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After studying this chapter you should

e know when a binomial distribution is a suitable model
for a practical situation

know how to calculate probabilities using a binomial
distribution

know how to use tables to find cumulative binomial
probabilities.

Binomial distribution

From rolling dice to quality control on
a manufacturing production line, the
binomial distribution has proved to be
a very useful model to describe a wide
range of problems.




CHAPTER 1

1.1 Using factorial notation to find the number of arrangements of some objects.

In S1 you saw how to list the number of different arrangements of some objects.

Example |}

Find all possible arrangements of

a 3 objects where one is red, one is blue and one is green,

b 4 objects where 2 are red and 2 are blue.

a

The first object can be chosen in 3 ways.

The second object can be chosen in 2

ways.

The third object can be chosen in only

T way.

Here there are 2 X 2 X 1 =6 possible ~—————

arrangements.

These can be listed as follows:

RBG BRG

GRB

RGB BGR GBR

If the red objects are labelled R, and R,

and the blue objects B, and B,, then you

can treat the objects as 4 different

ones and there are 4l ways of arranging

them. However, arrangements with

RiR, ... are identical to arrangements

with R,R, ... and so the total number

heeds to be divided by 2.

A similar argument applies to the Bs and so

humber of arrangements is:

4 _
oixa ©

These can be listed as follows:

RRBB
BBRR

RBER RBRB

BRRB BRBR

Suppose the first one is red, then there
are 2 possibilities for the second. If

the first was blue then there are still 2
possibilities for the second. So the number
of ways should be multiplied.

3 X 2 X 1 can be written as 3! or 3
factorial.

Try and list the possible ways in a
systematic manner. For example, suppose
the first is R then...

Dividing by 2 is the same as dividing by
2!

You divide by:
2! for the 2 reds and 2! for the 2 blues.

Try and work systematically when listing.
For example here the second row is
simply the first with R swapped for B.
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B ndifferent objects can be arranged in
n=nxn-1)x(n-2)..3 Xx2x1ways.

This is sometimes written as

B nobjects with a of one type and (n — a) of another n .
nl ( a) or nCa. You met this
can be arranged in ———=—= ways. formula in C2 in connection
al x (n - a)! with the binomial theorem.

A child is playing with some identically shaped coloured bricks. Find the number of different
arrangements that can be made from

a 6 red and 3 blue bricks, b 5 red and 7 blue bricks.
|
a There are 6+ 3) ways Use the above formula with n = 9
clsl and a = 3.
I9XEXTXoX—7XT . .
T BX2XIXBX—XT Notice that 6! is a factor of 9!
9XEXT
== " =54
o
Notice that (2] = (?) since if a = 3
This can simply be calculated as (g) or (g) B (6) (3) sincefhd
oh a calculator. then n — a = 6 and vice versa.
7 + H)!
b There are % or (E) ways Use the (Z) formula with n = 12
= 792 ways anda = 7.

The formula for the number of arrangements can be helpful in probability questions.

Example [}

A fair die is rolled 8 times. Find the probability of:
a no sixes, b only 3 sixes, ¢ four twos and 4 sixes.

So §' is the outcome that the die

Let S = the outcome ‘the die lands on a six’, —— :
does not land on a six.

a P(hosixes)=F(S' 555" 5" 5 59

d

= 0233 (3 of)

There is only one arrangement of 8
rolls each having the outcome §'.

15)
| = 025286... . P(S) = 1 and 50 P(S") = 1 -

QI
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b P(3sixes) = P(3S and 55’ in any order)

- (418~

Cc

= 0.10419...

= 0104 (3 of)

Let T = the outcome ‘the die lands on a two'.

P(4T and 45 in any order)

_ (1Y 1\ 8l
(5) (5) X 34l
= 0.00004167 ...
= 0.0000417 (3 s.f)

1 A large bag contains counters of different colours.
Find the number of arrangements for the following selections

A fair die is rolled 7 times.
Find the probability of getting

a no fives,
b only 3 fives,
¢ 4 fives and 3 sixes.

8l

a 5 counters all of different colours,

b 5 counters where 3 are red and 2 are blue,

¢ 7 counters where 2 are red and 5 are green,

d 10 counters where 4 are blue and 6 are yellow,

e 20 counters where 2 are yellow and 18 are black.

A bag contains 4 red, 3 green and 8 yellow beads.
Five beads are selected at random from the bag without replacement.
Find the probability that they are

a S yellow beads,
b 2 red and 3 yellow,
¢ 4redand 1 green.

(1 )3 for the 3 sixes.

=

(%)5 for the 5 non-sixes.

3lel \ There are (g) or (2) = 5?—;'

arrangements of 3§ and 55'.

There are 45 and 4T and
P(S) = P(T) = 5

(13)4 for 4T and (%)4 for 4S.

=

arrangements of 4S5 and 4T.

There are (
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1,2 Using the binomial theorem to find probabilities.

A biased coin has probability p of landing heads when it is thrown.
The coin is thrown 10 times.
Find, in terms of p, the probability of the coin landing heads

a 10 times, b 7 times, C 4 times.
There is only 1
Let the random variable X = number of times (out of a possible arrangement of 10
10) the coin lands heads. / heads.

Assuming each
throw is independent

b If the coin does not land heads you can multiply

it must land tails. Eg;eF;L%t;abllltles
Let g = probability of landing tails

There are only 2
possibilities, H or T.

=7 =("9)pq
_ 120P7q5 \ g=1-p
| ('7)

_ 71 — \3
= 120p"(1 — p) = 120 for the number of arrangements

a P(X=1O)ZpoXpoXpoxpxpxPxP:Pw

c P(X=4)= (10 )/74016 of 7H and 3T. Then p’ for the 7 heads and

4 q? for the 3 tails.
= 210p*¢° r
Don‘t forget to replace g with (1 — p) as the
= 21OP4(1 = }9)6 question asks for the answer in terms of p.
T
(10
4

) = 210 for the number of arrangements of

4H and 6T. Then p* for the 4H and ¢° for the 6T.

You met the binomial expansion in C2. Consider the binomial expansion of:

(p+ =p_10 + (18)p9q + (1g)p8q2 + (1(7))p7q3 + ..t (12)174(]6 + ..+ g

You should notice that the probabilities in Example 4 are terms in this binomial expansion. You
could use the full binomial expansion to write down the probability distribution for the random
variable X.

x 0 1 2 3 4 5 6 7 8 9 | 10

(10

PX=x) | q4°| ... | .| .. (4)p4q6 7)p7q3 | | 0

Notice that the power of p is the value of x.
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1.3 When a binomial distribution is a suitable model.

If you look again at Example 4 you can see that there are 4 conditions required for a binomial
distribution.

B A fixed number of trials, n. The coin was thrown 10 times, so n = 10.

B Each trial should be success or failure. Tie ol candd g & er Tan cach o

The distribution is called binomial because
there are only 2 cases for each trial.

B The trials are independent. You use this when you multiply the

probabilities together.

B The probability of success, p, at each trial is You assumed that the probability of a coin
constant. landing heads was p for each throw.

B If these conditions are satisfied we say that the random variable X(= the number of
successes in n trials) has a binomial distribution and write

‘B’ for binomial
X~B(n, p) n for the number of trials
p for the probability of success at each trial.

and P(X =x) = (Q)Px“ —-p)F This formula is in the formula book.

Sometimes n is called the index and p the parameter of the binomial distribution.

Find a P(X = 2) b P(X = 9) cPX<1)

2 10 2/ \10 .
a PX=2)= (12)(l) (%) — 12l (é) (%) Use the formula with n = 12,

2)\6 210! p=tandx = 2.
= 0.29609...
= 0.296 (3 a.f.)
_ oy (12)(1)(B)° . Use the formula with n = 12,
> r=9=(3)(3) (8] p= Landx 5
= 0.00001263...

= 0.0000126 (3 5.1
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Interpret the inequality to identify
c PXsNH=°PX=0)+PX=1) - the values of X and then use the

52 o\ (1 1\ formula.
- (3) + (%))

© 1/\6)\6
= 0N21B6... + 0.26917...

= 0.38133....
= 0281 (3 5.1)

PETIN 6

Explain whether or not a binomial distribution can be used to model the following situations.
In cases where it can be used, give a definition of the random variable and suggest suitable values
for n and p.

a The number of throws of a die until a six is obtained.
b The number of girls in a family of 4 children.

¢ The number of red balls selected when 3 balls are drawn from an urn which contains 15 white

and 5 red balls. In questions of this type consider

carefully whether any of the

four conditions for a binomial
a Binomial is not suitable since the number of distribution are not satisfied.
Remember all four conditions must
hold for a binomial.

b Number of trials is fixed (n = 4). ———
A ‘trial’ is having a child.

Each trial is success or failure. —

throws (trials) is not fixed.

Trials are probably independent. Having a girl is a ‘success’, a boy is
The probability of having a girl should failure’.
be constant. The gender of the first child
_ o - shouldn’t influence the gender of
S0 X = number of girls in families of 4 the second. (Identical twins may be
children and X ~ B(4, 0.5) S~ a problem here.)
¢ Let R = number of red balls selected. It is not clear what p should be.
The number of trials is fixed (n = 3) N Do you take a national average?
. ) _ However p = 0.5 will probably be a
Each trial is success (red) or failure (white). good starting value for your model.
If the balls are drawn with replacement N
- . . The number of balls to be drawn is
the probability of selecting a red is constant T 21 D
and p = 1.
The trials will be ind dent © £ th Selecting with replacement is critical
& izl wil bie indepenelent oo (if Ui here for R to have a binomial
first is red it does not alter the probability distribution.
of the second being red). —_— If the balls are selected without
So R~ B(3, %) replacement then p is not constant,

so R would not be from a binomial
distribution.
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1| The random variable X ~ B(8, ). Find
a P(X = 2), b P(X = 5), ¢ PX<1).

2| The random variable Y ~ B(6, ;). Find
a P(Y = 3), b P(Y = 1), ¢ P(Y=5).

3 The random variable T ~ B(15, %). Find
a P(T=S5), b P(T = 10), c PB<T<4).

4 | A balloon manufacturer claims that 95% of his balloons will not burst when blown up.
If you have 20 of these balloons to blow up for a birthday party
a what is the probability that none of them burst when blown up?

b Find the probability that exactly 2 balloons burst.

5 A student suggests using a binomial distribution to model the following situations.
Give a description of the random variable, state any assumptions that must be made and
give possible values for n and p.

a A sample of 20 bolts is checked for defects from a large batch. The production process
should produce 1% of defective bolts.

b Some traffic lights have three phases: stop 48% of the time, wait or get ready 4% of the
time and go 48% of the time. Assuming that you only cross a traffic light when it is in
the go position, model the number of times that you have to wait or stop on a journey
passing through 6 sets of traffic lights.

