, {_18) N R

/ (;] N and (_‘15) N. "’ B

5§ Express each of the three forces shown in ¥4 10N
the diagram in column-vector form. Find i
the resultant of the three forces in column-
vector form, and hence lind the magnitude
and direction of the resultant. i

/6 The diagram represents a model nircraft of mass Yo 0o 24
: N
2kg. Its engine produces a force of [2.:,4] N, and ( 14.8 ] ( 7 J N
—19. ! 2k
the force of the air on its wings is ( ;:932] N. &

Find the magnitude and direction of the
acceleration of the aircraft.

=y

: 7 Inthe first dia gram, the resultant of the four forces F4

is [ ’ )N. By expressing this in the notation of . rNj
24 16N

vector addition, find the values of X and ¥.

New directions are now chosen parallel and
perpendicular to the resultant force, 25 shown in the
second diagram. Rewrite the equation of vector
addition in column vectors relative to the new YN
directions, and check that this equation is satisfied loN

by the values of X and ¥ that vou have found.

Adirection |

410N

. XN
direction 3 E7
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, track under the action of a pull of magnitude P N at

— ~——WWW.gcegui

8 A particle of mass 2.6 kg moves in a straight line on a horizontal surface under the

0.7
0.3

from 2ms™' to 3.5 ms™ in 3 seconds. Find the two possible values of X.

influence of horizontal forces [sz) N and [ )N . The velocity of the particle increases

9, A particle of weight W N moves up an inclined
20° to the track. The track is at 15° to the ™

horizontal. The normal contact force has magnitude

€ N . Taking axes parsllel and perpendicular o the

track, find the resultant force on the particle, in

terms of W, P and C, in column-vector form.

Given that the resultant force is parallel to the track, express C and the mag'r'liiudc of the
resultant force in terms of P and W.

. -5
10 Find the magnitude and the direction of the resultant of @) N, [ 8 ) N and ( ) N.

-5 10
11 A load of weight 285 N is supported by two ropes. They —40 (84)
( 10 )N 288 )

exert ot the load tension forces of (283;48] N and

(_31} ) N, where the componems are in the horizontal

and vertical directions. Find the magnitude of the

resultant force on the load, and the angle which its ( 0 ]N
. . . 285

direction makes with each of the ropes.

12 A particic of mass #r moves in a straight kine on 2 hatizontat surface under the influence of

1

2 :
horizontal forces [ :,:] [ ,;nx] . ( o ) . The particle has an initial velocity of 1.5ms™

and travels 7m in 2 seconds. Find the two possible values of x.

R R B TR R R SRR TR

o 2 SRR SRR R i R R R R R

Equilibrium

(i) Two forces in equilibrium

Fig. 10.21 shows two people pulling the two
ends of a rope. The person on the right pulls with
aforce P, the person on the left with a force Q. Fig. 10.21
Until it breaks, the rope remains at rest. The

weight of the rope is negligible compared with the pulling forces.

The two people are pulling with forces of equal magnilude, so the force diagram for the
resultant of P and Q has the form of Fig. 10.22. Since the tail of P coincides with the

head of Q , the resultant force is zero. This is expressed algebraically P
by the equation P+Q =9, where 0 derotes the zero vector. _
Alternatively, you can write Q =-P , where the symbol P stands for Q

the force with the same magnitude as P but in the oppasite direction. Fig. 10.22

de.com
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(ii} Three forces in equilibriam
Consider the fotlowing two problems.

A crate is being unloaded from a shipon o a
dock down a ramp inclined at 5° to the
horizontal. 1t is placed on a wheeled tolley. so
that friction is negligible. The total mass of the
trolley and crate is 80 kg. The crate is held
steady by a member of the crew, who supports it
with a foree at 30° 10 the horizontal, as shown in
Fig. 10.23. How large a force must he exert?

Fig. 10.23

In a military exercise a soldier of mass 80 kg
is lowered over a river by a cable from a
helicopter. She catches a fifeline which is used
ta pull her towards the river bank, as shown in
Fig. 10.24. When the cable is at 5° to the
vertical, the lifeling is at 30° to the horizontal.
How large is the tension in the lifeline?

At first sight these appear to be quite different
problems, but you will see from Fig. 10.25 that,

when the crate and the soldier are modelied as
particles acted on by forces, the two models are
identical, It is unimportant that in the first problem

the force U is provided by the push from the
crewman’s hand and the force V is the normal contact
force from the ramp, but that in the second case U and
¥ are the tensions in the lifeline and the helicopter
cable. Also, what matters is not the paint at which each
force is applied, but only the kine along which it acts,
which in this model must pass through the point
representing the particle. This is called the line of
action of the force.

It would be possible to complete the solution by
resolving in two directions, but this is not easy unless
vou choose the two directions ather cleverly. A
simpler method is ¢o use vector ideas and to calculate
the forces by trigonometry. S

Fig. 1025

So in both problems you have 2 weight W of 800 N supported by two forces, U at 30°
to the horizontal and V at 5° to the vertical. The resultant of U and V must therefore
be equal and opposite te the weight. Algebraically,

U+V=-W, or U+V+W=40,

This equation is represented by Fig. 10.26. This is an example of a iriangie of forces.

www.gceguide.com
H
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Triangle of forces  If three forces X, Y and Z are in cquilibrivm, then the

corresponding vectors can be represented by the sides of a closed triangle in i
which at each vertex the head of one vector arrow meets the tail of another.

You can now find the magnitude, U N, of the force U, v
either by scale drawing or by applying the sine rule to
the triangle of forces. From Fig. 10.27, this gives

U 800 _ 800stn3°

— , =769....
sin5e  sinilse’ o sinl15°

So the crewman can steady the crate by pushing with a Wiy

force of about 77 N, and the tension in the lifeline is Fig. 1026 Fig. 1027 -
also about 77 N.

Example 10.5.1

Three strinigs are knotted together at one end,
and parcels of weights 5N, 7N and ¢ N are
attached to the other ends. The first two strings
are placed over smooth horizontal pegs, and the
third parcel hangs freely, as shown in Fig. 10.28.
The system is in equilibrium. Find the angles
which the first two strings make with the vertical
between the knot and the pegs.

Since the pegs are smooth, the tensions in
the strings at the knot are SN, 7N and

G N as shown in Fig. 10.29, and these
forces are in equilibrium. The three vectors
therefore form 2 closed triangle of forces,
as in Fig. 10.30.

Fig, 1028
You can complete the solution either by

scale drawing or by trigonometry. If you

use scale drawing, begin by drawing the SN

9 N amow to your chosen scale, since you

know its dicection. Then find the third

vertex of the triangle as the intersection of

arcs with radii proportional to 5N and

7 N on the same scale, 9N

TN

To calculate the angles &° and §° which Fig. 10.29 Fig. 1030
the 3N and 7N strings make with the
vertical by trigonometry, use the cosine rule in the forms

72 52162 2x5x9xcose®  and 52 =70 +9% -2xTx9xcos
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These eguations give cos®® = % and cos 8° = ;-g% ,50 =507, and §=335... .
The 5N and 7 N strings make angles of about 31° and 34° with the vertical
respectively,

Exampie 1052

A trough is formed from two rectangular planks at
angles of 30° and 40° to the horizontal, joined
along a horizontal edge. A cylindrical log of
weight 400 N is placed in the trongh with its axis
horizontal. Calculate the magnitudes PN and

O N of the normal contact forces from each plank
on the log

(a) using a triangle of forces,

{b} by resolving.

Fig. 10.31 shows the forces on the log. The
log has no tendency to slip, so there is
equilibrium without any frictional force, and
the contact forces act along radii of the tog.

(a) The forces P and @ are at 30° and
40° to the vertical, 5o the triangle of forces
has the form of Fig. 10.32. By the sine rule,

P g 400

sin40°  sin30° sinl10°’

Pe 400 sin 40°
sin110°

=2736...

- o
4008307, 15¢
sin110°

and Q=

Fig, 10,32

The forces P and  have magnitude
214 N and 213 N respectively, to
3 significant figures.

(b) If you resolve horizontally and vertically you get two simultaneous equations
for Fand O, with unpleasant coefficients, which are awkward to solve. But you
can get the answers directly by resolving parallel to each of the planks.

Since P isat 60° to the horizoatal, it is at (60 —40)° = 20° o the right planik.
The weight is at {90 —40)° = 50° to the right plank.

R(llto right plank) P cos20° = 400cos 50°.
Since c0s20° =5in70° =sin110° and ¢os 50° = 8in 40°,

_. 400sin 406°

21107 as before.
sin
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Check for yourself thal resolving parafiel to the left plank leads (o the sarme expression for Q
as that lownd from the triangle of 1prees.

The reason why you get simpler equations by resolving parallel to the planks is that, in
cach case, one of the forces does not come into the equation. For example, Q acts at
right angles to the right plank, so its resolved part paraliel to the right plank is zero, The
only unknown force in the equation is therefore PN,

This is a useful general rule.

S D e B R N

If two forces of unknown magnitude act on a particle in equilibrium, they can %

] + . . . . + 3
&  be found directly by resolving in directions perpendicular to each force. &
] %

T T i s e e

Notice that in Example 10,5.2 this involves resolving in two directions which are not
perpendicular to cach other. Although many problems are best solved by resolving in
two perpendicular directions, it is sometimes better to usc non-perpendicular directions.

The niext example uses a geometrical wick: a triangte similar to the triangle of forces is
constructed in the diagram.

Example 10.5.3

A coordinate grid s marked on a vertical wall. Small
smooth pegs are driven into the wall at the points
{=3,i1) and (9,7) and a hoop of weight W and
radius /130 rests on the pegs with its centre at the
origin. Find the magnitudes of the contact forces at
the pegs in terms of W.

Since the pegs are smooth, contact forces of
magnitudes P and @ uct aiong the radii, as
shown in Fig. 10,33, Therefore, in the triangle

of forces, one arrow must point in the negative ] oW X
y-direction and the other two have gradients fw

«-1—31 and %

If you draw a line with gradient — through Fig. 1033

the point (9,7), you can verify that it cats the
y-axis at the point (0,40). So a triangle with vertices (0,0), (%,7) and (0,40) is
similar to the triangle of forces, with sides proportional to P, ¢ and W.

The Iengths of the sides of this triangle are J(9)? +33% 234130, 92+ 7 =130
and 40. Therefore -

P _ Q0 W
3./130 130 40’

so P=Z2+130W and Q=g5VI130W.

161 g
www.gceguide.com
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(iif) More forces in equilibrinm

There is o difficulty in extending the triangle of forces to situations in which there are
more than three forces, If four forces are in equilibrium, then the arrows representing
them form 2 closed quadrilateral, and so on. The problem arises when you want to do
caleulations with the sides and angles of the quadrilateral, since this vsually involves
splitting the quadrilateral into two triangles.

This means, in effect, beginning by combining two of the forces into a single force, and
then wsing a teiangle of forces.

3

Exércise 106C

You shonld use a geometrical method to work the problems in this exercise.

1 An object is in equilibriute under the action of three horizontal forces P, Q and R.Usea
triangle of forces to find the magnitudes of Q and R respectively in each of the following
cases.

C(/a) P has magnitade 10 N and bearing (090°, ) and R have bearings 210° and
~ 340° respectively,

(b} P has magritude 20 N and bearing 020°,  and R have bearings 090° and
2407 respectively,

Confirm your answers by resolving in directions perpendicular to R and to Q.

7§ A cable car is connected to a cable by two
rigid supports which make angles of 75°
and 35° with the upward vertical, as
shown in the diagram. Find the tensions in
the supports when the total weight of the
cable car and its passengers is 8000 N and n
the cable car is stationary. BOOON

'3 An object of mass 5 kg is held at rest on a smogth plane, inclined at an angle of 20°, by &
torce of magnitude P N acting directly vp the plane.

{a) State the direction of the force exerted by the plane on the object, and find its
magnitude.

{b) Hence state the magnitude and direction of the force exerted by the object on the plane.
(c) Find ihe value of P.

@ A skicr-of weight 700 N is putled at
donstant speed up a smooth slope, of
inclination 15°, by a force of magnitude
P N acting at 25° upwards from the
slope, as shown in the diagram. Find the
value of P.
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.";_:,_,rA small sign of weight 6 N is suspended
" by two chains AC and BC, as shownin
the diagram.

A and B are attached to fixed points
which are 60 cm apart and at the same
horizontal level. The lengths of AC and
BC are 40 cm and 30 cm . Calculate the
tensions in the chains.