¢ When Stephanie plays tennis with Timothy on average one in eight of her serves is an
‘ace’. How many ‘aces’ does Stephanie serve in the next 30 serves against Timothy?

6 State which of the following can be modelled with a binomial distribution and which can
not. Give reasons for your answers.

a Given that 15% of people have blood that is Rhesus negative (Rh~), model the number of
pupils in a statistics class of 14 who are Rh™.

b You are given a fair coin and told to keep tossing it until you obtain 4 heads in succession.
Model the number of tosses you need.

¢ A certain car manufacturer produces 12% of new cars in the colour red, 8% in blue, 15%
in white and the rest in other colours. You make a note of the colour of the first 15 new
cars of this make. Model the number of red cars you observe.

7 A fair die is rolled repeatedly. Find the probability that
a the first 6 occurs on the fourth roll,
b there are 3 sixes in the first 10 rolls.

8 | A coin is biased so that the probability of it landing on heads is % The coin is tossed
repeatedly. Find the probability that

a the first tail will occur on the fifth toss,
b in the first 7 tosses there will be exactly 2 tails.
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1,4 Using the tables of the cumulative distribution function of the binomial
distribution to find probabilities.

In S1 you met the cumulative distribution function F(x) = P(X < x).

For the binomial distribution X ~ B(n, p) there are tables giving P(X < x) for various values of n
and p. Using these tables can make potentially lengthy calculations much shorter.

Example
The random variable X ~ B(20, 0.4). Find
aPX=<7), b P(X <6), c P(X = 15).

Usen=20,p=04andx =7 in

> / the cumulative binomial distribution
a P(X<7) = 04159

- tables.
Always quote values from the tables
b PX<6)=PX<5)— in full.
= 01256 ~___

Since X is a discrete random
variable, X < 6 means X < 5.

¢ PX=15)=1-PX<s14)__
=1— 0.9984
= 0.0016

The tables give P(X < x) so use
x=25.

P(X= 15) + P(X < 14) = 1 (since
the total probability = 1). The tables

only give P(X < x) so you must
The tables can also be used to find P(X = x) since Wri%/egp( X 2( 15) az 1 J P(X < 14).

PX=x)=PX=<x)-PX=<(-1).

The random variable X ~ B(25, 0.25). Find
aPX<o6o), b P(X = 6), ¢ P(X > 20), d P(6 < X < 10).

Use cumulative binomial tables with

a PX<6)=05611 ———— |  ;-25p=025andx=6.

b PX=06)=PX<6)—PX<DH)s Write P(X = 6) in terms of
cumulative probabilities.
= 0.561 — 0.3783

= 018625 ¢ Use tables.

PIX>13)=1— P(X<1% The tables give P(X < x) so you
c M ) ( Jo— need to remember P(X > 13) =

=1— 0.9991 P(X = 14) and use the fact that
= 0.0009 P(X=14) + P(X<13) = 1. Then
use tables.
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Write the probability as the

d P(6<X<10)=PX=728,9o0r10) difference of two cumulative
= P(X<10) — P(X< 6) probabilities.
= 0.9703 — 0.5611 e
= 04092 Use tables.

Sometimes questions are set in context and there are many different forms of words that can
be used to ask for probabilities. The correct interpretation of these phrases is critical, especially
when dealing with discrete distributions such as the binomial and Poisson (see Chapter 2).
The table gives some examples.

Phrase Means To use tables...
... greater than 5 ... X>35 1-PX<))
... no more than 3 ... X<3 P(X < 3)
...atleast 7 ... X=7 1-PX<6)
... fewer than 10 ... X<10 P(X <9)
...atmost 8 ... X<8 P(X < 8)

Example ]

A spinner is designed so that the probability it lands on red is 0.3. Jane has 12 spins. Find the
probability that Jane obtains

a no more than 2 reds, b at least 5 reds.

Jane decides to use this spinner for a class competition. She wants the probability of winning a
prize to be < 0.05. Each member of the class will have 12 spins and the number of reds will be
recorded.

¢ Find how many reds are needed to win a prize. Define a suitable random variable.
This makes it easier to rewrite the

/ question in terms of probabilities
Let X = the number of reds in 12 spins. and it can help you determine the

distribution.
X~ B(12, 0.3)
a P(X=2)=0.2525 ... No more than 2 means X < 2.

Use tables with n = 12, p = 0.3 and
x=2.

b PX=8) — |
=1-PXs4) —
=1—0.7257 Since tables only give P(X < x) you
= 0.2705 need to write as 1 — P(X < 4) and

then use tables with n = 12,
p = 0.3 and x = 4.

... at least 5 means X = 5.




Binomial distribution

Form a probability statement to

C L@t r = th@ 6[’?’121“66']3 Humb@r O‘F 1”6616 H@@d@d represent the condition for Winning

to win a prize. a prize.

Require: P(X = r) < 0.05

Use the tables with n = 12 and

.—  p = 0.3. You want values of x that
From tables: give cumulative probabilities > 0.95

P(Xg 5) = 0.8622 (since 095=1 - 0.05).

P(X< 06) = 0.9614

PIX<7) = 0.9905 Since x = 6 gives the first value
> 0.95 use this probability and find
r==7.

So: P(X < ©6) = 0.9614 implies that —
P(X=7) =1— 0.9614 You should show that you are
/,/ comparing this with the given
= 0.0566 < 0.05 condition.

Always make sure that your final
answer is related back to the context

So 7 or more reds will win a prize.

of the original question.

This technique of using the tables backwards as in part ¢ will be met again in connection with
critical regions for hypothesis tests in Chapter 7.

Exercise

1

The random variable X ~ B(9, 0.2). Find
a P(X<4), b P(X < 3), c P(X=2), dPX=1).

The random variable X ~ B(20, 0.35). Find
a P(X < 10), b P(X > 6), c P(X =15), dP2<X<7).

The random variable X ~ B(40, 0.45). Find
a P(X < 20), b P(X > 16), c P(11 < X < 15), d P10 < X <17).

The random variable X ~ B(30, 0.15). Find
a P(X > 28, b P(X < 4), c P2 < X <10), d P(X = 4).

Eight fair coins are tossed and the total number of heads showing is recorded.
Find the probability of

a no heads, b at least 2 heads, ¢ more heads than tails.
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6 For a particular type of plant 25% have blue flowers. A garden centre sells these plants in
trays of 15 plants of mixed colours. A tray is selected at random.
Find the probability that the number of blue flowers this tray contains is

a exactly 4, b at most 3, ¢ between 3 and 6 (inclusive).

7 The random variable X ~ B(50, 0.40). Find
a the largest value of k such that P(X < k) < 0.03,
b the smallest number r such that P(X > r) < 0.01.

8 The random variable X ~ B(40, 0.10). Find
a the largest value of k such that P(X < k) < 0.02,
b the smallest number r such that P(X > r) < 0.01,
c PksX<n.

9 In a town, 30% of residents listen to the local radio.
Ten residents are chosen at random.

a State the distribution of the random variable

X = the number of these 10 residents that listen to the local radio.

b Find the probability that at least half of these 10 residents listen to local radio.
¢ Find the smallest value of s so that P(X = s) < 0.01.

10 A factory produces a component for the motor trade and 5% of the components are
defective. A quality control officer regularly inspects a random sample of 50 components.
Find the probability that the next sample contains

a fewer than 2 defectives,
b more than 5 defectives.

The officer will stop production if the number of defectives in the sample is greater than a
certain value d. Given that the officer stops production less than 5% of the time,

c¢ find the smallest value of d.

1.5 You can use simple formulae to find the mean and variance of the binomial
distribution.

If X~ B(n, p) then

E(X) =p=mnp

Var(X) = o = np(1 - p)
These formulae are given in the formula booklet. You are not expected to know how to prove
these formulae in the S2 exam.
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A fair, 4-sided die has the numbers 1, 2, 3 and 4 on its faces. The die is rolled 20 times.
The random variable X represents the number of 4s obtained.

a Find the mean and variance of X.
b Find P(X < u — o).
Identify the distribution of X. There

X~ B(20, 0.25) are 20 rolls of the die so n = 20 and
a binomial is appropriate.

2 E(X) SM=d0 R0 =0 e ] Use the formulae with n = 20 and
Var (X) = 02 = 20 X 0.25 X 0.75 = % or 3.75 p = 0.25.

b o=V375=1936... — CR = 2O ==

PX<u—0) =PX<H-19%06...) Remember Var(X) = o2 . o= V3.75.
= < 5.
U< 8400 00 e Since X is discrete, X < 3.06...
= P(X< 3) means X < 3.
= 0.2252

Use tables with n = 20, p = 0.25
and x = 3.

David believes that 35% of people in a certain town will vote for him in the next election and he
commissions a survey to verify this. Find the minimum number of people the survey should ask
to have a mean number of more than 100 voting for David.

Define a suitable random variable.

Let n = the number of people asked. The proportion of 35% will give
Let X = the number of people (out of n) voting for p = 0.35.
David.

X~ B(n, 0.25) Use the formula u = np.

E(X) = 0.25bn
So 0.55n>100 Form a suitable inequality, using the

100 fact that the mean is greater than
n > 035 26H5.7 ... 100, and solve to find n.

So (n =) 266 people should be asked.
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An examiner is trying to design a multiple choice test. For students answering the test at random,
he requires that the mean score on the test should be 20 and the standard deviation should be

at least 4. Assuming that each question has the same number of alternative answers, find how
many questions and how many alternative answers each question should have. The number of
alternatives for each question should be as few as possible.

Define n and p to form a

Let  n = the number of questions
suitable binomial distribution.

and p = the probability of guessing a correct answer.

Let X = the number of questions answered correctly

at random
X~ B(n, P) Use the formulae for mean
E(X) =20 so0 np =20 * and variance. Remember
St. dev = 4 s0 np(1 — p) = 42 variance = (st. dev)?.
So 201 — p) =16
1—p=08 v Substitute np = 20 and solve

for p.

50 the examiner should use p = 0.2, i.e. have 5

alternatives for each question.
np = 20 with p = 0.2 gives n = 100.
5o the test should have 100 questions and 5

alternative answers for each.

Exercise m

1| A fair cubical die is rolled 36 times and the random variable X represents the number of
sixes obtained. Find the mean and variance of X.

2 a Find the mean and variance of the random variable X ~ B(12, 0.25).
b FindP(u — o< X < u + 0).