6 Part of the floor of a2 workshop is inclined at 10°
to the horizontal. This is Lo allow the safe storage
of steel cylinders. A cylinder of mass 7000 kg is
stored as shown in the diagram. The magnitudes
of the forces exerted on the cylinder by the wall
and the floor are Ry, N and Rp N respectively.
Find the values of Ry and Ry,

If the sloping part of the Floor was inclined at o® (0 < ¢ < 45) instead of at 107, show that
(a) Ry < 70000 < R, whatever the value of o,
(bY Ry and Ry both increase with a .

7 A body is in equilibrium under the action of three horizontal forces P, Q and R. Find the
angle between the direction of P and the direction of Q,and the angle between the
direction of P and the direction of R, in cach of the following cases.

(@) P, Q and R have magnitudes 16 N, 24 N and 23 N respectively.
(by P, Q and R have magnitudes 7N, 20N and 25 N respectively.

@/A chidd of weight 300 N is scated on a swing 30N
¥ which is supported by the tension in the rope of
magnitude 320 N . The child and the swing are held
at rest by a restraining force of magnitude 30N,
as shown in the diagram, Find the angles that

(a) the rope, (b} the restraining force,

make with the upward vertical.

o -,:‘A tanker is being steered at constant speed along a
" channel by two tugs, The cables from the tugs
have tensions of 45 000 N and 20 000 N and the
motion of the tanker is resisted by a drag force
of 52000 N. Find the angle between each cable and the direction of motion of the tanker.

10 A particle of mass m hangs by a thread from a hook. It is pulled aside with the thread at an
angle of o® from the vertical by a force. In what direction should the force be applied for
its magnitude to be as small as possible? Find an expression for its magnitude in this case
interms of m, g and « .
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14

The diagram shows three strings, which are tied in
aknot X . Two of the strings pass over smooth
pulieys and have particles of mass 0.3 kg and

0.5 kg attached to them at the ends opposite to

K . The other string has a particle of mass m kg
attached to it at the end opposite to K. The
system is at rest.

B3 ke mkg 05k @

{a) Inthe case m =0.7, find the angle made by the sloping part of each string with the
upward vertical,

(b} Give a reason why m <0.8.
{c) Inthe case when m =04 show that part of one of the strings s horizontal.

{d) H the pulleys were at the same horizontal level, give a reason why m > (0.4,

A particle is in equilibrium under the action of three horizontal forces P, Q and R. The
magnitudes of P, QQ and R are 25 N, O N and R N respectively, and the cosine of the
angle between P and Q is ~0.96. Show that R® =(Q ~24)° + 7%. Hence find

(a) the least possible value of R,
(b} the comesponding angle between € and R.

A hoop of diameter 1.5 m and weight

1£.7 N hangs on two smooth horizontal
pegs £ and @ . The forces exerted on the
heop by P and Q have magnitudes 12 N
and 7.5 N respectively. Find the directions
of these forces.

The x-and y-axes are taken to be
horizontal and vectical respectively, and
the origin & is the centre of the hoop. Find
the (x,y) coordinates of P and Q.

A barge moves, at constant speed, in a horse
straight line midway between the parallel
banks of a canal. The banks are 8 m apart.
A horse en one bank and a man on the )
other bank exert pulling forces on the - o
barge, through taut horizontal towropes.

The length of the towrope pitlled by the

horse is 16.25 m . A horizontal drag force

630 N

" of magnitude 650 N acts on the barge in a divection opposite to its motion, as shown in the

diagram. State the angle between the towropes which minimises the effort exerted by the
man. Find the magnitudes of the corresponding pulling forces.

www.gceguide.com



L

CHAPTER 10; FORCE AS A VECTOR QUANTITY B3 i
=~ “www.gceguide.com

-
- ll:’
Lt

P

Miscellaficous exercise 10

P

1 Two forces, of magnitudes 5 N and 7N, act TN K
on a body. The angle between the forces is
35% . The resultant has magnitude K and acts
at an angle 8° tothe 5 N force, as shown in
the diagram. Calculate R and 2. {OCR) ’ £50
A AU

Forces of magnitudes 30 N and PN actona

particle in the directions shown in the

diagram. The resultant of the two forces is at by 50N
" right angles o the direction of the force of T

magnitude 50 N . Find P. {OCR)

PN

Twao forces, each of magnitude 5N, act at 5N
the point P, as shown in the diagram. Theit
. resultant also has magnitude 5 N. By
drawing a vector triangle 1o represent the two
forces and their resuitant, find 8. {OCR) 5N

/ Two forces, acting in a vertical plane, have a GN
horizontal resultant of magnitude R newtons.
One the forces has magnitade 6 N and acts at RN
an angle 8° above the horizontal. The other 300 »
force has magnitude 4 N and acts at an angle
of 30° below the horizontal, as shown in the
diagram.
(a) Find the value of 8.
/(b) Calculate the value of R. {OCR)

/5 Two hotizontal forces P and Q act at a point. The force P has magnitude 7.6 N and acts
 due north. The resultant of P and Q has magnitude 154 N and acts due east. Calculate
tge magnitude and direction of Q. {OCRY

/( Two forces of magnitudes 5N and 6 N act at the point O .'The angle between the (wo
forces is @°. The resultant of the two forces has magnitude 5 N
(&) Draw a diagram to represent this information.
{b) Csiculate the value of 6. (OCR)

Two forces P and Q have magnitudes 3 N and

6 N respectively and act at the point & . The angle
between P and Q is geute. The resultant of P and
Q is R,and R makes an angle of 20° with Q,as
shown in the diagram. Find, in cither order,

(a} the angle between P and Q.

{b) the magnitude of R. (OCR)
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8 Each of twa forces has magnitude X N, and the resuliant of the two forces has magnitnde
12 N. When the magnitude of one of the forces is increased by 70%, the magnitude of the
resultant of the two forces becomes 21 N. Find X and the angle between the two forces.
v £+
9 A force F of magnitude 12 N has cornponents P and Q. The sum of the magnitudes of P
and Q is I8 N . The direction of Q is at right angles to F. Find the magnitude of Q. ;

Hsgr'

L0 Forces X, Y and Z have magnitudes 10N,
5(v3-1) N and 5(+/3 +1) N. The forces Y and
Z: act in the same direction, as shown in the
diagram. The resultant of X and Y and the
resultant of X and Z have the same magnitude.
Find @°, the angle between X and Y.

11 A particle of mass 0.7kg is free to move on a horizonta] surface under the influence of
herizontal forces of magnitudes { N and 1.7 N . The particle starts from rest and reaches a
speed of 3ms™' in a distance of 1.5m. Find the angle between the directions of the forces.

2 Three constant horizontal forces, with magaitudes 8N
and directions as shown in the diagram, act on a
small block. Find the magnitude and direction of
the resultant of these three forces.

The biock is moving on a rough horizontal plane under the action of the three forces. Given i
s that the mass of the block is 2 kg, and that its acceleration has magnitude 0.3ms™2,
calculate the coefficient of friction between the block and the plane. {OCR)

13 Three forces, with magnitudes and directions as
shown in the diagram, act in & horizontal plane at
the point A . The resultant of the three forces has
magnitude [4 N and acts in the direction of the
foree of magnitude X newtons. Find € and X

(OCR)

14 Twoloads X and Y, of weights 8300 W BN
and 400 N respectively, are conneciad by
a rope which passes over a pulley A. The
forces acting on X, ¥ and A are as '
shown in the diagram, Find the magnitude
and direction of the resultant force acting
oneachof X, ¥ and A.
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A concrete pyramid of weight 300 N is being hifted
vertically upwards. The forces on the pyramid are a
pulling force of magnitude 320 N, exerted by a wire
which passes over a fixed pulley, and a restraining
force of magnitude F N exerted by a rope being
pulled by a man. The directions of the forces are as
shown in the diagram. The valuesof F, 2 and ¢
vary as the pyramid moves upwards, but the direction
of the resultant force is always vertical. Find the
value of F and the magnitude of the resultant, stating
whether the resultant acts upwards or downwards,
when

(a) O=15and $=>53, () 6=19and =90,

' A smal! smooth ring R of mass 0.1 kg is threaded on

a light string. The ends of the string are fastened to
two fixed points A and B. The ring hangs in
equilibritm with the part AR of the string inclined at
40° to the horizontal, as shown in the diagram. Show
that the part RE of the string is alse inclined at 40°
to the horizontal, and find the tension in the string.

A basket of fish of weight 200 N is being unloaded
From a truck. Two light wites AB and AC are
attached to the basket at A . Initially, the wire AB is
at an angle of 30° to the vertical and the wire AC is
horizontal, The basket is in equilibrium. The tensions
in the wires AB and AC are TN and PN
respectively.

(@) Use a triangle of Forces to calculate the values of T and P.

{b) Determine in ¢ach of the following cascs whether the magnitudes of the tensions in
AB and AC arc greater than, the same as or less than the values of T and P you
calculated in part (a). In each case the basket is in equilibrium.

(i) AC ishorizontal; AB is inclined at an angle greater than 30° to the vertical.

(ii) AB isinclined at 307 to the vertical; CA is not horizontal and C' is below the

level of A.

(¢) Ina new situation, AB is inclined at 30° to the vertical and AC is at an angle of &°
with the horizontal, with € above the level of A . Discuss briefly what happens to the
magnitudes of the tensions in AB and AC as the basket is held in equilibrium for
different values of 8. Hence determine the least possibie value for the tension in AC.
What are the corresponding values for the tension in AB and for 87

{MEI, adapted)

w.gceguide.com
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18 Two light, nextensible strings are attached to a

19

20

21

small case of mass [2 kg at £. One steing is fixed
to a point A The other string passes over a small
smooth pulley at C and is held at 5. The points
A and C are at the same height and AB and BC
are at 43° and 30°, respectively, to the
horizontal. The string section CD is at 8° to the
horizontal. The system is in equilibrivm,

{a) By considering a triangle representing the forces acting at B, calculate the tensions in
the string sections AB and BC.

(b} The position of D is moved so that 8 increases but B remains in the same position.
What effect does this have on the tension in the string section CD'7

{c) The end D of the string section CD is now pulled so that the mass at B rises. {tis
then held in equilibrium. Describe what effect this has on the tensions in the string
sections AR and BC. Explain why the system cannot be in equilibrivm with B on the
same Jevel as A and C. {MEL, adapted)

A small decoration is suspended by light strings AP
and PB.The point A is on a vertical wall and the
point 8 is on a ceiling, The strings AF and PR are at
30° to the vertical. The decoration, of weight 4 N,
hangs in equilibrium from P. Show that there is the
same tension in the strings AP and P8 and caleulate
this tension. {MEI, adapted)

Two decorations are suspended between the wall and
ceiling in Question 19 using light strings AP, PO and
QC . The strings AP, QF and CQ are respectively at
307, 60° and @° to the vertical. The decorations
hanging in equilibrium from 2 and @ have weights of
4 N and 3 N respectively.

{a) By comsidering the equilibrium of ihe forces at weight 3 N
P, show that the tension in the string PQ is 2 N. aweight 4 N

(b) Calculate the tension in the string CQ and the angle 6°. {MEI, adapted)

A small smooth ring R, of mass 0.3 kg, is threaded
on a light inextensible string whose ends are
attached to two fixed points 4 and B which are at
the same horizontal level. A force of magnitude

X newtons is applied to the ring in a direction . R
paraliel to AB, as shown in the diagram. When the

ring is in equilibrivm with both parts of the string taut, angle BAR =30 and angle

ABR = 40°, Find the tension in the string and the value of X. {OCR)

X newtons

www.gceguide.com
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General motion in a straight line

This chapter extends the study of kinematics to include objects moving with acceleration
which is not constant. When you have completed it, you shouid

s know how to use differentiation and integration to find expressions for acceleration,
velocity and displacement as functions of time.

Velocity and acceleration

So far you have mostly met examples of objects moving with constant acceleration. And as
acceleration is proportional to the force applied, the forces have also been constant.

But forces are often not constant. For example, on a bicycle you can’t exert as much
force on the pedals when you are going fast as you can at low speeds. If you are driving
on a slippery road, it is wise to apply the brakes gently to start with and then gradually
increase the pressure. If the force is variable, then so is the acceleration. How can you
deal with this mathematically?

When the idea of acceleration was introduced in Section 1.3, it was described as the rate at
which velocity increases. The clue lies in the word ‘rate’. In P1 Section 7.4, it is shown that
the rate at which a variable y increases with respect to an independent variable x is

measured by the derivative &i— . In this mechanics application you want the rate at which the

. . , . - oo dy
velocity v increases with respect to the time 7, 0 this is measured by the derivative e

Notice that this fits in with the rule you have already used for motion with constant
acceleration, that the acceleration is the gradient of the velocity—time graph.

Exampie 11.1.1

A car starts to accelerate as soon as it leaves a town. After ¢ seconds its velocity v m s7'is
given by the formula v =14+ 0.45:2 —0.03¢>, until it reaches maximum velocity. Find a
formula for the acceleration. How fast is the car moving when its acceleration becomes zero?

The acceleration a is found by differentiating the formula for v, so

a=% =09t-009.
d¢
This can be factorised as a = 0.09:(10 — 1), so the acceleration becomes z¢r0 when
¢ =10 . This is when the car reaches its maximum velocity. After that the model
no longer applies.

To find the maximum velocity, substitute =10 in the formula for v. This gives
v=14+045%100-003x1000 =14 +45-30=129.

The car reaches a maximum velocity of 29 m s”! after 10 seconds.
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Notice that in this example the acceleration is also zero when £ = 0, but this is not :
relevant to the question asked. You can easily see that at time ¢ =0, v=14. That is, the :
initial velocity of the car as it leaves the town is 14 ms™,

Sketch for yourself the velocity—lime graph for this example. Notice that when the
aceeleration is zero lhere is a stalionary point on the graph.

11.2 Displacement and velocity

Just as acceleration is the rate of increase of velocity with respect to time, so velocity is
the rate of increase of displacement.

If the displacement is constant, then the object is not moving, and the velocity is zero.
The more rapidly the displacement changes, the faster the object is moving.

So if x denotes the displacement of the object from a fixed point of the line along which

it 1s moving, the velocity is measured by the derivative — .

Example 11.2.1

A space probe is launched by rockets. For the first stage of its ascent, which isina

vertical line and lasts for 40 seconds, the height x metres after ¢ seconds is modelied by
the equation x = 50¢% + %1- 1° . How high is the probe at the end of the first stage, and how
fast is it then moving? )

To find the height, you substitute 40 for ¢ in the equation for x, which gives
x = 50X 1600 + £ x 64 000 = 96 000 .

To find a formula for the velocity you must differentiate, to get
v=—d—xt100r+%tz.
de

Substitating 40 for ¢ in this equation gives
v= 100><40+%><1600 = 4000 + 1200 = 5200 .

So at the end of the first stage the probe is at a height of 96 000 m and moving at
5200 m s~". This is more conveniently expressed in kilometre units: the height is
then 96 km, and the velocity is 5.2 km st
Since velocity is the derivative of displacement, and acceleration is the derivative of
velocity, it follows that acceleration is the second derivative of displacement. {See P1
Chapter 15.)
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For an object moving in a straight line, if x denotes the displacement
from a fixed point O of the line at time ¢, v denotes the velocity and
a the acceleration, then

The velocity is represented by the gradient of the (1,x) graph.

The acceleration is represented by the gradient of the (¢,v) graph.

Notice that there has been a small change of notation from Chapter 1, where the letter s
was used for displacement. The reason is that s and x may stand for different
quantities. In Chapter 1, s was the displacement from the position of the object when
=0 ,sothat s =0 when t=0.But it is sometimes more convenient to measure the
displacement x from some other point of the line. For example, to describe the
complete motion of a spacecraft, it may be better to measure the displacement x from
the centre of the earth rather than from the launch point. Or, if someone throws a stone
upwards from the top of a cliff and you are standing on the beach, you may prefer to
measure the height of the stone above the beach rather than from the top of the cliff.

Example 11.2.2

A remote-controlled toy racing car moves along a straight track laid on the floor. It starts

at a point O and for the next 6 seconds its displacement x cm is modelled by the formula
x=£(t—4)r—7), where ¢ is the time in seconds. Describe the motion of the car in detail.

The displacement is 0 when 1 =0 and when ¢ =4 The formula also gives x =0
when ¢ = 7 , but this can be ignored, because the model only holds for values of ¢
from 0 to 6. Also, x is positive when ¢ is between 0 and 4, and negative when
¢ is between 4 and 6. So the car starts out in the positive direction, comes back
through O after 4 seconds and after that is on the negative side of 0. Thisis
shown in the displacement-time graph in Fig. 11.1.

To investigate this in more detail you need a formula for the velocity, so you have:
to differentiate. Multiplying out the expression for x gives

x=1 114 +28¢°, .
50

v=5t% — 448 + 8447,
which you can factorise as

v = ¢2(5t — 14){t - 6).
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This shows that other interesting values
of t are 0, 2.8 and 6, when the
velocity is zero. Also, v is positive
when £ is between: O and 2.8, and
negative when ¢ is between 2.8 and 6.
This is shown on the velocity—time
graph in Fig. 11.2.

The times at which the velocity is zero
correspond to the stationary points on
the displacement—-time graph. (This is
why such points are called ‘stationary’.)
By substituting ¢ =2.8 and t =6 in the
original formula for x, you can find the
maximum distances from O in the
positive and negative directions
tespectively. The values of x are

2.8 x(~12)x(~42) = 1106... and

6% x 2 x{-1) = —432. These are marked
on Fig. 11.1.

Displacement acceleration  velocity
{cm) zero
I
5 >
T
iTime (s)
aceeleration épgk)ci[y
zero i zero
3D A D :/
Fig. 111
Velocity 4
{cm 5T}
Time (s)
SRTT e el apation

Fig. 112

Zero

Fig. 11.2 suggests that it would also be interesting to find the maximum and

.. . dv s
minimum values of the velocity, These cccur when 5 = (), which is when the

t

acceleration is zero. You already know the formula for v, so you can work out

d

a= ?fli =207~ 132¢% +168t = 4(5¢% - 331 + 42

¢

This shows that ¢ =0 when =0 and when ¢ =

).

334+/332 4% 5x42

2%5

which is

when ¢ =1.72.., and r=4.87.... Substituting these values of ¢ into the formula
for v gives v=68.3... and v=-2773.... These are marked on Fig. 11.2.

You can now describe the motion of the car in detail. It starts off from O in the
positive direction, and reaches a maximum velocity of about 68 cm s™" after about
1.7 seconds. Then it decelerates, coming to rest after 2.8 seconds at a maximum
displacement of about 111 centimetres from O, ks velocity then becomes
negative, and the car moves back towards O, passing through- O after 4 seconds
and continuing onto the negative side of O. You can calculate, by substituting

t = 4 in the formula for v, that it is then moving with a velocity of

(42 X(5x4-14)x{4— 6)) ems™,or —192 cm s, which is a speed of

192 em s in the negative direction.

After about 4.9 seconds the car reaches its minimum velocity of about
~277cms™, or 277 ems™! in the negative direction, and then starts to slow
down. (But notice that this shows in Fig. 11.2 as a positive acceleration, not a
deceleration! The velocity, which is negative, is increasing, but the speed is
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decreasing.) After 6 seconds, the largest value of ¢ for which the formulae hold,
the car has come to rest with a displacement of —432 centimetres; that is, at a
distance of 432 centimetres from O in the negative direction.

The force applied on the car through the control mechanism must maich the
acceleration, which means that the controller has to anticipate the change of
direction. So the force has to be switched from positive to negative when £ is
about 1.7 seconds, even though the car will not start to move backwards until

t =28 . Similarly, to get the car to stop when ¢ = 6, the force must be switched
back to positive when ¢ is about 4.9.

There is one last thing to notice. At the times when the velocity of the caris a
. .. dv a’x
maximuam or minimum, after about 1.7 and 4.9 seconds, @ = (), 50 e =0,
! t
These correspond to the points of inflexion marked on the displacement-time
graph, which are the points where the displacement~time graph is steepest. -
Between ¢ =0 and ¢ =1.7, and between ¢ = 4.9 and 7 = 6, where the acceleration . .
is positive, the displacement-time graph bends upwards; between ¢ = 1.7 and T
t = 4.9, where the acceleration is negative, the graph bends downwards.

5 e

Exepcise 11A

fn Questions 1 to 16, x metres is the displacement at time ¢ seconds of a particle
moving in a straight line, v is the velocity in m s”! and a is the acceleration in ms
Only zero and positive values of ¢ should be considered.

-2

1 Given that x = £ +4¢ + 6, find expressions for v and @ in terms of ¢. Find the
.displacement, velocity and acceleration when 1 =2.

2 Given that x = 3+20r — %, find expressions for v and a in terms of ¢ . Find the
displacement, velocity and acceleration when ¢ =1 and when ¢ =3.

3 Given that x = ¢° + 5¢, find the displacement, velocity and acceleration when # = 3,
P y

}Given that x = £(t — 2)(¢~5) , find the displacement, velocity and acceleration when ¢ = 0.

5 Given that x = 36— 4 , find the velocity and acceleration when ¢ =2,
!

6 Given that v =37, find the velocity and acceleration when -t =4.

JT/Given that x =16 —2¢>, find the time when the displacement is zero. Find the velocity and
acceleration at this instant.

/S/G'iven that x =120 —15¢ - 6¢> + £°, find the time when the velocity is zero. Find the
displacement at this instant.

L@ Given that x =2+ 48t - £ , find the displacement when the velocity is Zero.

_/11/(31\'3:1 that v = #Z —12¢ + 40, find the velocity when the acceleration is zero.
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11 Giventhat x=¢> +4¢> +3 , find the displacement and the velocity when the acceleration is
20 ms™?

%&n that x = 10¢ - l} , find the displacement and the acceleration when the velocity is
3 1ims™ g
‘, .

! 13/ Given that v=32 - —8 , find the acceleration when the velocity is 30 ms™
t

14 Given that x = 2¢* + 8¢, find the displacement and the acceleration when the velocity is
35ms™.

15 Given that x = 4¢> —~ 7> +10, and that the particle has mass 5 kg, ﬁnd an expression for
the resultant force acting on the particle in terms of ¢.

@ Given that v = 4#(8 —¢) , and that the particle has mass 3 kg,
{a) find the maximum velocity,
(b) sketchthe {z,v) graph for 0 ¢ =<38,
(c) find the resultant force acting on the particle when ¢t =2,

(1’}‘ A car zs accelerating from rest. At time t seconds after starting, the velocity of the car is
vms™!, where v—6t-~ Jfor 0=1<6.

(a) Find the velocity of the car 6 seconds after starting.

(b) Find the acceleration of the car when its velocity is 10 m s,

187 A train leaves a station and travels in & straight line. After ¢ seconds the train has travelled

¥

a distance x metres, where x = (320:3 - 2t“) %1073 . This formula is valid until the train
comes to rest at the next station. '

(a) Find when the train comes to rest, and hence find the distance between the two
stations. '

{b) Find the acceleration of the train 40 seconds after the journey begins.
{c) Find the deceleration of the train just before it stops.

{d) Find when the acceleration is zero, and hence find the maximum velocity of the train.

. An insect flies in a straight line from one flower to another. The two flowers are 270 cm
apart and the flight takes 3 seconds. At time # seconds after the flight begins, the insect is
x cm from the first flower. Two alternative models are proposed:

(A) x=60"—10¢, . (B) x =40 -10¢*.

For each of these models,

(a) show that the model fits the given information about the flight,
(by find the maximum velocity of the insect,
{c) sketch the (¢,v) graph.

Comment on the differences between the two models. Which do you consider to be the
better model?




CHAPTER 11: GENERAL MOTION IN A STRAIGHT LINE l'ﬁ:‘»
AVL.YAVL.YAV.YS gf‘Pg]]I E"Com

f 0 . - . . -
\ij}, A flare is launched from a hot-air balloon and moves in a vertical line. At time ¢ seconds,

the height of the flare is x metres, where x = 1664 — 40t - %%62 for t=35.

The flare is launched when ¢ =3.
(a) Find the height and the velocity of the flare immediately after it is launched.

(b) Find thg acceleration of the flare immediately after it is launched, when its velocity is
zero, and when ¢ =25.

(c) Find the terminal speed of the flare.
(d) Find when the flare reaches the ground.

(e) Sketch the (z,v) graph and the (¢,x) graph for the motion of the flare.

11.3 The reverse problem

Section 11.2 shows how to find the acceleration, and therefore the force, if you know the
displacement-time formula. But more often you want to work the other way round; that
is, you know the force and want to find how fast an object is moving, and how far it has
travelled, after a given time.

For this you need to use integration rather than differentiation. (See P1 Chapter 16.) The
rules given in Section 11.2 can be turned round as follows.

For an object moving in a straight line, if a denotes
the acceleration as a function of the time ¢,

v mjadr and x= Jvdt.

Remember that integration involves an arbitrary constant. You can usually find this by
knowing the initial velocity, which was denoted by  in Chapter 1, and the initial
displacement; these are the values of v and of x when #=0. '

Example 11.3.1 .