3| a Find the mean and variance of the random variable X ~ B(30, 0.40).
b FindP(u — 0 < X < p).

4 Itis estimated that 1 in 20 people are left-handed.
a What size sample should be taken to ensure that the expected number of left-handed
people in the sample is 37
b What is the standard deviation of the number of left-handed people in this case?

5 An experiment is conducted with a fair die to examine the number of sixes that occur. It
is required to have the standard deviation smaller than 1. What is the largest number of
throws that can be made?

6 The random variable X ~ B(n, p) has a mean of 45 and standard deviation of 6.
Find the value of n and the value of p.



Binomial distribution

1.6 Solving harder problems.

Example [E}

In Joe’s café 70% of customers buy a cup of tea.

a In a random sample of 20 customers find the probability that more than 15 buy a cup of tea.
The proportion of customers who buy a chocolate muffin at Joe’s café is 0.35.

b Find the probability that Joe sells the first chocolate mutfin to his fifth customer.

Assuming that buying a chocolate muffin and buying a cup of tea are independent events

¢ find the probability that in a random sample of 20 customers more than 15 buy a cup of tea
and at least 6 buy a chocolate muffin.

a Let X = the number out of 20 who buy a cup Since 0.7 is not in the tables
of tea you will need to consider the
: IR complementary random variable Y.
X~ B(20, 0.7)
Let Y = the number of customers who do Note that X > 15 is the same as
Y < 4 and then use tables with
not buy a cup of tea. n=20andp = 0.3.
Y~B(20,03) —
P(X>15) = P(Y < 4) = 0.2375 Define the random variable carefully.
Note the variable is the number of
b Let N = the number of the first customer the customer not the number of

who buys a chocolate muffin. —  muffins.

If C represents the event that a person buys

, , N is not binomial since there is no
a ChOCO[ate H’luﬁclﬂ then the ﬁl‘@t 5 fixed value for n.

customers must be C'C'C'C'C ——_
S50 PIN=5) = (0.65)* X 035« |~ Thereis only one case possible so
= 0.062477 ... no (1) term.
= 0.0625 (3 sf.)
¢ FrompartaP(X>15) = 0.2375

Let M = number of customers out of 20 who ———

The probability for cups of tea was
found in a. So define the variable M.

buy a chocolate muffin
M~ B(20, 0.25)

Use P(IM = 6) + P(M < 5) = 1 and

PIM=06)=1—PM<D5) then use tables with n = 20 and
= 1 — 0.2454 p =035
= 0.7546

To find the probability of both

50 P(M = 6 and X > 15) = 0.7546 X 02375 ——— x> '15 and M> 6 you multiply the
= 0.17921... probabilities together since buying

a chocolate muffin and a cup of tea

= 0179 (3 o) are independent.
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Example [I]

Yummy sweets are sold in tubes of 15 sweets per tube. The sweets are of different flavours and
20% are blackcurrant.

a Show that the probability of a randomly chosen tube of Yummy sweets containing 3 or more
blackcurrant ones is 0.602.

Robert buys S tubes of Yummy sweets.
b Find the probability that at least 4 of the tubes contain 3 or more blackcurrant sweets.

a Let X = number of blackcurrant sweets in a2 «———— Define the random variable carefully.

tube of 15
X~ B(15, 0.20)
PX=3)=1—P(X<2) UsePX=3)+P(X<2)=1and
tables with n = 15 and p = 0.2.
=1—0.59860
= 0.602

o Define a new random variable.
b Y = number of packets containing 3 or more *——— Note that you are now counting

packets not blackcurrant sweets. This

blackcurrant sweets
changes n and p.

Y ~ B(5, 0.602)
P(Y=4) = P(Y = 4) + P(Y = 5)

_ (5 )(0.602)4 X 0.398 + (0.602)° +~— Since p = 0.602 is not in the tables
4 you will have to use the formula.

= 0.34042....
= 0.340 (3 of)

1 A coin is biased so that the probability of a head is % The coin is tossed repeatedly.
Find the probability that
a the first tail will occur on the sixth toss,

b in the first 8 tosses there will be exactly 2 tails.

2 | Records kept in a hospital show that 3 out of every 10 patients who visit the accident and
emergency department have to wait more than half an hour. Find, to 3 decimal places, the
probability that of the first 12 patients who come to the accident and emergency department

a none, b more than 2,
will have to wait more than half an hour.

3 A factory is considering two methods of checking the quality of production of the batches of
items it produces.
Method I A random sample of 10 items is taken from a large batch and the batch is accepted
if there are no defectives in this sample. If there are 2 or more defectives the batch is
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rejected. If there is only 1 defective then another sample of 10 is taken and the batch is
accepted if there are no defectives in this second sample, otherwise the whole batch is
rejected.

Method II A random sample of 20 items is taken from a large batch and the batch is accepted
if there is at most 1 defective in this sample, otherwise the whole batch is rejected.

The factory knows that 1% of items produced are defective and wishes to use the method of
checking the quality of production for which the probability of accepting the whole batch is
largest.

a Decide which method the factory should use.
b Determine the expected number of items sampled using Method I.

a State clearly the conditions under which it is appropriate to assume that a random
variable has a binomial distribution.

A door-to-door canvasser tries to persuade people to have a certain type of double glazing
installed. The probability that his canvassing at a house is successful is 0.05.

b Find the probability that he will have at least 2 successes out of the first 10 houses he
canvasses.

¢ Find the number of houses he should canvass per day in order to average 3 successes per
day.

d Calculate the least number of houses that he must canvass in order that the
probability of his getting at least one success exceeds 0.99. Q

An archer fires arrows at a target and for each arrow, independently of all the others, the
probability that it hits the bull’s eye is %

a Given that the archer fires 5 arrows, find the probability that fewer than 2 arrows hit the
bull’s eye.

The archer fires 5 arrows, collects them from a target and fires all 5 again.
b Find the probability that on both occasions fewer than 2 hit the bull’s eye.

A completely unprepared student is given a true/false type test with 10 questions.
Assuming that the student answers all the questions at random

a find the probability that the student gets all the answers correct.
It is decided that a pass will be awarded for 8 or more correct answers.
b Find the probability that the student passes the test.

A six-sided die is biased. When the die is thrown the number 5 is twice as likely to appear
as any other number. All the other faces are equally likely to appear. The die is thrown
repeatedly. Find the probability that

a the first 5 will occur on the sixth throw,
b in the first eight throws there will be exactly three Ss. 9

A manufacturer produces large quantities of plastic chairs. It is known from previous records
that 15% of these chairs are green. A random sample of 10 chairs is taken.
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a Define a suitable distribution to model the number of green chairs in this sample.
b Find the probability of at least 5 green chairs in this sample.
¢ Find the probability of exactly 2 green chairs in this sample.

9 A bag contains a large number of beads of which 45% are yellow. A random sample of 20
beads is taken from the bag. Use the binomial distribution to find the probability that the
sample contains

a fewer than 12 yellow beads,
b exactly 12 yellow beads. 0

Summary of key points
1 If X~ B(n, p) then

PX =x) = (F)pr @ - pyr*

2 If X~ B(n, p) then

E(X) =np
var(X) = np(1 - p)

3 Conditions for a binomial distribution
e A fixed number of trials, n.
e Each trial should be success or failure.
e The trials are independent.
e The probability of success, p, at each trial is constant.




After studying this chapter you should

¢ know when a Poisson distribution is a suitable model to use

e know how to calculate probabilities using a Poisson
distribution

e know how to use tables of the cumulative frequency
distribution of a Poisson

e know how and when to use the Poisson distribution as
an approximation to the binomial distribution.

Poisson
dlstrlbutlon

Hiil'

The Poisson distribution is named after
the French mathematician Simeon
Poisson. It has many applications in
modern day life such as modelling
radioactive decay, predicting the
arrival of buses, describing the spread
of trees in a forest and predicting the
number of telephone calls arriving at
an exchange.

Ocean Termina
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2.1 Relating the exponential series and the Poisson distribution.

Your calculator will evaluate the exponential function e* for various values of x
e.g.e2=0.1353... and e*° = 1.6487 ...
The function e* can be defined as a series
x3 x'

§+"'+r_!+m

x| x?
x: —_— —_—
e 1+1!+2!

Remember

_I_
rh=rx@—-—1)X{r—-2)x..x2x1.

If you let x = A and remember that A° = 1 this gives

VI UND Gy SR ———
et = )\0 + 1 + 5 + 3] + ...+ P + ... This series is infinite.
Dividing by e* gives
et _ o oaoa o Alet AZer | Ale? Ne A . N
o 1=A%"+ 1 + 5] + 3] + ...+ p + .. Remember e * = o

Notice that the sum of the infinite series on the right-hand Remember to be a probability
side equals 1 and so you could use these values as — distribution the sum of the
probabilities to define a probability distribution. probabilities = 1.

Let X be a random variable, such that X takes the values 0, 1, 2, 3, ... then the probability
distribution for X is

x 0 1 2 3 r

PX =x)

e—)t

e
1!

e )\2

2!

e N

B PX=x)=

e )\¥

x!

And the probability function is

This formula is given in the

formula booklet.

B We say that X has a Poisson distribution with parameter A and write
X~ Po(A) « ~ means ‘is distributed’.

Po is for Poisson distribution.

\ is the parameter.

Example |
The random variable X ~ Po(1.2) find
a P(X =3), b P(X=1), c PB<X<=<)).
Use the formula with A = 1.2 and
-1.2 3
2 Fpr=g) =212 : x = 3.
ol Evaluate on a calculator and give
— 0.08674% the answer to 3 s.f.

= 0.0867 (3 sf)
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Since x can take any integer

b PX=1)=1-FX=0) -« value = 0 you need to use
— g2 P(X=0) +P(X=1)=1.
=1-0.23019...
= 0.699 (3 s.f.)

Interpret inequalities carefully
P(X=4) + P(X=5) «———— since the Poisson is a discrete
distribution.

c PB<X=sDH)

e 12 X 1.24 n e 12 X 1.25
4] Bl

= 0.02002... + 0.000245 ...

Use the formula with x = 4 and

x = 5.
= 0.0223 (3 s.f.)

1 The discrete random variable X ~ Po(2.3). Find

a P(X=4), b P(X=1), c P4<X<o).
2 The discrete random variable X ~ Po(5.7). Find

a PX=7), b P(X<1), c P(X>2).
3 The random variable Y ~ Po(0.35). Find

a P(Y=1), b P(Y=1), c PAsY<3).
4 The random variable X ~ Po(3.6). Find

a PX=)5), b P3 < X < 6), c P(X<2).

2,2 Using simple formulae to find the mean and variance of a Poisson distribution.

B If the random variable X ~ Po(A) then it can be shown that

Meanof X = u=E(X) = A o
These formulae are given in
Variance of X = ¢? = Var(X) = A the formula booklet.

B The fact the mean equals the variance is an important property of a Poisson distribution
and the presence or absence of this property can be a useful indicator of whether or not a
Poisson distribution is a suitable model for a particular situation. The full conditions for a
Poisson distribution are considered in Section 2.4.
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2.3 Using tables of the Poisson cumulative distribution function.

Example 3
The random variable X ~ Po(2). Find
a P(X<4), b P(X = 3), c P(X > 2), d PB<X<7).
Use tables of the Poisson cumulative
a P(X)s4)=09475 - distribution function with A = 2 and
X = 4.
= 9| = < 3) — <
7 A= 9) = M= 9) = S 2) T Wirite P(X = 3) as a difference of two
= 0.86571 — 0.0767 cumulative probabilities.
= 0.1604
c PX>2)=PX=3)=1-PX<2) > AS in Chapter 1 you need to use the
factthat P(X = 3) + P(X < 2) = 1.
=1- 06707
= 0.525%
d PB<X<7)=PB<X<O) -« Write the probability as a difference of

two cumulative probabilities.

= P(X< 6) — P(X< 2)
= 0.9955 — 0.6767
= 0.2188

The random variable X ~ Po(7.5). Find the values of a, b and ¢ such that
a P(X=<a)=0.2414, b P(X < b) = 0.5246, c P(X=¢) =0.338.

a P(X<a)=02414 . Use tables with A = 7.5.
P(X < 5) = 0.2414.

implies 2 = 5

b PIX<Pb)=PX<sb—1)=052406 +~———_ se tables with A = 7.5.
so b—1=7 P(X < 7) = 0.5246.

b=256
c PX=c)=1-PXsc—1)=023386
50 PXsc—1)=1- 02335
= 0.602 -
s0 c—1=586
c=9

Use tables with A = 7.5.
P(X < 8) = 0.6620.
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Example [}

The number of accidents on a stretch of motorway was monitored over a long period of time.
The mean number of accidents per month was found to be 1.5 and the standard deviation was
1.2. An accident investigator suggests that the number of accidents per month, on this stretch of
motorway, could be modelled by a Poisson distribution.

a Comment on this suggestion.

A Poisson distribution is used to model the number of accidents on this stretch of motorway in a
randomly chosen month.

b Find the probability of no more than 2 accidents.

a o0=12=0°=144=15 Variance = 2.

Since the variance is similar to the mean

Remember that for a Poisson

a Poisson distribution may be appropriate. distribution the mean = the variance.

b X = the number of accidents in a month

N In Chapter 1 you saw that ‘'no more
X~ Po(1.5) than’ means use X < 2.
PX<2) = 0.60568 Use tables with A = 1.5 and x = 2.

1 The random variable X ~ Po(2.5). Find
aPX=1), b P(X > 2), c PX<Y5), d P < X<)5).

2 The random variable X ~ Po(6). Find
a P(X<3), b P(X > 4), c P(X=)5), dP2<X<7).

3 The random variable Y has a Poisson distribution with mean 4.5. Find
a P(Y =2), b P(Y<1), c P(Y>4), d P2<Y<o6).

4 The random variable X ~ Po(8). Find the values of a, b, c and d such that
a P(X<a) =0.3134, b P(X < b) = 0.7166,
¢ P(X <c¢)=0.0996, d P(X >d) = 0.8088.

5 The random variable X ~ Po(3.5). Find the values of a, b, c and d such that
a P(X =<a) = 0.8576, b P(X > b) = 0.6792,
c PX<c¢)=0.95, d P(X >d) < 0.005.

6 The number of telephone calls received at an exchange during a weekday morning follows a
Poisson distribution with a mean of 6 calls per 5-minute period. Find the probability that




a there are no calls in the next 5 minutes,

b 3 or fewer calls are received in the next 5 minutes,

c¢ fewer than 2 calls are received between 11:00 and 11:05,

d no more than 2 calls are received between 11:30 and 11:35.

7 The random variable X ~Po(9). Find
a u = EX), b o = standard deviation of X,
c PlusX<pu+ o), d PX<pu-o0).

8 The mean number of faults in 2 m? of cloth produced by a factory is 1.5.
a Find the probability of a 2m? piece of cloth containing no faults.
b Find the probability that a 2 m? piece of cloth contains no more than 2 faults.

2,4 Deciding whether or not a Poisson distribution is a suitable model.

The random variable X represents the number of events that occur in an interval. The interval
may be a fixed length in space or time.
If X is to have a Poisson distribution then the events must occur

B singly in space or time,
B independently of each other,

B at a constant rate in the sense that the mean number of occurrences in the interval is
proportional to the length of the interval.

Such events are said to occur randomly.

You can use the constant rate idea to adjust the parameter of a Poisson distribution.

PENTIY 5 |

Some river water contains on average 500 microbes per litre. A large bucket of the water is
collected and after it has been well stirred a 1 cm?® sample is examined.

a Explain the importance of stirring the water before taking the sample.
b Find the probability of there being no microbes in this sample.
¢ Find the probability of there being at least 4 microbes in the sample.

a The stirring avoids the possible problem

of the microbes occurring in clusters.

Relate the conditions for a Poisson
It should mean that they occur *— distribution to the context of the

independently and singly. This is a question.

condition for a Foisson distribution.
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The microbes occur at a rate of

b A = the average number of microbes in 1cm? 500 per litre. To use a Poisson
500 ~———— distribution you need the average
= 1000 0.5 number in 1cm3.
X = the number of microbes in 1cm?®
P(X=0) = e = 6795 = 0.6065 Use the formula with A = 0.5 and
' X=0.

¢ PX=4)=1-P(X<3)
=1 - 0.9982 \ Use P(X = 4) + P(X < 3) = 1 and

= 0.0016 ;hin?’t.ables with A = 0.5 and

A shop sells radios at a rate of 2.5 per week.

a Find the probability that in a two-week period the shop sells at least 7 radios.
Deliveries of these radios come every 4 weeks.

b Find the probability of selling fewer than 12 radios in a four-week period.

The manager wishes to make sure that the probability of the shop running out of radios during a
four-week period is less than 0.01.

¢ Find the smallest number of radios the manager should have in stock immediately after the
delivery.

Note the key word rate suggests

a X = the number of radios sold in a two-week 2 Poisson distribution shouid be

period used.
X~FB) =—uo
PX=7)=1-P(X<0) The rate is 2.5 per week so the
mean for 2 weeks is 2 X 2.5 = 5.
=1—-0.7022
= 0.2578
Use tables with A = 5and x = 6
and remember
b Y = the number of radios sold in a four- PX=7)+P(X<6)=1.
week period ——7—7H
Y ~ Po(10) Use a new random variable for the

number sold in 4 weeks. This time

P(Y<12) = P(Y=<11) o A=4x25=10.

= 0.6966

Fewer than 12 means < 11. So use
tables with A = 10 and x = 11.
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¢ Let s = the number the manager should have

Write the manager’s condition as a

in stock. probability statement using V.
The shop will run out of radios if Y > s —

The manager requires  P(Y > 5) < 0.01 Use P(Y>s) + P(Y<5s) = 1.

i.e. T—P(Y<35) <001

or 0.99 <P(Y = 9) *— Usetables with A = 10 and search
S elles P(Y < 18) = 0.9928 down the column to find the first

value of x where P(X < x) > 0.99.

So the manager should ensure that he has 16

radios in stock after the delivery. " Always write your conclusion in the
context of the original question.

Exercise

1 A technician is responsible for a large number of machines. Minor adjustments have to be
made to these machines and these occur at random and at a constant rate of 7 per hour.
Find the probability that

a in a particular hour the technician makes 4 or fewer adjustments,
b during a half-hour break no adjustments will be required.

2 A textile firm produces rolls of cloth but slight defects sometimes occur. The average number
of defects per square metre is 2.5. Use a Poisson distribution to calculate the probability that

a a 1.5m? portion of cloth bought to make a skirt contains no defects,
b a 4m? portion of cloth contains fewer than 5 defects.

¢ State briefly what assumptions have to be made before a Poisson distribution can be
accepted as a suitable model in this situation.

3 State which of the following could be modelled by a Poisson distribution and which can not.
Give reasons for your answers.

a The number of misprints on this page in the first draft of this book.

b The number of pigs in a particular 5 m square of their field 1 hour after their food was
placed in a central trough.

¢ The number of pigs in a particular 5 m square of their field 1 minute after their food was
placed in a central trough.

d The amount of salt, in mg, contained in 1 cm? of water taken from a bucket immediately
after a teaspoon of salt was added to the bucket.

e The number of marathon runners passing the finishing post between 20 and 21 minutes
after the winner of the race.

4 The number of accidents per week at a certain road intersection has a Poisson distribution
with parameter 2.5. Find the probability that

a exactly 5 accidents will occur in a particular week,
b more than 14 accidents will occur in 4 weeks. G
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In a particular district it has been found, over a long period, that the number, X, of cases
of measles reported per month has a Poisson distribution with parameter 1.5. Find the
probability that in this district

a in any given month, exactly 2 cases of measles will be reported,
b in a period of 6 months, fewer than 10 cases of measles will be reported.

A biologist is studying the behaviour of sheep in a large field. The field is divided into a
number of equally sized squares and the average number of sheep per square is 2.5. The
sheep are randomly scattered throughout the field.

a Suggest a suitable model for the number of sheep in a square and give a value for any
parameter or parameters required.

b Calculate the probability that a randomly selected square contains more than 3 sheep.
A sheep dog has been sent into the field to round up the sheep.
¢ Explain why the model may no longer be applicable.

During office hours, telephone calls to a single telephone in an office come in at an average
rate of 18 calls per hour. Assuming that a Poisson distribution can be applied, find the
probability that in a 5S-minute period there will be

a fewer than 2 calls,
b more than 3 calls.
¢ Find the probability of no calls during a 20-minute coffee break.

A shop sells large birthday cakes at a rate of 2 every 3 days.
a Find the probability of selling no large birthday cakes on a randomly selected day.
Fresh cakes are baked every 3 days and any cakes older than 3 days can not be sold.

b Find how many large birthday cakes should be baked so that the probability of running
out of large birthday cakes to sell is less than 1%.

On a typical summer’s day a boat company hires rowing boats at a rate of 9 per hour.

a Find the probability of hiring out at least 6 boats in a randomly selected 30-minute
period.