A train of mass 500 tonnes is travelling on a straight track at 48 m 5™} when the driver
sees an amber light ahead. He applies the brakes for a period of 30 seconds with a force
given.by the formula 42(30 —¢) kN , where ¢ is the time in seconds after the brakes are
applied. Find how fast the train is moving after 30 seconds, and how far it has travelled
in that time.

Begin by applying Newton's second law to find a formula for the acceleration of
the train (which is in fact a deceleration, since the train is slowing down). To keep
the numbers small, use units of tonnes for the mass and kilonewtons for the force.
(Since 1 tonne = 1000 kg and 1 kN = 1000 N, the units are still consistent.) Then

~44(30-1)=500a, so a=-7zH30-1) = het? _%;,
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Integrating to find v,

v mf(égrz ~Ende= L -3 vk

It is given that v = 48 when 1 = 0. Substituting these valves gives
48=0-0+k, so k=48,

The formuta for v is therefore

L P -3 a8,

V=375 25

integrating a second time to find x,

=t (1l B3_3.2 SUR VPSP
xﬂf(ﬁ: 5t +48)dr-15§0t 351 +48t+c.

If x denotes the displacement from the instant when the brakes are first applied,
then x =0 when ¢ =0. Substituting these values gives

0=0-0+0+c, so ¢=0.
The formula for x is therefore

x= et —der® +481,

To find the final speed and the distance traveiled, substitute ¢ = 30 in the
expressions for v and x. This gives

v =21000 _3x900 4 48 =72 - 108+ 48 =12

375 25
and
_ 810000 27000 _ . _
- "*1"5‘55““""2"5”*43)‘30 = 540 - 1080 + 1440 = 900,

The train slows down to a speed of 12 m 57!, and travels 900 metres during the
time that the brakes are on.

In this example, if you only want the distance the train travels while the brakes are on,
and are not interested in the (z,x) formuia, you could finish off the calculation by using
a definite integral. The distance is ’

% 1,3 3.2 1 4 1.3 0
L (s—ﬁt —55l +48)dt=[--~1500t —5—_,;1 +48t]0

= {540 — 1080 + 1440) —(0 — 0 + 0) = 900.

Since the definite integral gives the area under the velocity-time graph, this shows that
the displacement is represented by this area.
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For an object moving in a straight line, with the velocity v givenasa
function of the time ¢, the displacement between times ¢, and 1, is given by

2
vr.
1,

This displacement is represented by the area under the (¢,v) graph for the
interval t, <t <1t,.

Example 11.3.2

For the car in Example 11.1.1, with velocity given by the formuia

y =14 +0.45:2 —0.03¢% , find the distance travelled while the car accelerates to its
maximum velocity.

It was shown that the car reaches its maximum velocity of 29 ms™ at time
t =10, so the distance travelled is

10
j (14+0.45¢2 ~0.03¢%) dr =[14¢ +0.15¢ ~ 000750 ]
0

= (140+150 - 75) - (0+ 0~ 0) = 215.

The car travels 215 metres in the 10 seconds that it takes to reach its maximum
velocity.

11.4 The constant acceleration formulae

Motion with constant acceleration is simply a special case of general motion in a straight
line, so you can get the formulae in Chapter 1 by the integration method in Section 11.3.

. . dv .
First, since d_ = a, where @ 13 now a constant number,
t

v:fadr:at+k.

To find k , use the fact that the initial velocity is u, so that v=u when t =0 . Therefore
u=ax0+k,which gives k =u. The velocity—time formula is therefore v = af +u,
which is usually written as

v=utat.

A second integration gives the displacement formula. Since u and a are both constant,

x=fvdr:J(u+at)dt:ut+%at2 +c.
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Now the quantity s in the constant acceleration equations is the displacement from the
initial position at time t =0, so that

s = displacement at time ¢ — displacement at time 0

z(ut-q-%atz +c)-(ux0+%ax02+c)
]

=(ut+1at2+e)—(0+0+c)=ut+§

2
3 at”.

Once you have the (¢,v) and the (¢,s) equations, you can find the other three equations in
Section 1.5 algebraically, by eliminating a, t or . This is Question 21 in Exercise 11B.

11.5* A shorthand notation

o oodx dvdPx , :
Expressions like P and el occur o often in mechanics that people often use a
t f H

shorter notation when writing them. In this notation a dot is written over the top of a

letter to denote the derivative with respect to time. Thus @ is written as £ (pronounced
t

dv . . L. , .
‘x dot’}, and w; as v. A second derivative with respect to time is written with two dots, so
2

that d—; becomes & (pronounced ‘x double-dot’).
!

[n this notation the equation for Newton’s second law becomes F =m3. For example,
the first equation in Example 11.3.1 would be written

~44(30 — t) = 500%,
and the motion would be described by

fom e L 426
X=v= 1—2—51‘ 3% t.
In fact, this notation did not begin life as a shorthand; it is very similar to the notation

which Isaac Newton invented when he introduced his theory of ‘fluxions’. The %

notation was invented by the German mathematician Gottfried Leibniz, who was
working on the ideas of calculus at the same time as Newton but from a different point
of view.

You do not need to use the dot notation yet, but if you intend to go on to more advanced
mechanics you will find it very useful later. In that case, you may like to practise using
it in the next sxercise.

0|5
Exercise 11B

In Questions 1 to 20, x metres is the displacement at time ¢ seconds of a particle moving in a
straight line, v is the velocity in m s~ and a is the acceleration in m 7. Only zero and
positive values of ¢ should be considered.

1 Given that v = 3% +8 and that the displacement is 4 m when ¢ =0, find an expression for
x interms of ¢, Find the displacement and the velocity when t=2.
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//@ven that @ = 10— 617, and that the velocity is 4 m s™! and the displacement is 12 m
when t =1, find expressions for v and x in terms of ¢. Find the displacement, velocity and
acceleration when ¢t =0.

3 Given that v = 6t and that the displacement is 30 m when = 4, find the displacement,
velocity and acceleration when t=1.

: . 6 L. - ) .
‘& Giventhat a=2 -~ ;5, and that the velocity is 6 m s ! and the displacement is zero when
t = 1, find the displacement, velocity and acceleration when ¢ =3.

%}iven that v=9~1 and that the displacement is 2 m when ¢ =0, find the displacement
~ when the velocity is zero.

6 Giventhat a = 3¢ — 12, and that the velocity is 30 m 57! and the displacement is 4 m when
t =0, find the displacement when the acceleration is zero.

7 Given that v =t +10¢ and that the displacement is 6 m when ¢ =0, find the displacement

when the acceleration is 16 m s 2.

8 Given that a = 4 — 2t , and that the velocity is 5m s! when ¢ =0, find the acceleration
when the velocity is zero.

/9/ Given that v = 3¢* + 4¢ +3, find the distance travelled between t =0 and £ = 2.
@9 Given that v=12—8¢ , find the distance travelled between t =0 and £=1.

11 Given that v =4 +3+/¢, find the distance travelled between t =1 and t = 4.

12 Given that v = % , find the distance travelled between t =2 and r=10.
4 .

13 Given that v = ¢ — 20, find the distance travelled between ¢ =0 and 1=4,

14 Given that v= wlzw —~ 72, find the distance travelled between =1 and f = 3.
t

15 Given that o = 41 and that the velocity is S m s™! when ¢ =0, find the distance
travelled between £ =0 and ¢ =3,

i

16 Given that a =12~ 3+t and that the velocity is 15m s~ when 7 =1, find the distance

travelled between £ =1 and 1 =25. 4
/@j}/(‘}iven that v = 3tt —3)(¢ — 5) . find the distance travelled

(a) between =0 and =3,

(b) between r=3 and 1=35,

(c) between t=5and t=6.

Hence find the total distance travelled between =0 and 1 =6,

Sketch the {1,v) graph and the (#,x) graph (assume that the displacement is zero when
r=0).
How far is the particle from its starting point when =67
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18 Giventhat a= ,12_ and that the velocity is 4 ms™ when r =1, find the velocity when
t

t = 100 . State the terminal speed of the particle.

19 Giventhat a= —%— , and that the velocity is 2 ms™ and the displacement is zero when
t

t =1, find the displacement when ¢ = 4 . Show that the velocity is always positive but the
displacement never exceeds 2 m.

20 Giventhat v =13+ 3¢, find the distance travelled as the velocity increases from 13 m 57!

to 33 ms~'. Show that the acceleration is constant, and verify that the formuta
vi=u? +2as gives the same result.

21 A particle moves in a straight line with constant acceleration a . In Section 11.4 integration

was used to obtain the equations v =u+at and s = ut + Jat’.

(a) Eliminate a from these equations to show that s = é(u +v)t.

2 i

b) Obtain the equations v = u? +2as and s = vt ~ 5 ar®.

A car starts, from rest and for the first 4 seconds of its motion the acceleration @ m s~ at
time ¢ seconds after starting is givenby a=6-2r.

(a) Find the maximum velocity of the car.

(b) Find the velocity of the car after 4 seconds, and the distance traveiled up to this time.
A truck, with initial velocity 6 m s~ , brakes and comes to rest, At time ¢ seconds after the

brakes are applied the acceleration is a m 572, where a = —3¢. This formula applies until
the truck stops.

(a) Find the time taken for the truck to stop.
(b} Find the distance travelled by the truck while it is decelerating,

{c) Find the greatest deceleration of the truck.

24 A force of (36 - rz) newtons acts at time ¢ seconds on a particle of mass 2 kg. When
t =0 the particle has velocity 2 m ™" in the direction of the force. Find the velocity of the
particle when ¢ = 6 and find the distance travelled between t =0 and r=6.

25 A trailer of mass 250 kg, initially at rest, is pushed along a horizontal straight line. After
t seconds the forward force is 150(4 — 1} newtons, for 0 << =< 4, and there is a constant
resistive force of 75 N acting backwards. For ¢ > 4 there is no forward force but the

. resistive force continues to act.

(a) Find the maximum velocity of the trailer.

(b) Find when the trailer comes to rest, and find the total distance travelled.

(¢} Sketch the (¢,v) graph and the (¢, x) graph for the motion of the trailer.
@ A train is travelling at 32 m s~!. The driver brakes, producing a deceleration of

k16 —1 ms™ after ¢ seconds. The train comes to rest in 16 seconds. Find % , and how far
the train travels before coming to rest.

27 A truck starts from rest. Its acceleration up to its maximum speed is given by a = (p—qt)",
where p, g and n are constant. Express the maximum speed in terms of p, g and n.
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@ A load is being lifted by a crane and moves in a vertical straight line. Initially the load is on
the ground and after ¢+ seconds its velocity vm s7! {measured upwards} is given by
v=3e-3)(t-4) for 0s1<4.

(a) Sketch the {r,v) graph for the motion of the load.

(b) State when the magnitude of the acceleration is greatest, and calculate this greatest
acceleration.

{c) State when the load is at its highest point, and find the acceleration at this instant.
(d) Pind the height of the load above the ground when ¢ =3 and when ¢t = 4.

(e) Sketch a graph showing the height of the load for 0<=t< 4,

(f) Find the total distance moved by the load.

Miscellaneous exercise 11

1 A particle starts from O and moves along a straight line. At time ¢ seconds its

displacement from O is x cm and its velocity is (10: - t2) ems™.

(a) Find x interms of ¢.
(b) Find an expression for the acceleration of the particle in terms of .

(¢) Find the distance covered and the velocity at the moment when the acceleration is
zero.

(d) Find the average velocity of the particle during the first 3 seconds. Show that this is
less than the actual velocity after 1.5 seconds. : (QOCR)

2 A particle is travelling on the x-axis. Its velocity vm sl is given by v=6(2—1)(2t~9)
where ¢ is the time in seconds.

(a) Find the time at which the speed of the particle in the positive direction is greatest.
Calculate the speed at this time.

(b) The figure, which is not to scale, : (m‘;_;) c
shows the velocity-time graph for the
motion of the particle in the time s
interval 0= ¢=5. Write down the
values of ¢ and v at each of the
points A, B, C and D.

{c) At t=0,the particle is 61 m from O
in the positive direction. Calculate the
position of the particle when it is first
instantaneously at rest. A

DN\ t(s)

(d) Determine how many times the
particle passes through the origin O.

(e) Give a brief description of the motion of the particie between the points B and D
shown in the figure. (MEI)

3 A particle starts from rest. Its acceleration after ¢ seconds is ms™, Find its speed

3
and how far it has moved after 2 seconds. (1+21)




182

MECHANICS |

www.gceguide.com

4 The (1,v) graph for a motorcyclist
travelling on a straight course is
shown in the figure, for 0 <t < 60,
where ¢ is the time measured in
seconds and v is the velocity
measured in m s~'. Show that the total
distance travelied during the
60 seconds is greater than 800 m.