The company has 8 boats to hire and decides to hire them out for 20-minute periods.
b Show that the probability of running out of boats is less than 1%.

¢ Find how many boats the company should have to be 99% sure of meeting all demands if
the hire period is extended to 30 minutes.

Breakdowns on a particular machine occur at random at a rate of 1.5 per week.
a Find the probability that no more than 2 breakdowns occur in a randomly chosen week.
b Find the probability of at least 5 breakdowns in a randomly chosen two-week period.

A maintenance firm offers a contract for repairing breakdowns over a six-week period. The
firm will give a full refund if there are more than n breakdowns in a six-week period. The
firm want the probability of having to pay a refund to be 5% or less.

¢ find the smallest value of n.

ﬁ

r
!




2.5 In some cases you can approximate a binomial distribution with a Poisson
distribution.

Evaluating binomial probabilities when 7 is large can be quite difficult and in such circumstances
it is sometimes simpler to use an approximation.

If X ~ B(n, p) and Recall that the mean of a binomial
. distribution is np. The Poisson
B nislarge approximation has the same mean

. as the original binomial.
B pissmall g

then X can be approximated by Po(np).

There is no clear rule as to what constitutes ‘large n’ or ‘small p’ but usually the value for np will
be <10 so that the Poisson table can be used. Generally the larger the value of n and the smaller
the value of p the better the approximation will be.

If the original binomial distribution can be used then it is always best to do so unless the question
specifically instructs you to use an approximation.

'

The probability that my favourite make of chocolate biscuit is ‘double wrapped’ is 0.01. Use a
suitable approximation to find the probability that in a box of 60 biscuits

a none are double wrapped,
b at least 2 are double wrapped.

Define a suitable random variable

a X = the number of double wrapped biscuits ~ +—— and state its distribution.

X~ B(60, 0.01)

Since nis large and p is small use a Poisson n is large (tables only go up to 50),
) , ————— pissmalland np = 60 X 0.01 = 0.6
approximatiot. which is less than 10.
X~~P(06) —-—_—
a P(X=0)=¢e % =054861... The symbol = means ‘is
approximately’.
= 0549 (3af) —
b PX=2)=1-PX<1) It would be easy to calculate
~ 1 _ [.—06 —06 this using the binomial but
1= [e e X 06] N the question says use an
=1-0.8780... approximation.
= 0122 (3 1)

Since A= 0.6 is not in the tables
you will have to use the formula
but the calculation is still easier

than using the original binomial.

NB The answers using the original binomial distribution are @ 0.547 and b 0.121, so you can see
that the approximation works quite accurately.
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It is important to remember that p should be small before the approximation is used.
One reason for this can be seen by considering the variance of the random variable.

If X~ B(n, p) then u = np and o2 = np(1 — p). If p is small then (1 — p) will be close to 1 and so
o? =~ np = X and you saw (in Section 2.2) that for a Poisson variable E(X ) = Var(X). However
an approximation can be used if p is close to 1 by using the complementary random variable
(counting the number of failures instead of the number of successes).

Example [}

A garden centre states that 95% of its daffodil bulbs will produce flowers the following season.
Gill buys 100 bulbs. Use a suitable approximation to estimate the probability that at least 96 of
the bulbs will flower next season.

o Define a suitable random variable.
Let X = the number of bulbs that flower

X~ B(100, 0.95) n is large but p is close to 1 so a
Poisson approximation cannot be
used.

Let Y = the number of bulbs that do not flower «__
Y~ B(100, 0.09) Define the complementary variable.

Using a Foisson approximation «_

Now n is large, p is small and
np =5 < 10 so a Poisson
Y = ~Fo(5) approximation can be used.

P(X= 90) = P(Y < 4) —
— 0.4405 At least 96 flower means X = 96

and this means that 4 or fewer
don’t so Y < 4.

Use tables with A = 5 and x = 4.

Some calculators can find the binomial probability (0.43598 ...) very easily without the need to
use an approximation or the complementary variable. This can provide a useful check in the
examination but if the question tells you to use a suitable approximation you will gain no credit
for using a calculator to find the binomial probability.

Exercise E

1 The random variable X ~ B(80, 0.10). Using a suitable approximation, find
alPX=1), b P(X < 6).

2 The random variable X ~ B(120, 0.02). Using a suitable approximation, find
a PX=1), b P(X = 3).

3 The random variable X ~ B(50, 0.05). Find the percentage error in P(X < 4) when X is
approximated by a Poisson distribution.




4 In a certain manufacturing process the proportion of defective articles produced is 2%. In a
batch of 300 articles, use a suitable approximation to find the probability that

a there are fewer than 2 defectives,
b there are exactly 4 defectives.

5 A medical practice screens a random sample of 250 of its patients for a certain condition
which is present in 1.5% of the population. Use a suitable approximation to find the
probability that they obtain
a no patients with the condition,

b at least two patients with the condition.

6 An experiment involving 2 fair dice is carried out 180 times. The dice are placed in a
container, shaken and the number of times a double six is obtained recorded. Use a suitable
approximation to find the probability that a double six is obtained

a once, b twice, c at least three times.

7 Itis claimed that 95% of the population in a certain village are right-handed. A random
sample of 80 villagers is tested to see whether or not they are right-handed. Use a Poisson
approximation to estimate the probability that the number who are right-handed is

a 80, b 79, c at least 78.

8 In a computer simulation 500 dots were fired at a target and the probability of a dot hitting
the target was 0.98. Find the probability that

a all the dots hit the target, b at least 4935 hit the target.

9 a State the conditions under which the Poisson distribution may be used as an
approximation to the binomial distribution.

Independently for each call into the telephone exchange of a large organisation, there is a
probability of 0.002 that the call will be connected to a wrong extension.

b Find, to 3 significant figures, the probability that, on a given day, exactly one of the first 5
incoming calls will be wrongly connected.

¢ Use a Poisson approximation to find, to 3 decimal places, the probability that, on a day
when there are 1000 incoming calls, at least 3 of them are wrongly connected during
that day.

2,6 Deciding whether a binomial or a Poisson distribution is an appropriate model.

B There are certain key words to look for:

mention of rate ... suggests a Poisson distribution
mention of a fixed number of trials or a proportion suggests a binomial distribution.




Poisson distribution

B There are certain key questions to ask.
Is there a value for n — the number of trials? If the answer is ‘yes’, then use a binomial
distribution.

Is there a constant probability of success or proportion? If the answer is ‘yes’, then use a
binomial distribution

Is there an average number of occurrences or a rate of occurrences? If the answer is ‘yes’,
then use a Poisson distribution.

Can you say how many times something will not happen? If you can, then there is probably
a fixed n and a binomial distribution can be used, if not then it is probably a Poisson
distribution.

A bakery claims that a pack of 10 of their teacakes contains on average 75 currants.

a Suggest a distribution that could be used to model the number of currants in a randomly
selected teacake and state the value of any parameters.

State any assumptions that must be made for the model to be valid.
b Find the probability that a randomly selected teacake contains more than 7 currants.

There is no fixed number of

a Let X = the number of currants in a currants but an average number

randomly selected teacake. per teacake of 7.5.

X~ Fo(7.5)

You must ensure that currants are randomly Refer back to Section 2.4 and write
distributed. (The mixture is well stirred.) your answer in context.

—q Rewrite P(X > 7)as 1 — P(X < x)
b PX>7)=1-FPXS7) and use tables with A = 7.5 and

=1 — 05246 x=17.
= 0.4754

Sometimes a question can involve both binomial and Poisson distributions because the random
variable being considered changes.

Example [

A piece of machinery breaks down at a rate of once a fortnight, but these breakdowns occur

randomly.

a Find the probability of a week with no breakdowns, giving your answer to 3 d.p.

A week with no breakdowns is called a star week. Every 12 weeks the number of star weeks is

recorded and a report is sent to the machine manufacturers.

b Find the probability that there are more than 10 star weeks in the next report. Give your
answer to 2 d.p.




) Define the random variable
a Let X = the number of breakdowns in a week. carefully. Note the key word

Average number of breakdowns in a week is ‘rate’ so Poisson distribution
1 should be used.
S0 X~ Fo(0.D) Calculate the value of A.
P(X=0)=¢0°
— 0.6065 = 0.607 (5 d.p) Use the formula or the tables.

Notice that the random variable

b Let Y = the number of star weeks (out of 12). +———— has changed. You are now
counting weeks not breakdowns.

p = probability of a star week

= PT=0) = 0007 For the random variable Y there
So Y~ B(12, 0.607) is a value for n (=12) and a value
P(Y > 10) = P(Y = 1) + P(Y = 12) for p (the answer from part a).

=12 X (0-607)“ X 0.593 + (0-607)@ '\ You cannot use the tables so use

= 0.0219 . . the formula with n = 12 and
GloEE p = 0.607.

= 0.02 (2 dp.)

Using the full calculator answer from a here would give a
slightly more accurate final answer to b but it would still be
0.02 to 2 d.p. In an examination, if an answer is given in part a
it is acceptable to use it to that level of accuracy in part b.

1 a State conditions under which the Poisson distribution is a suitable model to use in
statistical work.

Flaws in a certain brand of tape occur at random and at a rate of 0.75 per 100 metres.
Assuming a Poisson distribution for the number of flaws in a 400 metre roll of tape,

b find the probability that there will be at least one flaw.

¢ Show that the probability that there will be at most 2 flaws is 0.423 (to 3 decimal places).
In a batch of 5 rolls, each of length 400 metres,

d find the probability that at least 2 rolls will contain fewer than 3 flaws.

2 An archer fires arrows at a target and for each arrow, independently of all others, the
probability that it hits the bull’s eye is 3.

a Given that the archer fires 5 arrows, find the probability that fewer than 2 arrows hit the
bull’s eye.

The archer fires 5 arrows, collects them and then fires all 5 again.

b Find the probability that on both occasions fewer than 2 hit the bull’s eye.
The archer now fires 60 arrows at the target. Using a suitable approximation find
c the probability that fewer than 10 hit the bull’s eye,

d the greatest value of m such that the probability that the archer hits the bull’s eye with at
least m arrows is greater than 0.5.
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3 InJoe’s roadside café % of the customers buy a cup of tea.
a Find the probability that at least 4 of the next 10 customers will buy a cup of tea.
Joe has calculated that, on a typical morning, customers arrive in the café at a rate of 0.5 per
minute.
b Find the probability that at least 10 customers arrive in the next 15 minutes.
¢ Find the probability that exactly 10 customers arrive in the next 20 minutes.

d Find the probability that in the next 20 minutes exactly 10 customers arrive and at least 4
of them buy a cup of tea.

4 The number, X, of breakdowns per week of the lifts in a large block of flats has a Poisson
distribution with mean 0.25. Find, to 3 decimal places, the probability that in a particular
week

a there will be at least one breakdown,

b there will be at most 2 breakdowns.

¢ Show that the probability that during a 12-week period there will be no lift breakdowns is
0.050 (to 3 decimal places).

The residents in the flats have a maintenance contract with Liftserve. The contract is for a
set of 20, 12-week periods. For every 12-week period with no breakdowns the residents pay
Liftserve £500. If there is at least 1 breakdown in a 12-week period then Liftserve will mend
the lift free of charge and the residents pay nothing for that period of 12 weeks.

d Find the probability that over the course of the contract the residents pay no more than
£1000.

5 Accidents occur in a school playground at the rate of 3 per year.
a Suggest a suitable model for the number of accidents in the playground next month.

b Using this model calculate the probability of 1 or more accidents in the playground next
month.

Mixed exercise I3

1 During working hours an office switchboard receives telephone calls at random and at a rate
of one call every 40 seconds.

a Find, to 3 decimal places, the probability that during a given one-minute period
i no call is received, ii at least 2 calls are received.

b Find, to 3 decimal places, the probability that no call is received between 10:30 a.m. and
10:31 a.m. and that at least two calls are received between 10:31 a.m. and 10:32 a.m.

2 State conditions under which the Poisson distribution is a suitable model to use in statistical
work.

The number of typing errors per 1000 words made by a typist has a Poisson distribution with
mean 2.5.

a Find, to 3 decimal places, the probability that in an essay of 4000 words there will be at
least 12 typing errors.

The typist types 3 essays, each of length 4000 words.
b Find the probability that each contains at least 12 typing errors. 9



a State conditions under which the binomial distribution B(n, p) may be approximated by a
Poisson distribution and write down the mean of this Poisson distribution.

Samples of blood were taken from 250 children in a region of India. Of these children, 4 had
blood type A2B.

b Write down an estimate of p, the proportion of children in this region having blood type
A2B.

Consider a group of n children from this region and let X be the number having blood
type A2B. Assuming that X is distributed B(n, p) and that p has the value estimated above,
calculate, to 3 decimal places, the probability that the number of children with blood type
A2B in a group of 6 children from this region will be

i zero, ii more than 1.

¢ Use a Poisson approximation to calculate, to 4 decimal places, the probability that, in a
group of 800 children from this region, there will be fewer than 3 children of blood
type A2B.

Which of the following variables is best modelled by a Poisson distribution and which is best
modelled by a binomial distribution?

a The number of hits by an arrow on a target, when 20 arrows are fired.

b The number of earth tremors that take place in a village over a given period of time.
¢ The number of particles emitted per minute by a radioactive isotope.

d The number of heads you get when tossing 2 coins 100 times.

e The number of accidents in a city in a year.

f The number of flying bomb hits in specified areas of London during World War 2.

Loaves of bread on a production line pass a monitoring point at a constant rate of 300 loaves
per hour.

a Find how many loaves you would expect to pass the monitoring point in 2 minutes.

b Find the probability that no loaves pass the monitoring point in a given 1-minute
period.

Accidents occur at a certain road junction at a rate of 3 per year.

a Suggest a suitable model for the number of accidents at this road junction in the next
month.

b Show that, under this model, the probability of 2 or more accidents at this road junction
in the next month is 0.02635 to 4 decimal places.

The local residents have applied for a crossing to be installed.

The planning committee agree to monitor the situation for the next 12 months. If there is at

least one month with 2 or more accidents in it they will install a crossing.

¢ Find the probability that the crossing is installed. 9
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Breakdowns occur on a particular machine at a rate of 2.5 per month. Assuming that the
number of breakdowns can be modelled by a Poisson distribution, find the probability that

a exactly 3 occur in a particular month,
b more than 10 occur in a three-month period,
¢ exactly 3 occur in each of 2 successive months. 9

A geography student is studying the distribution of telephone boxes in a large rural area
where there is an average of 300 boxes per 500 km?2. A map of part of the area is divided into
50 squares, each of area 1 km? and the student wishes to model the number of telephone
boxes per square.

a Suggest a suitable model the student could use and specify any parameters required.

One of the squares is picked at random.
b Find the probability that this square does not contain any telephone boxes.
¢ Find the probability that this square contains at least 3 telephone boxes.

The student suggests using this model on another map of a large city and surrounding
villages.

d Comment, giving your reason briefly, on the suitability of the model in this situation. 9

All the letters in a particular office are typed either by Pat, a trainee typist, or by Lyn, who
is a fully-trained typist. The probability that a letter typed by Pat will contain one or more
errors is 0.3.

a Find the probability that a random sample of 4 letters typed by Pat will include exactly
one letter free from error.

The probability that a letter typed by Lyn will contain one or more errors is 0.05.

b Use tables, or otherwise, to find, to 3 decimal places, the probability that in a random
sample of 20 letters typed by Lyn, not more than 2 letters will contain one or more errors.

On any one day, 6% of the letters typed in the office are typed by Pat. One letter is chosen
at random from those typed on that day.
¢ Show that the probability that it will contain one or more errors is 0.065.
Given that each of 2 letters chosen at random from the day’s typing contains one or more :
errors,

d find, to 4 decimal places, the probability that one was typed by Pat and the other by
Lyn.

The number of breakdowns per day of the lifts in a large block of flats is modelled by a
Poisson distribution with mean 0.2.

a Find, to 3 decimal places, the probability that on a particular day there will be at least one
breakdown.

b Find the probability that there are fewer than 2 days in a 30-day month with at least one
breakdown.




Summary of key points

1 If X ~Po(A) then P(X = x) = e—A;‘_’f

2 If X~ Po(A) then E(X) = A and Var(X) = A

3 It X~B(n, p) and nis large and p is small then X = ~ Po(A), where A = np




After completing this chapter you should
e be able to decide whether something can be a
probability density function

e Dbe able to find the cumulative distribution function
given the probability density function

e be able to find the probability density function given
the cumulative distribution function

e Dbe able to find the mean and variance of a random
variable using its probability density function

e be able to find the mode and median of a random
variable using its probability density function.

Continuous
random variables

EREERRRERRY

The duration, t, of phone calls, in minutes, is modelled
by the function

D), 0= < 12
f(t) =
0, otherwise
Bill makes a call. What is the probability the call lasts

between 3 and 5 minutes?
You will be able to answer questions such as this when

you have studied this chapter.




CHAPTER 3

3.1 The concept of a continuous random variable and its probability density
function.

3
T

>

In book S1, Chapter 4, you looked at continuous random variables.
For example, the histogram below shows the variable £, the time in seconds taken by 100
children to do their homework.

4_

w
1

Frequency density
[\

90 100 110 120 130 140 150 160
Time (seconds)

We know that

the area of a bar = k X frequency.
So total area = k X total frequency.
In the above example we let k = 1.

If we let the total frequency = n and let k = % then

1 The total probability is always = 1

=X n =1 = total probability. -« ince th ible val

7 since there are no possible values
outside the range of values.

total area =

If we adjust the scale on our histogram accordingly we get

0.04 -
0.03 1
S 0.021
0.014
0.00+
120 130 140
Time (¢ seconds)
Note two things:
1. The total area = 1.
R For example the probability of the child
2. Ifa chqd. is plcked. at random then the i) & e laatiean 110 amed 12
probability of getting a value between N ook
any two times is now the area between area = 10 X 0.02 + 10 X 0.035 = 0.55.

those two times.

A probability density function f(x) is a smooth version of a histogram that is drawn in the above
way. (See red line.)

A probability density function, p.d.f. for short, has a few important properties.




Continuous random variables

B If X is a continuous random variable with p.d.f. f(x) then
1. f(x) = 0 since we cannot have negative probabilities.

2. P(a < X < b) = shaded area

b f
= f f(x)dx ®
; b *
3. f f(x)dx = 1 since the area under the curve = 1 )
Area = 1 — E

xRY

Which of the following could be a probability density function? Give a reason for your answer.

a f(x) 2x, —2<x<3
x =
0, otherwise.
b i) kix —2), 3=sx=<35,
x =
0, otherwise.
¢ fx) kx(x —2), 1=sx<3,
xX) =
0, otherwise.
Z f(x)
8_
6- It is useful to sketch the
4 graph for the values of
X given.
2_
N R ER L
2_
._4_
_6_

To be a p.d.f. f(x) > 0
It is not a p.d.f. since f(x) < O forx <O == | almles e in e

given range.
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b f(x)
4k

3k
2k- /
1k
The formula for the area

ﬂ' f(x) > O for all values of x in the given range if k > O. of a trapezium is

‘_/4 b.
Area=2(k+5k h(a; )

= 4k
2 ) \
To be a valid p.d.f. the

area must equal 1.

e Therefore f(x) could be a valid p.d.f. if k = %.

¢ Sketched below are the graphs for when k > O and k < 0.

f(x)“ f(x) \
As there is a constant
k you should draw two
.\ | 1, graphs one for k > 0
Of 1 2\ 3 4 % and one for k < 0.

graph if k > O graph if k <O

So for any value of k there is some value of x in the given
range such that f(x) < O.

Therefore f(x) cannot be a probability density function.

The random variable X has probability density function

fx) — kx(4 — x), 2<sx=<4,
0, otherwise.

Find the value of k and sketch the p.d.f.



Continuous random variables

’ Area under the curve must
j; k(4x — x%)dx =1 eq4ua| -
fz f(x)dx = 1

xn+1
Remember | x"dx = .
n+1

5]
-%)-(-3))-
k[(zz 4] - (8- 2)| =
16 When substituting the limits
k( ) =1 it is the value with the top

limit substituted minus the

3 value with the bottom limit
k= (—) substituted.
16
Sketching the graph gives When sketching the graph

remember to label the axes
and label the important values.
These are the boundaries of
the given range of x values and
their corresponding y values.
Here they are 2, 4 and 0.75.

f(x)

0.754

You must make it clear when
f(x) = 0.

.

The random variable X has probability density function
k, 1<x<2,
fx) =Vk(x — 1), 2sxs4,
0, otherwise.

a Sketch f(x).
b Find the value of k.

S
[ .
N -
w
g .
[9)]
&
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The total area = 1. Here the area has

1 Give reasons why the following are not valid probability density functions.

2 . . been found by integrating but it is
b : kdx + ) k(x — 1)dx =1 sometimes easier to find the value of k
. n by looking at the sketch.

| [kx]?-l—[%—kx] =1 Area=k+%><2><(k+3k)=5k

‘ (using the area of a rectangle and
k+ [(8k — 4K) — (2k — 2K)] =1 Lgkec )
Area = 1
=1 Sk=1
ﬂ k=1 k=1

_ﬁ-
=g

1

21X -1l=sx=<2

a fx)=1{*" '
@) { 0, otherwise.
x? 1<sx<3
b fx)=1{"" '
@) { 0, otherwise.