Explain how you could use the (t,v)

graph to estimate the time at which the motorcyclist was accelerating at 2m s

5 A loaded fork-lift truck starts from
rest and travels in a straight line
from a point A toapoint B.Itis
unloaded at B before returning
directly to A, coming torestat A,
The (t,x) graph for the motion is
as shown in the diagram, where
x metres is the displacement from
A after r seconds. The coordinates
of the points marked O, P,Q, R, S,

v 4
(ms1y

201

¢ i0

x(m)

P(20,15)

T T

0 60 t(s)

-2, (OCR)

N

R(120,150)
(100,135}

$(480,150)
T(495,135)

U{555,15)

o0

V(5700)  t(s)

T,U and V are as shown on the diagram, and PQ, RS and TU are all straight line
segments. Find the speed of the truck at each of the foilowing times:

(c) =525,

Making the assumption that the acceleration or retardation of the truck is constant in each
of the time intervals 0 <t <20, 100 <#<120, 480 <t <495 and 555 < <570,

(d) sketch the (¢,v) graph for the motion of the truck for 0 < < 570,

(a) t=60, (b) ¢=300,

(e) calculate the acceleration of the truck during the interval 0 <7 <20.

(OCR)

6 A particle moving in a straight line has displacement x metres after ¢ seconds for
0<t<5,where x =1 —12t" +21 +18.

(a) Find the dis'placement, velocity and acceleration when the time is zero.

(b) Find the time. velocity and acceleration when the displacement is zero.

(¢) Find the time, displacement and acceleration when the velocity is zero.

(d) Find the time, displacement and velocity when the acceleration is zero.

7 A particle moving on the x-axis has displacement x metres from the origin O after
t seconds for 0=<<z< 5, where x=1>(t-2)(t—5).

(a) For what values of ¢ is the particle on the positive side of O?

{b) For what values of ¢ is the particle moving towards O?

(¢) For what values of ¢ is the force on the particle directed towards O?
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8 The displacement, x metres, of a particle moving on the x-axis at a time ¢ seconds after it

o 4 3
starts to move is given by x=1 for 0=<r<1,and by x=}m—k for r=1.
t

(a) Verify that both formulae give the same value for x when ¢t =1.

(b) Find the value of k for which there is no sudden change of velocity when 7 =1.
For the rest of the question, take & to have the value you found in part (b).

(¢} Show that the particle stays on the same side of O throughout the motion.

(d) What is the greatest distance of the particle from 07

(e) For what values of ¢ is the force on the particle acting in the positive direction?

9 A battery-operated toy dog starts at a
point O and moves in a straight line.
Its motion is modelled by the v

velocity—time graph in the ﬁguré. (em sty

(a) Calculate the displacement from 8

O of the toy
(i) after 10 seconds,

o O i E T T >
(ii) after 16 seconds. 4 g 10\ 16 1(s)
(b) Write down expressions for g :

the velocity of the toy at time .
t seconds in the intervals
0==4dandd=1=8.

{(¢) Obtain expressions for the displacement from O of the toy at time ¢ seconds in the
intervals 0<t<4and 4<t<8.

(d) An alternative model for the motion of the toy in the interval 0<¢=<10 is
. V= %(l{}t - tz') where v is the velocity in cm 7!, Calculate the difference in the
displacement from O after 10 seconds as predicted by the two models. (MEI)

10 A cyclist is travelling along a straight
road. The (¢,v) graph in the figure,
where ¢t is measured in seconds and v {ms)
is measured in m s™*, consists of three L
line segments and models the first
250 seconds of the cyclist’s journey. : :
The cyclist has a constant speed of 60 160 200
V ms™ in the interval 60 < 7=160.

(a) Find an expression, in terms of
V, for the distance travelled, in
metres, by the cyclist in the first
200 seconds.

(b) Given that the average speed of the cyclist in the interval 0= 7= 200is 6.75ms},
find V.

(c) Hence find the distance of the cyclist from his starting point at the end of the
250 seconds. (OCR)

250 1(s)
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Revision exercise 2

1 A man is sawing through a plank. He exerts a force of 80 newtons on each forward stroke,
and 100 newtons on each backward stroke. The length of each stroke is 30 cm . If he
completes 25 strokes a minute, what power is he exerting?

2 Find the resuitant of forces of 2 N due north, 3 N on a bearing of 120° and 4 N ona
bearing of 220°.

Check your answer by showing that the sum of the resolved parts of the three forces
perpendicular to the resultant is zero.

3 A water-skier of mass 60 kg holds a horizontal cable which trails behind a speedboat of
mass 480 kg . The resistance of the water to the boat is 700 N, and the resistance to the
skier is 90 N . If the engine produces a forward thrust of 1600 N, find the acceleration and
the tension in the cable.

4 An object of weight 25N is supported by two strings. The tensions in the strings are 20 N
and X N.Find the angle between the strings when

(ay X=120, (b) X=25, (cy X=30.

5 A particle of mass 0.2 kg is at rest on a smooth surface, It is acted on by two constant
forces, of magnitude 0.3 N and 0.5 N at an angle of 110° to each other. Find which
direction it moves in, and how long it takes to move 10 m from its original position.

6 The power developed by a car’s engine in top gear is 40 kW . When travelling at v m 57!

the car experiences air resistance of 0.32v* newtons. Neglecting other resistances,
calculate the top speed of the car.

If the car has mass 1600 kg, calculate the acceleration of which it is capable when

travelling at 40 ms™'.

When climbing 2 hill the driver finds that, with the engine at full power, the car will not go
faster than 30 ms™'. Find the angle that the road makes with the horizontal.

7 A long shelf has small light pulleys set into it at either end. A string passes over both
pulleys, and loads of mass 0.6 kg and 0.9 kg are attached at the two ends.

{a) Find the acceleration with which the heavier load descends.

(b) It is desired to reduce the acceleration to
0.4 ms™. This is done by cutting the string in
the middle and insérting a block between the
two parts, as shown in the diagram. The block
slides on the shelf. ¥ friction is neglected in the 0.9kg 0.6kg
calculation, calculate the mass of the block.

1

{c) H friction is taken into account, calculate how large the coefficient of friction must be
for the acceleration to be reduced to zero.

(d) Explain why, however heavy the block is, the acceleration cannot be reduced to zero in
this way if the surfaces are smooth.
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10

11

12

13

A sphere of weight 50 N hangs by a light chain from a high ceiling. A person standing on
the floor uses a pole pushed at 30° to the upward vertical to push the sphere sideways. The
chain is then at an angle of 20° to the vertical. Find the force from the pole on the sphere,
and the tension in the chain.

A particle is placed on a plane inclined at an angle « to the horizontal. It rests in
equilibrium under the action of its weight W, the normal contact force N and a frictional
force F.Express N and F interms of W and ot .

Each force is now split into components horizontaily and parallel to the plane. Find the
magnitude of the components in each direction. Check your answer by showing that the
sum of the components of the three forces in each direction is zero.

A wire AB 10 metres long is bent into an arc of a circle. It is mounted in a vertical plane so
that the tangent at B is horizontal and the tangent at A is at 40° to the horizontal, with the
level of B below the level of 4. A bead of mass 2 grams is threaded on the wire at A and

released. Find its speed when it reaches B

{a) if the wire is smooth,

(b) if there is a resistance of constant magnitude 0.004 newtons.

A block of mass M is placed on a track inclined at 45° to the horizontal. A string attached
to the block runs up parailel to the track, passes over a smooth rail at the top, and carries at
its other end a counterweight of mass m which hangs vertically. The coefficient of friction
between the block and the track is 0.6. Find an expression for the tension T in the string in
terms of m, M and g, distinguishing the various situations that can occur for different
values of m and M.

State the direction of the resultant force on the rail, and find an expression for its magnitude
interms of T.

A model railway engine of mass 2 kg runs on a straight horizontal track. Its displacement,
x cra, from a point O on the track after ¢ seconds is given, for 0 = ¢ = 8, by the formula

x=3t" — 448 +144¢% 4+ 25.
Find an expression for the velocity of the engine in terms of ¢. Use this to sketch (£,v) and
(t,x) graphs. Show that there is an integer value of ¢ in the interval 0 <7 <8 for which
x=0,
Describe the motion of the engine during the interval. Find ar expression for the force
needed to produce this motion, and describe how this force varies during the interval.

Ron, Sam and Tim are playing with a rope. Ron and Sam tie the rope roind Tim’s waist,
and pull on the two ends with forces of 30 N and 40 N respectively at an angle of 50° to
each other. Find the magnitude and direction of the force on Tim.

The weights of the boys are 250 N, 200 N and 350 N respectively. The boys are all
wearing identical shoes. What is the least value of the coefficient of friction if none of their
feet are to slip?
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(@) I x= p212 ,where p is a positive constant and ¢ > 0, express the velocity v and the

acceleration « in terms of ¢, Prove that v =2 pr; . Hence show that a = v—gxy— .
b) If x= }E , find expressions for v and a in terms of ¢, and for v in terms of x. Is it still

v
true that amvﬁl—?
dx

An angler of mass 80 kg standing on a riverbank is slowly reeling in a 15 kg fish at the
end of a line. The tip of the fishing rod is 8 m above the water level, and there are 17 m of
line between the tip of the rod and the hook. As the fish comes in at constant speed there is
a horizontal resistive force from the water of 105 N . Calculate the tension in the line.

Draw diagrams to show the forces on
fa) the fish, (b) the angler and rod (considered as a single object).

Find the magnitude of each force. The mass of the red can be neglected.

A skip of mass 2 tonnes has to be dragged along a track. The coefficient of friction is 0.7.
A cable attached to the skip runs horizontally to a winch powered by an electric motor.
Using the controls on the motor, the tension in the cable is gradually increased, so that after
¢t seconds its value is 400r newtons, until it reaches its maximum value of 16 600
newtons. This maximum tension is then maintained until the skip is moving at a speed of
3.5ms™". The tension is then reduced instantaneously so that the skip continues to move at
this speed.

(a) How long does it take before the skip starts to move?
(b) How fast is the skip moving when the tension in the cable reaches its greatest value?

(c) How long does it take after that for the skip to reach its greatest speed, and how far has
it then moved altogether?

(d) What is the tension in the cable when the skip is moving at its greatest speed?

(e) Just before the skip reaches its destination the cable is disconnected. How much further
after that will the skip move?

(f) Draw sketches of the (¢,x), (z,v) and (f,a) graphs to illustrate the motion of the skip.

Forces of 7 N in the x-direction and 5N in the y-direction, together with a third force of

magnitude 6 N, have a resultant at an angle of 45° with the positive x-axis. If the third

force makes an angle 8° with the positive x-axis, measured anticlockwise, show that
sin8° —cosf° = % .

Show that the functions sin#°—cos8° and 2 sin(0 - 45)° have the same graph. Hence
find two possible values for 8.

Draw a polygon of forces to show why there are two possible directions for the third force.

A string passes over a rough cylindrical rail, and objects of mass 10 kg and m kg attached
to the ends hang vertically on either side. Because of friction between the string and the
rail, when the objects are in motion the tension in the string on the descending side is twice
the tension on the ascending side. Find the acceleration of the system in the cases

(a) m=3, (b) m=30, ) m=15.
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A light inextensible string is attached to two fixed

points A and B, where AB is horizontal. Two objects

P and Q, of masses 2 kg and 3 kg respectively, are
attached to the string. They rest in equilibrium, with

the part of the string between P and Q horizontal and

the part of the string between B and Q making an

angle of 60° with the horizontal, as shown in the diagram.

(a) Show that the tension in the part of the string between B and Q is 346N, correct to
3 significant figures.

{b) Find the tension in the string joining P and Q.

The part of the string between A and P makes an angle of 6° with the horizontal. Find the
tension in this part of the string, and show that 8 is approximately 49. (OCR, adapted)

Three strings AB, BC and CD,each of length 1 m, are knotted together at B and C. The
ends A and D are pinned to a horizontal beam at a distance of 2 m apart, and weights of
20 N are hung at B and C. Use triangles of forces to calculate the tensions in each of the
three strings.

The weight at B is now replaced by a heavier one, so that the figure is no longer
symmetrical, and the string AB makes an angle of 70° with the horizontal. Use either
scale drawing or trigonometry to find the new values of

(a) the distance of B from D,
(b) 'the angle ABD,
(c) the angle CBD.

Use a triangle of forces to calculate the tension in BC'. Then use another triangle of forces
to calculate the new value of the weight hung at B.

The figure shows the (r,v) graph for a
minriature train as it moves along a straight
track. At time f =0 the train passes a point
A and is moving at 3 m 5”1, The farthest
point from A reached by the train in the
2-minute period is P . Find

(a) the value of ¢ at the instant that the
train reaches P,

(b) the magnitude of the acceleration of
the train in the time interval
50 <t <80,

(c) the distance of the train from A at the end of the 2-minute period. (OCR)

A runner accelerates from 5ms™ to 6m s as she enters the final straight. Her speed
v ms~! after ¢ seconds is given by v =+25+11t for 0=<¢=<1, Find

(a) her acceleration at the beginning and end of the final straight,

(b} how far she runs while accelerating.

AVYAV.VAV.YA (7(‘90']]1(19
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Practice examination 1

Time { hour 15 minutes

Answer all the questions.
The use of an electronic calculator is expected, where appropriate.

1

A toy truck is pulled along horizontal ground by means of a force of magnitude 4 N acting
at 40° to the direction of motion (see diagram).

(i)  Find the work done by the force in moving the truck a distance of 5 m. 3]

(iiy Given that the truck moves with constant speed, state the magnitude of the force
resisting its motion. 1]

2 A child standing at the edge of a cliff 100 m high throws a stone vertically downwards. The
stone hits the sea 4 s later. Ignoring air resistance, find
(i) the initial speed with which the stone is thrown, [2]
(ii) the speed with which the stone hits the sea. 2]

5N

Three forces, with magnitudes 5 N, 10 N and R N, act at a point O in the directions shown
in'the diagram. Given that the three forces are in equilibrium, find the values of R and 8,

6]

4 An athlete of mass 60 kg runs a distance of 1 km up a hill inclined at 2° to the horizontal,
The athlete’s speed at the bottom of the hill is 5ms™" and at the top of the hill is 4 ms™.
Find, for this 1 km run,

(i)  the athlete’s increase in potential energy, 2]
(i} the athlete’s decrease in kinetic energy, 2]

(iii) the average power exerted by the athlete, assuming that he takes 4 minutes to cover
the 1 km distance and that any resistance to motion can be neglected. (3]
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The diagram shows the velocity~time graph for the motion of a cyclist riding along a road.
The cyclist starts from rest, reaches a speed of 16 ms™" after 20 s, and then decelerates
uniformly to rest after a further 10 s.

(i)  For the final 10 s of the motion, find the deceleration and the distance travelled. [3]

(i)  For the first 20 s of the motion, state with a reason whether the cyclist’s acceleration
is increasing or decreasing, (2]

(iti) The equation connecting v and 7, for 0= ¢ = 20,is v = 5% {40 -t} . Calculate the
distance travelled by the cyclist during the first 20 s. [4]

(i) A car of mass 1200 kg travelling along a horizontal road experiences a resistance to
motion of magnitude 150 N. The car is accelerating at 0.5ms™2, Find the forward
driving force acting on the car. i3]

(ii} A trailer of mass 800 kg is now attached to the car. When the car and trailer are
travelling along the same road the resistance to motion on the trailer has magnitude
500 N. The resistance on the car, and the forward driving force are the same as
before the trailer was attached. Find the acceleration of the car and trailer, and find
also the force in the towbar between the car and the trailer. [6]

(i) A suitcase of mass 16 kg is placed on a ramp inclined at 15° to the horizontal. The
coefficient of friction between the suitcase and the ramp is 0.4. Determine whether
the suitcase rests in equilibrium on the ramp, and state the magnitude of the frictional
force acting on the suitcase. (4]

(i)

A person tries to push the suitcase up the ramp by applying a horizontal force (see
diagram). Show that, for the suitcase to start moving, the magnitude of this force
must be at least 120 N, to the nearest newton. (7]
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Practice examination 2

Time 1 hour 15 minutes

Answer all the questions.
The use of an electronic calculator is expected, where appropriate.

1

Two horizontal forces, of magnitudes 10 N and P N, act on a particle. The force of
magnitude 10 N acts due west and the force of magnitude P N acts on a bearing of 030°

{see diagram). The resultant of these two forces acts due north. Find the magnitude of this
resultant, 4]

v(msi)
40

30

20

10

0

0 0 20 30 40 50 60 70 80 r(SS
The diagram shows the velocity—time graph for a train during a part of its journey.

(iy  Calculate the distance travelled by the train during the period of 80 s shown in the
diagram. . [3]

(i)  The train has mass 400 tonnes. Calculate the resultant forward force acting on the
train while it is accelerating. ' {3]
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A smatll ring R of mass 0.2 kg is threaded onto a fixed rod which is inclined at an angle of
30° to the horizontal. The ring is attached to a block B of mass 0.5 kg by means of a light
string which passes over a smooth pulley P. The part RP of the string is perpendicular to
the rod, and the part PB of the string is vertical (see diagram). The system is in equilibrium.

()  State the tension in the string. 1]

(ii) Calculate the magnitude of the normal component of the force acting on R due to the
rod. [2]

(iii) Given that the equitibrium is limiting, calculate the coefficient of friction between R
and the rod. 3]

The sloping part of a ‘slide’ in a children’s playground is 8 m long and slopes at 40° to the
horizontal. A child of mass 20 kg slides down, starting at rest at the top and reaching a
speed of 6 ms™" at the bottomn.

()  Calculate the total change in energy of the child during this motion, stating whether it
is an increase or a decrease. [4}

(i) The child’s motion is resisted by a force of constant magnitude F N.Find F. 2]

A particle moving in a straight line has velocity v m 5! at time ¢ s, where v=¢(t - 6)°.

(i) Calculate how far the particle moves between the two times when it is
instantaneously at rest. (51

(i) Find the set of values of t for which the acceleration is negative. [4]

The total mass of a cyclist and her bicycle is 120 kg. While pedalling she generates power
of 640 W. Her motion is opposed by road resistance of magnitude 16 N, and by air
resistance of magnitude 8v N, where v m s is her speed.

(i)  Find the cyclist's acceleration when she is riding along a horizontal road at a speed of
S5ms™. ' (3]

(ii) Find the greatest speed that she can maintain on a horizontal road. [31

(iii) When cycling down a hili she finds that she can maintain a speed of 10 m s”!. Find

the angle of inclination of the hill to the horizontal, giving your answer correct to the
nearest 0.1°. (3]
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The diagram shows particles A and B, of masses 0.2 kg and m kg respectively, connected
by a light inextensible string which passes over a fixed smooth peg. The system is released
from rest, with B at a height of 0.25 m above the floor. B descends, hitting the floor 0.5 s
later. All resistances to motion may be ignored.

(i)  Find the acceleration of B as it descends. 2]
(i)  Find the tension in the string while B is descending, and find also the value of m. [5]

(iii) When B hits the floor it comes to rest immediately, and the string becomes slack.

Find the length of time for which B remains at rest on the ground before being jerked
into motion again. [3]
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Most non-exact numerical answers are given correct
to 3 significant figures.

1 Velocity and
acceleration

Exercise 1A (page 3)
1 200s

72 k. south

21.2 hours

25.2 km south

About 5% minutes

82x10% km

3ims™

~} & R W e

Exercise 1B {page 7)
1 4ms™, 125m

7'%1:15‘.“l

16ms?, 60ms™"; 15.5s

6s, 13ms”

30s, 2ms™

20ms™, 1500 m

255, 175 m

S U e W

Exercise 1C {page 10)

1 (@) 1t (b) 16 © -3 (d45
(€ 102 M 12 (g 14 (hy 2%
G 24 G £263 ®20 O 2
(m) 1% (n) 25

2 405, %ms“2

3 és

4 006ms™

5 1500m

6 (3 27km  (b) 250s

7 (@ 900-20s (b) 1©Oms" () 5m
8§ 60m

9 (5+081)ms™, (5r+04¢%)m; 155, 17ms”™
10 zéwms'z,ans‘2

11 1800kmh™; 40kmh™

12 (%rz—4t+10)m; yes

Exercise 1D {page 15)
1 225

2 (a) 18 mimites {b) 21 minutes
3 30ms™, 675m; 1ims™; 20s
4 20ms™, 2ms™

5 12ms™, 445
6
7
8
9

(@) 22s (b) 53im

@ Tms”  ® 3 ©x
%ms‘2

(@ 50ms™? (b) 5000m

10 5D metres

Miscellaneous exercise 1 (page 16)
(@ 15ms? (b 1i0ms™

(a) 40s (b) 24835
150ms™

a=§,T=20

2ms™, 200 m

%IZ m, 25, 31m

02ms™>; 034ms™

108 m
0.08ms™

(ay (i) % ms™
{b) 460s;

No

(- TR .- NV B SN S

[y
[—]

(i) 7200 m

2 Force and motion

Exercise 2A (page 23)
1 1.5ms™

0.625ms™

9240 N

65kg

48

144ms?, 0576 N

0.96m N

850 kg

1875 m

45ms™

64ms™, 128N

247

0.12ms™,224s

13.5¢cm

405 KN

(Y-S - LT I R

[
th 4 W b = D
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Exercise 2B (page 27) 5 I3000N; 04 ms™
1 115 6 792N
2 4 7 724ms™
3 2120N 8 1270N; t5ms™
4 300N, 400N 9 (ay I0700N (b) 10500N
5 165N (cy 10300N (d) 10700N
6 () 16N (b) 256N 10 1275N
7 45N,2ms™ 11 40kg
8 79ims 12 90kg; 6.67ms™!
% 312N 13 16N
10 13x10°N 14 40N, 16kg
11 1075N,281m (5 oMV
12 2625kg 2(T - Mg)
13 522 16 33,900
4 780N,1min20s 17 8400N
15 138 Exercise 3B (page 40)
Miscellaneous exercise 2 (page 28) 1 28kg
1 1640 2 (a) 40kN (b 38kN
2 110s 3 700N, the drum leaves the ground.
3 1400N 4 (a} 380N (b) 448N (c) 380N
4 10s 5 140kg
5 750N,938N 6 67200N
6 20kg 7 06ms™
7 A500N 8 The scales register the normal contact force
8 Yes; aforce of 92.6 N would be needed for the between the man and the smnz:ales, not the “weight’;
box to decelerate at the same rate as the car. decelerating at 0.444 ms™.
9 025ms2,25N 9 Smg
10 4500 N 10 05ms™
11 (2) 033ms™ (b) 1L60N, 004ms™ 11 80,20
12 1720N ) 12 10.75,1.63
13 125,63 Miscellaneous exercise 3 (page 41)
14 (a) 3000N 1 760N
15 (a) E% ms™* () %« ms™,40s 2 His weight, 600 N; normal contact force acting
© @155 @i 13 % m (i) 555 vertically upwards, 630 N
3 4800N .
Vertical motion 4 658N (a) 40kg ) 75s
o 6 W(3-2k)
‘Exercise 3A (page 34) 7 tmg (@ 20ms? (b)) 6s
1 (a) 30N (b 0.IN (c) B00GN 8 (a) There are forces acting upwards, buoyancy
2 17kg and water resistance.
3 2ms™ by 85, 0225N
4 17900N 9 4ms™; 6000N
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(=) t=4

10

4 Resolving forces

(2) Initially accelerates at 10 m s~ for 45, then
decelerates at 5ms™ for 65 before faliing
to ground with constant speed for 15s.

{(b) 3B0m

1350 N

For example, straight lines wili be curves and the

comers will be smoothed out.

Exercise 4A (page 47)

1

oo =1 ot R b

— e ek et s e e
NN b W e O

18

(a) 4N, 693N; -7.88N, ~1.39N
(b) 346N, -2N; -3N, 520N
(¢} —-4N, ON; 205N, 564N
(d) 25N, 433N; -25N, 433N
60, 8.66

289ms™

35.1N

166 N

150, 8350 N

Sms™?, 10m N

805kg, 857N

Skg

123ms™?

986 N, 127N

(50—-%1‘]1\1

(@) 254 (b) 316N
1.50ms™, 415N

141

11.7°,511

219, 822N

170N, 339N

Exercise 4B (page 54)

1

o O~ S R W

10

(@) Fcos6°, Fcos(90-86)°= Fsin®®
(b) Fcos(90+6)° = —Fsind®, Fcosd®
(¢) FcosB®, Fcos(6-90) = Fsing®
(d)y Fcos®®, Fcos(90+8)°=-Fsing®

sms2, 548ms™
22710N

1.05ms™

644 N

8.66

218N, 639N
352N, 691N

(a) 574N (b) 700N {c) 6.33N
In case (b) 2 component of the applied force will
be added to 10c0s35°; in (¢) it is subtracted.