¢ f0r) = x3-2), -1sxs<3,
0, otherwise.

k1 -x%), -4sxs<-2,
0, otherwise.

3 Sketch the following probability density functions.

1
z(x—2), 2=<x<6,
a f(x) = 5 ) _
0, otherwise.
2
25 -x), 1sx<4
b fx) - {15( : .
0, otherwise.

4 Find the value of k so that each of the following are valid probability density functions.

kx, 1<sx<3,
0, otherwise.

a f(x) ={

kx?2, 0O0<x<3,
0, otherwise.

k(1 +x%), -1sx<2,
0, otherwise.

c f(x) ={




Continuous random variables

5 The continuous random variable X has probability density function given by:

k4 -x), Osx=<2
0, otherwise.

f@)={

a Find the value of k.
b Sketch the probability density function for all values of x.

6 The continuous random variable X has probability density function given by:

k2 -x), Osx=s2,
0, otherwise.

Find the value of k.

7 The continuous random variable X has probability density function given by:

kx3, 1s<x<4,
0, otherwise.

f(x) = {
Find the value of k.

8 The continuous random variable X has probability density function given by:

k, 0<x<2,
fx) = Y k(2x — 3), 2<x<3,
0, otherwise.

a Find the value of k.
b Sketch the probability density function for all values of x.

3,2 The cumulative distribution function.

In book S1, Chapter 8 Section 8.5, you met the cumulative distribution function, F(x) = P(X < x),
for a discrete random variable. If we introduce a continuous random variable T such that
f(t) = f(x) then for the continuous random variable X,

X
Fix) =P(X<x) = f f(t)dt Note: f(t) has the same distribution
o as f(x) and we use t rather than x to
_ avoid confusion with the limit of
y F(x) = Area . .
integration.

y =1f@)

0 X

Notice we use the notation F(x) (i.e. capital f) for the cumulative distribution function (c.d.f. for
short) but f(x) for the probability density function (p.d.f. for short).




CHAPTER 3

S
i

=

B If X is a continuous random variable with c.d.f. F(x)
and p.d.f. f(x):

X

f(x) = %F(x) and F(x) = f_ (ot

The random variable X has probability density function
1

X 1sxs3
fx) ={ 4" '
) { 0, otherwise.

Find F(x).

Integrate

N
p.d.f. c.d.f.

Differentiate

Since between —x and 1 f(x) is zero,
we use the lower bound of the given
interval i.e. one.

An alternative method is to use an
indefinite integral and put + C. We can
use f(x) here since there are no limits in
the integration.

C can be found by using

F(3) = 1. Three is the upper value of
the given range,

or

F(1) =0. One is the lower value of the
given range.

You must define F(x) over the whole
range (—, »). F(x) = 0 for all values
less than 1 and F(x) = 1 for all values
greater than 3 (see diagram).

1.2+

1_
0.8+
0.6+
0.4+
0.2+

O 1 T T T
0 1 2 3 4 S




The random variable X has probability density function

l, 1<x <2,
N

f(x) = %(x—l), 2<x <4,

Continuous random variables

0, otherwise.
Find F(x).
Method 1
It x <1 F(x) is cumulative. i.e. F(n) is the
F(x) =0 so F(1) = 0O P(X =< n)
fF1<x<?2
¥ 1 f(x) A
F(x)=F() + f gdt 0.8
1
. 0.6
_[1 ] 0.4
[5 1 0.2
— 1 _ 1 0 T T L
—5* 5 o 1 %2 3 4
_1
so F(2) =
fF2s<x<4 f(x)u
. 0.8
F(x) = F(2) + f Lt~ nde 0.6
2 5 0.4
14 E]x 0.21 8
5 10 blp 0-
0 1 2 x 4
-8+ [(5-2) - (5-2)
5 10 b 10 b
x4 _x ]
=X _ X4 1
1 5 b5
Method 2
f1<x<2
F(x) = f%dx
= %x + C
For the first part use F(1) = 0. One is
+C=0 the lower value of the given range for

the first part.
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f2sx<4
‘ F(x)=f%(x—1)dx
1=% %+D
N
_ﬁ- 0, x <1,
E:' %x—%, 1<x<2
e x—z—%+% 2<x<4
1 x> 4

10
Example [

0, x <0,

Fx) = { 1 3 42 sx <
(x) =X oex% 0<x<2,

1, x> 2

a Find P(X < 1.5).

b Find P(0.5 < X < 1.5).

¢ Find P(X = 1).

d Find the probability density function, f(x).

a P(X<15)=F(15)

=1 3 2
g X 15 + 55 X 15

= 0.6375

b P(O5<X<15)=F(5) - F(0.5)
= 0.6375 — 01375
=05

For the second part use F(4) = 1. Four
is the upper value of the range given for
the last part.

Remember to write the cumulative
distribution in full.

The random variable X has cumulative distribution function

Using F(x) = P(X < x).

POS5<sX=<1.5=
P(X < 1.5) — P(X =< 0.5).
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The probability of a single value

c PX=1)=0 - happening in a continuous distribution
is always 0.
. - oo B
149
d Differentiating F(x) gives 5T 0%
il &
—+=x, Osx<2,
fx)= {5 10
0. otherwise.

1 The continuous random variable X has probability density function given by:

3x2

< Osx<2
fay=1 8-
0,

otherwise.

Find F(x).
2 The continuous random variable X has probability density function given by:

1

~(4 — x), 1<x<3
f(x) = 4( )
0, otherwise.

Find F(x).

3 The continuous random variable X has probability density function given by:

o 0<x <3,
fx) = %(6—x) 3sx<6,
0, otherwise.

Find F(x).

4 The continuous random variable X has probability density function given by:

k/ O0sx< 3,
f(x) = {k(2x — 95), 3<x=<3$
0, otherwise.

a Sketch f(x).
b Find the value of k.
¢ Find F(x).




CHAPTER 3

S
i

=

4

6

The continuous random variable X has cumulative distribution function given by:
0, x <2,
F) = %(x2—4), 2<x<3,
I, x> 3.
Find the probability density function, f(x).
The continuous random variable X has cumulative distribution function given by:
0, x <1,
F) = %(x—l), l<sxs<3,
I, x> 3.

a Find P(X < 2.5).
b Find P(X > 1.5).
¢ Find P(1.5 = X < 2.5).

The continuous random variable X has probability density function given by:

3x?

= Osx <2,
fx)y=4 8

0, otherwise.

a Find the cumulative distribution function of X.
b Find P(X < 1).
The continuous random variable X has cumulative distribution function given by:

0, x <1,

F(x) = %(x3—2x2+x), 1<sx<2
1/ x> 2.
a Find the probability density function f(x).

b Sketch the probability density function.
¢ Find P(X < 1.5).

The continuous random variable X has probability density function given by:

k(4 — x?), O<sx<2,
0, otherwise.

3
16

b Find the cumulative distribution function of X.

flx) =

a Show thatk =

¢ Find P(0.69 < X < 0.70). Give your answer correct to one significant figure.



Continuous random variables

3,3 The mean and variance of a probability density function.

If X is a continuous random variable with p.d.f. f(x):

B Mean = p = E(X) = f () dx. In book S1, Chapter 8, the mean for a discrete
- distribution is Y xp(x). For a continuous distribution

you replace the Y] by f and p(x) by f(x)dx.

B Variance = E(X?) — [E(X)]? The variance for a discrete distribution is
” Y x?p(x) — w2 For a continuous distribution you

= f x2f(x)dx — p? =
— replace the ) by I and p(x) by f(x)dx.
Note E(X?) = f: x%f(x)dx.

Example

A random variable Y has probability density function

Y 1<sy<
- sys 3,
fly) =1 4
0, otherwise.
Find
a E()), b Var (Y), c E(2Y - 3), d Var (2Y - 3).
°1
a E(V)= I ZY yi(y) = y x 1.
3
= [L 5]
[123/ 1
_27 _ 1 . .
T If an exact answer is required you
must leave your answer as a fraction.
_ 20 Otherwise you may write the answer as
12 a fraction or as a decimal to 3 significant
13 figures.
6
° 152
b Var(Y) = j; Zy%y - (5) vH(y) = y? X .
- [Ly* ’ @ ’
6’ ],” 6
el _ 1 _ 169
1o 1o 20
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In book S1 you learnt that

c ER2Y—-3)=2E(Y)—3 - E(aX + b) = aE(X) + b,
17 Var(aX + b) = a?Var(X).
=2X==-2 These formulae also apply to continuous

©

variables.
4

3
d Var (2Y — 3) = 4Var(Y)
_44 _ 1

i{. 36 9
ﬁn
<

A random variable X has probability density function

3 ) -1<x<3

0, otherwise.
a Sketch the probability density function.
Find
b E(X),
c P(X > ).

a The sketch of the p.df. is

e
3 : It is a good idea to sketch the p.d.f.
as you could find E(X) by

3
3 _ 2
‘ [1xx32[3+2x x?]dx

However, it is a lot quicker using a
sketch in this case.

3

-10 1 3 %

b By symmetry E(X) =1

3
c PX>1)= 1 %[5 + 2x — x%]dx » w = 1 therefore we find P(X > 1).
:é{ z_ﬁr
55 ox +x 3|,
-2 —9)— 1
Sle+ro-9-(2+1-1)]

You could write this straight down
from the sketch.

N —




Example [E]

The random variable X has probability density function

2x

15 0=sx<3,
flx) = %(S—x), 3<x<5
0, otherwise.
Find
a E(X),
b Var (X)
B &
a E(X)=f %xzderL %(5x—x2)dx
3 5
<L+ l<-3)
[45" o 1B\2Y T3/l
_(6_ 229
-0+ [(Z-2)- (2
— 02
25

3 5
b Var(X) = fo %x%x+ f5 %(5x2—x5)dx—(2%
1 \° _ 64
& 44 A 5 A 'y
[ x] [5( * 4) 9
B-o)+[B-2)- -3
10 Z 20
=L
18

Exercise

|-

Continuous random variables

Sketching the p.d.f.
shows us that it is not
symmetrical so we need
to integrate to find E(X)

f(x) 4

0.4+

G9dbecccoocccoo= o=

64

S

1 The continuous random variable X has a probability density function given by

f(x) ={ka' 0=x=2
0, otherwise.
Find
a Kk,
b E(X),

¢ Var(X).
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3

The continuous random variable Y has a probability density function given by

yZ
Q! 0= Yy = 3)
f(y) =49
0, otherwise.
a Find E(Y).

b Find Var (Y).
¢ Find the standard deviation of Y.