466N ,280, 1. 73ms™

11
12
13
14

15
16

559N, 26.6
410N, 113N
835, 748N

(&) To prevent the plank sliding down the slope
(b) 176N () 110N

523
470, 4620

Miscellaneous exercise 4 (page 56)

1
2
3
4
5
6
7
8
9

10

1
12

13

14
15

Friction

103N, 282N

31.1N

(a) 674> (b)2

146, 4.26; opposite in direction to 4 N force
252N, 392N

79N, 148N

Yes: s=3, a=15 gives v=m=7.07... .
(a) 065ms™ (b) 1235, 492m

076, 2.20; 3ms™ in the opposite direction to
the 1.2 N force

@ 8N () 17kg;

13.6kg

257, 210N

(a) There is no force to the left to counteract
the resolved part of the tension to the right

(¢) 940N, 766N  (d) 128N
(e) 0.l44ms™
by 933N (¢) 273N

() No, the resolved part of the tension will be
greater, so the normal force will be smaller.

21.5N; 909N

(z) 985N, 174N

(b) Force on the wheels from the track

(cy 985N

{(d) Al the forces in the direction of motion are
constant, 109N, 1125 m.

{e) As 6 increases Tcos8° gets less but
100 +44sin@° gets larger and so the truck
will decelerate.

Exercise 5A (page 66)

1

(&) (P—Q)N in the direction of the force of
magnitude 0N :

® (O~ P)N in the direction of the force of
magnitude PN

2 30=pP=<120

3

693N

4 04, 63N
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7 848; (a)is true, because the normat force, and

6 (a) S5900N, (b GO0ON
(a), (b) The boat rernains at rest.
(¢) The boat accelerates at 0.125 ms™.
7 (a) {P-50sina®)N acting down the plane
{b) (S0sine®— P)N acting vp the piane
8 82=Pr=377,101dp.
9 (a),(b) 0 (c) 0054N
{(a),{b) The bowl remains at rest {with limiting
equilibium in (b)).  (c) The bowl slides down
with acceleration 0.108 ms™.
10 28.1cm
3
1 3
12 80
13 333N
14 48ms2; 225m
15 4ms™?

16 tms?

(¢} 6000 N

Exercise 5B (page 71)

1 In the direction of motion of the train;
accelerating: 0.4

0.49

725kg

9m

396 N down the plane
0.024

0.2

0.806

(a) 1180N, 244 ms™
(b) 1690N, 244 ms™

10 4.10m, 1495
11 0733

12 0465N; 1.55N
13 0525

14 0374; 1.58 ms™
15 0.186; 334 ms™

PR NEE T~ N T S WO Y

Miscellaneous exercise 5 (page 73)
1 376 N; the equilibrium is not limiting.
2 39ms™"
3 406
4 14500N, 1880 N; 0.268
5 0711

hence the frictional force, is less when pulling.
8 0482
16 0314
I 26N;0243
12 490ms™
13 0.301
14 225m; 270 ms™
15 202s
16 3.17ms™; S9ON
17 305m

Motion due to gravity

Exercise 6A (page 78)
1 30ms™, 45m
2 14Ims™
} 98m
4 47m
5 175ms™
Exercise 6B (page 81)
1 5ms™ upwards, 30 m
2 18m
3 210ms™
4 2.65s
5 242m
& 0.6s
7 0ms™ downwards, 15 m
8 16ms™
9 36s, 18ms~! downwards
10 1L.is
11 2.59s, 13.9ms™ downwards
12 648m
13  « downwards
14 9ms™', 405m
15 (8 6125m (b} 6s
Exercise 6C (page 87)
1 (@ 9ms?, ims™
(b) 8m, s (¢} 4s, 4ms™;

(b) 144m, 24s (c) 24s, 2ms™!
2 48m, 24ms™', 8s:
30m, 12ms™, 755
3 50ms™, 75ms™
4 45m, 30ms ' both smalier; 05; 8ms™
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5 l4s, M4ms™; 10ms™,(10-v}ms™ 11 Zms™; 408m, 355

(z) Smaller with air resistance 12 80m, 490s

{(b) Larger with air resistance 13 2565

1 -1,

6 @ 20ms™; 14 IN

(@) 84ms? (b) 36ms” 15 (a) 182N (b) 345N
7 37m, 16s; 16 8m, 396s

(@) il6m 3'2 downwards 17 175 kN no, the weight is negligible compared

(b) 10ms" downwards; . with the other forces.

(1} Less than 3.7 m_2 {ii) Less tmhzan 8ms 18 10kg: 60m

(i) Between 84 ms™ and 10ms 19 405

Not more than 50ms™ 28

20 % <<l
Miscellaneous exercise 6 (page 89) 22 8ms™',008; 203ms™, 157 m
1 08s, 8ms™ 23 (a) 084ms? (b)) 048ms”
2 30m () 6ms™
3 64s Z: 0,4? § R
4 3s,13ms™ gsino®, gsinf
5 40 b) Neither is ect. .
(b) Reither is corr 7 Newton’s third law
6 (a) Weight is opposed by buoyancy and the
resistance of the liquid. Exercise 7A (page 99)
(b} 8.5, S.1ms™ . :
1 Weights of 80 N and 100 N respectively, and

{c) With constant acceleration the ball-bearing
would have fallen 038 m .

245 m
52 m, 20—, (500—5(:—»2)2)111, 0; 5
180m

3

9 90; not more than 283 ms™,
not more than 254 ms™

4
10 036ms™, 236ms™", 64 ms™ deceleration, 5
453 ms™ acceleration; between 10 and 28 6
seconds o

I 05m, 025m,{10-05v)ms™,

(10—0.025#) m s: model 2

Revision exercise 1

vertical contact forces 80 N upwards on the top
crate, 80 N downwards and 180 N upwards on
the bottom crate

{a) 200 N upwards
(b) 200N downwards
(¢) 1200 N upwards

120N
(H 375N (i) 750N
42

400 N, 500 N; 800 N forwards; it will appear
that the car is being pushed from behind.
Weight 6000 N

Contact from pile driver
(a) 21600N (b) 20000N;

(page 91) Force from earth
1 0161ms™ (a) 28080N (b) 26000N
2 @ Llms?  (b) 40s 10 (2) 17250N (b) 15000N
3 (15r+1.25t2)m Q 5+25£)msu1‘ 12 P> uW, middle box won’t move; P >3uW
ce 35t ’ | ’ 13 (a) Weose® - (b) Wsine® (¢) Wsina®
B W{l+sin” o)
4 6s,45m (d} 2Wtana® (e) T
5 300 kN ; smaller
6 60N Exercise 7B (page 107)
1 (a) 10N, ION
7
54N (b) 10N, 15N (up the slope)
8 24s, 405m {©) 20N, 10N; 10N (d) 75N, 75N
9 j25N; 130N (¢) 173N, 232N {f) 354N, 554N
10 145ms™ 2 10kg
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3 24N, 2ms™

4 (a) 167ms™ ) 25ms™>?
€y 0769ms™? (d) 3ms™
() 0464ms? (H 6.05ms™

5 23Ims™: 308N, 7.69N

6 (a) 0625ms> (b)) 125ms?

T 3:1

8 02m<m=m MM e s
M+m

©2m—M)g ¢ 11 <02m
M+m

Exercise 7C (page 111)

f () 048ms%, 170N
() 008ms™>, 170N

2 250N, SON
(a) 005ms™ acceleration, 62.5N
() 005ms™ deceleration, 37.5N
{¢) 0.156ms™ deceleration, 109N
(d) 0.175ms™, 6.25N tension
(¢) 02ms™,zero
() 025ms™2, 125N thrust

3 F—{P+(Q)
M+m _
4 4dmg, 3mg, 2mg, mg (uppermost to
lowermost); %g
(a) zero (all strings)
1 3 1 1
by zmg, Mg, [5ME . =ymg (uppermost to
lowermost)

+gsing®

Miscellaneous exercise 7 (page 112)
1 558 |
2 Ims™, speeding up
3 315N
4

444 N, 0.2

Children as particles: analysis not affected
because of the absence of a turning effect.

Rope light: unrealistic, the weight of the rope
could be significant compared with the weight of
a child. '

Rope inextensible: unrealistic, a characteristic of
rope is that it stretches, but reasonable for a first
approximation.

Smooth groove: unrealistic, even if the tree is a
eucalyptus or similar the frictional forces are
likely to be significant.

447ms™, 3m; 775ms™

162N,0.176

3.08N, 4 ms™*, there is no friction; 5.11 m
1.35; 0.551N

N e ;N

10
1l
12

2340, 5850
186N ,0275; 0.144 m
(8 0952N (b} 0.756ms™

13 (a) () 100N (i) 400 (b) 0222ms™
4 a= X’m; X <600; X <60
10000
15 (a) 3200N (b} 3330N
16 Possible assumptions are: vehicles modelled as
particles, towrope is light, towrope is
inextensible, towrope is parallel to the slope.
(ay I1310N  (b) 3480N; 1555
17 (a) The tensions in each part of the string are
equal, and so, by resolving horizontally for
the 0.6 kg ring, angles ABR, RAB are
equal.
(cy 0.346
18 (a) 7N (b) 3tand°N; 350
Work, energy and
power
Exercise 8A (page 121)
1 (a) 16201 (b) 300 kJ
© 521x10°7  (d) 1600
€ 64x10%)
2 7001,05, 01, 700}
3 4N
4 50N
5 24017, 8N
6 1008]
7 11303
8 54401
9 48001J
10 20N
11 105N
12 (a) 280kJ () 426k] {cy 207kJ
Anyone so irresponsible as to attempt to drive
down such a steep gradient would need to apply
the brakes to restrict the final speed to 30 ms™.
13 698k
14 814KJ
Exercise 8B (page 125)
1 333kW
2 1125W ' -
3 160W
4 1125kW
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600 N

16 kW

880 W

25ms™

30.7°

78 kW

02ms?, 255ms™
243s

0433ms™

147 kW

3.01kW, 6.02kW
T2s; 96k), 505N
IAKW

o9 -~k N

10
11
12
13
14
16
17
18

Miscellaneous exercise 8 (page 126)

1 433)
2 500N
3 5641
4 16.8 kW, friction forwards at driving wheels
5 15ms?
6 13.0kW
7 173K
8 203kW; 0050 ms™
9 101kJ; 2.52s
10 3.93% 08ms™
11 Si4kl; 195kW, 489kW, 3.72kW
12 538s; 133kJ, 744 N; 2285
13 40 ms™'; 750 N is too big for easy pushing;
28.5ms™
14 549 kW, mass must not exceed 1950 kg
15 180ms™; 6.51°

Potential energy

Exercise 9A (page 135)
1 4007
2 40J,5m

3
rotor

122ms™

208xH°% ¥

16.3°

08m

8715 m

169ms™, 1.54 ms™
26.0°

R -1 & A

10

136x10°% J, 68 kW , the kinetic encrgy of th

11 (@ 245ms™ (®) 424 ms™
12 ux2\[;§

13 146m

14 407ms™, 303ms™
Exercise 9B (page 139)

1 255ms™

2 0325m

3 (@ 122m () 384ms”
4 (@ 147ms™" (b 207m

5 2ms™, 0873, 1.33N

6 245m, 44.55], 182N
7 383x10°)

8 132ms™

9 785N, 132N

Miscellaneous exercise 9 (page 140)

1
2
3
4
5
6
7

10

10 Force as a vector

2ag(l—cosd)
148ms™
(@) 19200] (b) 234ms™";

14lms™, 25ms™?
i

224N

2ms™, air resistance
141 ms™, falling
(a) 325kJ (b) 227kJ
246 N, 8.61kW; 0.684 ms™
(a) 6.83ms™" (b) (5.7.5)
The bead retraces its motion back to A, with the
same speed as before at each point of the wire.
m{ Mg+ F) M(mg— F)h
M+m M4m

®) O yier G yigr

{d) The condition is satisfied.

(b (c)

quantity

_ Exercise 10A (page 149)

1

2

3

{a) Magnitude 22.8 N, bearing 044.7°

(b) Magnitude 260N , bearing 065.0°

{¢) "Magnitude 10.9 N , bearing 095.5°

(d) Magnitade 9.10 N, bearing 035.1°

543 N, making an angle 0.029° with the

direction in which the car is facing

(2) Vertically upwards, magnitude 24 N

(b) Vertically downwards, magnitude 8 N

{c) 165N atan angle 140° downwards from
the horizontal



10
11

12
13

14
15

{i1}) 168 N ina direction 17.4° backwards from
the downward vertical . .-—

(i) 1.46 N in adirection 18.1° backwards from
the downward vertical

(a) Immediately on leaving the bat

(b) When descending at 18.2° to the horizontal

(@) 315N (b) Horizontal to the left
(c) 686ms™

(@ 460N (b)) 751ms™

690 m

(@) 341N (b 386N

(c) 183N (d) 445N

42 6°

(a) 13.IN, 13.1N (b) 470N, 25N

(¢) 424N, 580N (d) 178N, 272N
(2) 129N south (b) 10N north

(a) 8.68 N up the plane, 49.2 N perpendicular
to the plane

{b) 436N tothe left, 49.8 N upwards

(cy 192 N up the plane, 19G N to the left

(d) 51.6 N perpendicular to the plane, 899 N
to the right

(e) 451N down the plane, 51.0 N upwards

(f) 168N perpendicular to the plane, 33.5N
upwards

At 90° to the banks, from south to north; 134 N
0.173N

Exercise 10B (page 156)

1

(a) Magnitude 22.8 N, bearing 044.7°
(b) Magnitude 260 N, bearing 065.0°
(c} Magnitude 10.9N , bearing 095.9°
(d) Magnitude 9.10 N, bearing 035.1°
{a) Magnitude 22.8 N, bearing 044.7°
{b) Magnitade 26.0 N, bearing 065.0°
{c) Magnitude 109 N, bearing 095.9°
{d) Magnitude 9.10 N', bearing 035.1°
543 N, making am angle 0.029° with the
direction in which the car is facing

17N, 151.9° anticlockwise from the positive
X -axis

766Y. (-346) . (~104\ (315
[6.43)N’ ( 2 )N’ (~5.91)N’ [2.52)N’
404 N, 38.6° anticlockwise from the x -axis

256ms™? , 20.6° above the horizontal
15.03, 4.65

NP R0~ N R W e
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4 (a) 333N {b} 276N 8§ 05,19
(¢} SA6N {(dy 320N 9 -Wsin15°+ Pcos20° N:
5 {i) 1.83N inadirection 14.9° backwards from (——Wcos 15°+ Psin 20°+ C ) !
the downward vertical

Weosis®— Psin20°, Pcos20° - Wsinis®

10 13N, 674° anticlockwise from the x-direction

11 55N; 369°, 106.3°

1
12 5

Exercise 10C (page 162)
1 (a) 123N, 113N
2 4880N, 8220N

3 (2) Along the outward normal to the plane,
460N

(b) 460N in the direction of the inward
normal {0 the plane ¢y 168

200

544N, 605N

12300N, 7110GN

(a) 105.6°, 1124°

(a) 23.9° (b) 86.7°

22.3°, 58.8°

10 Perpendicular to the thread, mgsing®

11 (a) 38.2°, 21.8°

{b) The length of any one side of the triangle
of forces cannot exceed the sum of the
lengths of the other two sides (the case
m =038 is exciuded because the pulleys
are not in the same vertical line),

{d} K cannot be above the level of the
pulleys.

12 (@) 7 (b) 90°

13 36.9° and 73.7° either side of the npward
vertical; (045,06}, (0.72,0.21)

14 90°; 630N, 160N

(b) 257N, 376N

(b) 51.1°, 141.5°

oSS 1 @t b

Miscellaneous exercise 10 (page 165)
07N, 325

539

120

(ay 195 (b) 912
172 N, bearing 116.3°
(b) 1269

(a) 632° (b) 783N
200, 145.1°

5N -

150°

81.2°

—
]
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12

13
14

15

16
17

i8

19
20
21

11 General motionin a

3.14 N, in the direction of the force of
magnitude 17 N; G.127

242, 380

231 N horizontaily to the right, 115N
downwards paratlel to the incline, zero

() 104N, 72N upwards
(b) 104N, 3N upwards
(¢} 176N, 118N downwards

0778 N

(a) 231, 115

(by (i) Both greater (it) Both greater

(c) As 9 increases, T decreases, P decreases
until @ =30 and then increases; when
=30, P=100 and T =173 N.

{a) 108N, 878N (b) None

(¢} Both increase; the tensions would have no
vertical resolved part.

231N

(b) 436N, 234°

263N,02062

straight line

Exercise 11A (page 173)

1
2

LY - ST I )

- 10
11
12

13

14
15
16
17
i8

v=%+4, a=6t; 22m, 16ms™', 12ms™

p=20-48", a=~-12¢*: 22m, 16ms™,
~12ms?: ~18m, -88ms™, ~108ms™
42m, 32ms™, 18ms™

Om, 10ms™!, —14ms™

1 2

lms™, —lms”

6ms™, %ms'2

2s; —24ms™, —24ms™
5s; 20m

130 m
4msg
27m, 28 ms™
32'm, —%ms‘2
-g—ms_2
224m, 54ms™
10(12t—7) N
(@) 64ms™!
(a) 18ms™’

(@) 120s, 1380 m
(© 1.15ms™

1

© 48N
) 4ms™

(h) 0384ms™
(d) 80s, 205ms™ -

19 () (A)120ms™, (B)160ms™
(B),because v=0 when t=3.

20 (a) 952m, 624ms™

b ~410ms™, -10ms™?, -0328ms™

©) 40ms” (d) 40s
Exercise 11B (page 178)
1 x=£+8%+4; 28m, 20ms™"
2 v=10r-20 -4, x=4(23~8+107 -1');
ll%m, ~-4ms™, 0ms™
2m, 6ms™’, Ims™ .
12 m, 7%ms"‘, l%ms'2
20 m
60 m
60 m
~Hms
22m
10m
26 m
l2m
582 m
72m
285 m
i364.8m
(&) 54m (b)4m
62m; 34m
499 ms™, Sms™
l%m
90 m
(@) 9ms™  (b) 8ms™, 26%m
(a) 2s () 8m (c) 6ms™
7Ams™, 282m
@ 3Zms™ (b) 165,32 m
%,ZOSm

-2

O 1 N tn A W

10
11
12
13
14
15
16
17 (c) 4m
18
19
20
22
23
24
25
26

n+l
17 L
(n+1)q
®) 0s,72ms™
(d 675m, 64m

(¢} 3s, -18ms™

28
' H 7.dm

" Miscellaneous exercise 11 (page 181)

1 (@ SP-iF (@ (0-2)ms”
() 83im, 25ms”
Tl 3 -1
@ 12ms™ (<23 ms™)
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Revision exercise 2

(a) 150V (b)Y ¢ (c) 1070m

(page 184)

1

=B B O 7 R S ]

e

10
11

225W

2.56 N, bearing 179.4°
1.5ms™, 180N

(a) 102.6° (b} 113.6°

(c) 1242°
At 74.6° to the 0.3 N force, 2.87s
50ms™; 0305ms™2;3.75°

(@ 2ms™
223N,326N

(b) 6kg {c) 005

W Weceosa
tanoe’

Weoser, Wsino -
. singx

W Weceose .
m—— g Wsing
sma  tang '

(@) 819ms™ (b) 520ms™!
1 - Mmg 1 /51,
£ m<iV2M, (14 442);

if %ﬁMSms%\/EM, mg;

Mfi (1+442);

22%" to the vertical, 2Tcos22%°

ifm>§J§M,

Practice examinations
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2 (a) 31s,183ms™ 12 124(r~3)(s~8)cms™; £=35; train goes
(b) 0,-108;2,0;31,183; 4], 0 forwards to 376, then backwards to -999;
(¢} 31m from O in the negative direction 0.24(3t - 4)(1 - 6) N, positive for 0 <1t <f‘5 and
@ 3 6 <t <8 and negative for $<1<6
{(e) Begins at regt, aci?lerates 10 a maximum 13 636N at 28.8° to Ron’s rope; 0.2
speed of 185 ms™, then decelerates to rest, 14 () 2%, 257
moving in the positive direction throughout. a 2p ’2 P
3 024ms™,04m (b m;’»}, t_f —%,slili true
4 Find the point of the graph where the tangent is
parallel to the line joining (0,0) to (10,20). 15 15N ,
5 (] . 0 0 5 ms-! (a) Weight 150N, tension 119N,
(a) lyms ) (©) 2ms resistance 105 N, buoyancy 94 N
(¢) sms™ (b) Weight 800N, tension 119N,
6 (a) 18m, 2ims™, -24ms™ normal contact force 856 N, friction 105 N
(b) 3s, -2d4ms™, -6 ms™ 16 (a) 35s () 25ms™ (¢ Is, 7im
w2 3 %
(c) 1s, 28m, —18ms (dy 14000N (e} gm
@ 4s,-26m, -27ms" 17 586, 2114
1
7 (a) 0<I<2 (b) 1E<t<2 and 4<t<5 18 (a) Z.Sms—z (b) 2ms—2 (C) Oms—l
{c) 0.568...<t<?2 and 2.931...<t<5
(d) With a= 0, tensions would be 9 N and 6N, 19 (b} 173N; 265N
so block is not in equilibrium. 20 23N, 11.5N, 23.1N;
8 M 3 @ 1.;, m () 1905...m {b) 8045..°
(€) O<t<i and r>3+2 (¢) 1765...°;
9 () () H2em (i) 68cm 2330...N. 680N
(by 4tems™, t6ems™ 21 @ 40 (® fms? (© 3Sm
© 2*em, 16(t-2)cm  (d) fem » 2
22 (@ lims™,0917ms™ (b) 552 m

Practice examination 1 (page 188)

1

n b W

6
7

(i) 153] (i) 306N

W Sms? ) 45ms”
R=112,0=634

(i) 209007 (i) 2707 (i) 86.1 W

(i) 1.6ms™, 80m

(ii) Drecreasing, as the gradient of the curve is
decreasing. .

(it} 21331« m {or 213 to the nearest metre)

(i) 750N (i) 0.05ms?, 540N

(1) It does rest in equilibrium, 41.4 N,

Practice examination 2 (pége 190)

1

173N
() 1600m (i) 200000N
(i) 5N (i) 327N (i) 0.306

(i) Decrease of 6681 (i) 83.6

@ 108m (i) 2«<t<6

(i 06ms? () 8ms™ (i) 1.5°
(B 2ms™ (i) 24N,03 (i) 025
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Index

" The page numbers refer to the first mention of each term, or the box if there is one.

acceleration, 4, 171 force {continued)

constant, equations for, 9, 177 resultant, 144

of free fall, 31 tension, 22, 102

due to gravity, 31 thrust, 102
accelerometer, 39 work done by, 117, 118, 130
air resistance, 19, 84 free fali, acceleration of, 31
average velocity, 14 friction, 20, 60

coefficient of, 63
limiting, 60
and motion, 66

coefficient of friction, 63
column vector, 155
component, of force, 146
conservation of energy, 133 g,31,106

conservative force, 132 gravity, acceleration due to, 31

constant acceleration equations, 9, 177 initial velocity, 5

decelegation, 5 internat force, 109
displacement, 1

kinetic energy, 117
displacement—time graph, 2 &Y

dot notation, 178 limiting equilibrium, 60
driving force, 22 limiting friction, 60
line of action of force, 158
energy
conservation of, 133 mass, 20
kinetic, 117 and weight, 38
and non-conservative forces, 138 model, 2
potential, 133 air resistance, 85
equilibrium, 24 friction, 62
limiting, 60 inextensible string, 103
external force, 109 light pulley, 104
particie, 27
force, 20 rod. 102

air resistance, 19
component of, 146
consegvative, 132
diagram, 143

rough surfaces, 63

smooth peg, 104

smooth surfaces, 63

strings, ropes, chains and cables, 102

driving, 22 fnulti—stage problems, 11
external, 109

frictional, 20, 60, 95 net force, 24

of gravity, 32, 96 Newton's laws of motion, 19
internal, 109 first law, 19

line of action of, 158 SeFOHd law, 21, 109
non-conservative, 132 third law, 94

normal contact, 36,94 non-conservative force, 132
polygon, 155 . normal contact force, 36,94

resolved part of, 44 normal reaction, 36
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particle, 27 units, 1
polygon, force, 155 consistent, 1
potential energy, 133 kilogram, 20
power, 22 joute, 117
reaction, 94 metre, 2
normal. 36 newton, 21
resolved part, of force, 44 \;elc:{;nd, 2
resolving, 43 ' 122
resultant force, 144 watt,
of two perpendicular forces, 146 vector

retardation, 5
rough surfaces, 63

scalar quantity, 144
Stunits, 2
supplementary, 32
smooth surfaces, 63
speed, 1
terminal, 85
spring balance, 38

tension, 22, 102

terminal speed, 85

thrust, 102

triangle law, for combining forces, 145
triangle of forces, 159

addition, 155

column, 155

quantity, 144
velocity, 1, 171

average, 14

initial, 5
velocity—time graph, 3

weight, 32

work, 117
done by a foree, 117, 118, 130
done against resistance, 119

work—energy principle, {18
extended, 119
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