The continuous random variable Y has a probability density function given by

Yy
Q! 0= y = 4;
f(y)=48
0, otherwise.
a Find E(Y).

b Find Var (Y).

¢ Find the standard deviation of Y.
d Find P(Y > w).

e Find Var(3Y + 2).

f Find E(Y + 2).

The continuous random variable X has a probability density function given by

k(1-x), O=sx=<lI,
0, otherwise.

a Find k.

b Find E(X).

¢ Show that Var (X) = %
d Find P(X > u).

The continuous random variable X has a probability density function given by

12x%(1 —x), Osx<I1,

f(x) =
@) 0, otherwise.

a Find P(X < 0.5).
b Find E(X).

The continuous random variable X has a probability density function given by

%(1+x2), -1<sx<1,

f(x) =

0, otherwise.



Continuous random variables

a Sketch the p.d.f. of X.
b Write down E(X).

¢ Show that ¢? = 0.4.
d Find P(-o < X < 0).

The continuous random variable T has p.d.f. given by

kt3, 0s<t=<2,

f(t) =
® 0, otherwise,

where K is a positive constant.

a Find k.

b Show that E(T) is 1.6.

¢ Find EQ2T + 3).

d Find Var(T).

e Find Var (2T + 3).

f Find (T < 1). F

o
g

The continuous random variable X has a probability density function given by

x2 Osx<3,
27’

fx) = %, 3<x<S§,
0, otherwise.

a Draw a rough sketch of f(x).

b Find E(X).

¢ Find Var(X)

d Find the standard deviation, o, of X.

The continuous random variable X has a probability density function given by
%(x—l), 1<x<2
W=136-x0, 2=<x=s
0, otherwise.

a Sketch f(x).
b Find E(X).
¢ Find Var (X).
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10 Telephone calls arriving at a company are referred immediately by the telephonist to
other people working in the company. The time a call takes, in minutes, is modelled by a
continuous random variable T, having a p.d.f. given by

() - kt?, 0<t=<10,
® = 0, otherwise.

a Show that k = 0.003.
b Find E(T).
ﬂ' ¢ Find Var (T).
: d Find the probability of a call lasting between 7 and 9 minutes.
- e Sketch the p.d.f.

=

4

3,4 Finding the mode, median and quartiles of a continuous random variable.

B The mode is the value of the random variable where it is most dense i.e. where the p.d.f.
reaches its highest point

i If X is a continuous random variable with c.d.f. F(x) then the
B median, m, of X is given by F(m) = 0.5,
B lower quartile, Q,, is given by F(Q;) = 0.25,

B upper quartile, Q,, is given by F(Q;) = 0.75.

The random variables X and Y have probability density functions F(x) and F(y) respectively.

12x%(1 —x), O=<x<]1,
f(x) = .
0, otherwise.
2y, O=sys<],
fy) = .
0, otherwise.

Find the mode of
a f(x),
b (y).



a f(x) A

KY

N

;‘—x(12x2 —12x%) = 0

24x — 30x% =0

12x(2 —2x)=0

_2
T3
_2
Mode =
b f(y)4
2_ 1
0 1Y
Mode =1

A continuous random variable X has probability density function

4 —4x3, Osx<1,
f(x) = .
0, otherwise.
Find
a the c.d.f. of X,
b the median value of X.

Continuous random variables

Always sketch the graph when finding
the mode.

From the sketch the mode occurs at the
maximum point.

To find the maximum solve dd—xf(x) =0.

From the sketch the mode does not
occur at a maximum point but it is clear
that the highest point is when 1y = 1.
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a Method 1
| F(x) = fo 4t — 4t3dt F) :fo .
: = [2t7 — t*];
= D2 — x4
Method 2
ﬂl F(x) = fﬂrx — 4x°dx
“= =2x> —x*+ C
y F(O)=0
= c=0
: -
0, x < 0,
Fix)={2x? —x* Osxs<],
1, x> 1,
b 2mt =08 F(x) = 0.5.
2/7’74—41’]/[24-1:0. 
w2 = @ This is a quadratic equation in m?.
4
A= V2 \ Use the unormula
2 —b = Vb — 4ac
N 2a )
2
= + Y=
= 1.31 or 0.541

Select the value that is in the range of
Fx)ie.O0sx<1.

A continuous random variable X has the cumulative distribution function

( 0, x <1,
lx—l' 1$x$2,
5 5
F(x)={x2 e
A A+ L
0 5 % 2<x<4,
\ 1, x = 4.

Find the inter-quartile range.



Continuous random variables

Lower quartile Since when x = 2, F(x) = 0.2 < 0.25

QA Q we know that the lower quartile lies in
%_gw%:o,%‘ 2<x<4.
This means we put the corresponding
QZ—2Q,+2=25 function = 0.25.
Q2 — 2Q, —o.5=o\
Multiply through by 10.

Q=2%VA+2

ey s

2

& = 2.22 or —0.225
Q =222 . Select the value that is in the range

b 2<x<4.
Upper quartile
@ _ Qs 1
2 _ 22410,

10 5 b5 0.75
Qs> — 2@ +2=75
Qs> — 205 — 55 =0
Qn = 2xXxv4+ 22

== T e

2
Qs = 3.55 or —1.55
— . Select the value that is in the range

& = 3.55 2<x<4.

Inter-quartile range = .55 — 2.22 »\
= 1.3

Inter-quartile range = Q; — Q.

1 The continuous random variable X has p.d.f. given by

fr) = %(8+Zx—xz), 0<ux<4,

0, otherwise.

a Sketch the p.d.f. of X.
b Find the mode of X.

2 The continuous random variable X has p.d.f. given by

1
=X,

flx) =1 8
0, otherwise.

a Sketch the c.d.f. of X.
b Find the median of X.
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3 The continuous random variable X has c.d.f. given by

( 0, x <0
| %2, 0<x<2
Fo) =\ 2
=+ 2x — 2, 2<x=<3,
\ 1, x>3
ﬂl a Find the median value of X. Give your answer to 3 decimal places.
: b Find the quartiles and the inter-quartile range of X. Give your answer to 3 decimal places.
- 4 The continuous random variable X has p.d.f. given by
- lx, Osx<2,
f(x) = 2
0, otherwise.

a Sketch the p.d.f. of X.

b Write down the mode of X.
¢ Find the c.d.f. of X.

d Find the median value of X.

The continuous random variable Y has p.d.f. given by

11
fy)={2 9
0, otherwise.

O<y=<3,

a Sketch the p.d.f. of Y.

b Write down the mode of Y.
¢ Find the c.d.f. of Y.

d Find the median value of Y.

The continuous random variable X has p.d.f. given by

lx?’, 0sx<2

fix) =4 4
0, otherwise.

a Sketch the p.d.f. of X.
b Write down the mode of X.
¢ Find the c.d.f. of X.
d Find the median value of X.




10

The continuous random variable X has p.d.f. given by

3 (y2 {<y<
fx) = 8(x + 1), Ilsx=<1,

0, otherwise.
a Sketch the p.d.f. of X.
b What can you say about the mode of X?

¢ Write down the median value of X.
d Find the c.d.f. of X.

The continuous random variable X has p.d.f. given by

3 (2 _ 42
f(x) = 1O(Bx x?), O0<sx=<2

0, otherwise.
a Sketch the p.d.f. of X.
b Find the mode of X.
¢ Find the c.d.f. of X.

d Show that the median value of X lies between 1.23 and 1.24.

The continuous random variable X has c.d.f. given by
Or x < 1,
Flx) = %(xz— 1), 1sx=<3,
1) x> 3.

a Find the p.d.f. of the random variable X.
b Find the mode of X.

¢ Find the median of X.

d Find the quartiles of X.

The continuous random variable X has c.d.f. given by

0, x <0,
Fix) = {4x® - 3x* Os<x<1,
1r x> 1.

a Find the p.d.f. of the random variable X.
b Find the mode of X.
¢ Find P(0.2 < X < 0.5).

Continuous random variables
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11 The amount of vegetables eaten by a family in a week is a continuous random variable Wkg.
The continuous random variable W has p.d.f. given by

20 3(5 — Oosw<5

0, otherwise.

a Find the c.d.f. of the random variable W.
b Find, to 3 decimal places, the probability that the family eat between 2kg and 4 kg of

ﬂl vegetables in one week.

12 The continuous random variable X has a probability density function given by

1

Eﬂ Z} 0 = X < 1,
Y fx) = %3, 1<x<2
0, otherwise.

a Find the cumulative distribution function.
b Find, to 3 decimal places, the median and the inter-quartile range of the distribution. G

Mixed exercise 13

1 The random variable X has probability density function f(x) given by

fx) = al+%, 0<x<2,

0, otherwise.
Find
a E(X) and E(3X + 2),
b Var(X) and Var (3X + 2),
c P(X<1,
d P(X > p),
e P05 <X <1.5).

2 The random variable X has probability density function f(x) given by

2 — 2x, Osx=1,

f(x) =
@) 0, otherwise.

a Evaluate E(X).

b Evaluate Var (X).

¢ Write down the values of E(2X + 1) and Var(2X + 1).
d Specify fully the cumulative distribution function of X.
e Work out the median value of X.



Continuous random variables

3 The continuous random variable Y has cumulative distribution function given by

OI y < 1,
Fy) =\kO? -y, 1sy=<2
1I y > 2.

where K is a positive constant.

a Show thatk = %

b Find P(Y < 1.5).
¢ Find the value of the median.
d Specify fully the probability density function f(y).

4 The continuous random variable X has cumulative distribution function

O/ x<2,

@) = |t -4, 2<x=3,
1/ x > 3.

a Find P(X > 2.4).

b Find the median.

¢ Find the probability density function, f(x).
d Evaluate E(X).

e Find the mode of X.

5 The random variable X has probability density function f(x) given by

kx?2, O0sx<2,

f(x) =
@) 0, otherwise.

where K is a positive constant.

a Show thatk = %

b Calculate E(X).

¢ Specify fully the cumulative distribution function of X.

d Find the value of the median.
e Find the value of the mode.

6 The random variable Y has probability density function f(y) given by

k(y?+2y+2), 1sys3,

f(v) =
) 0, otherwise.

where K is a positive constant.

a Show thatk = 3

62
b Specify fully the cumulative distribution function of Y.
¢ Evaluate P(Y < 2).
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7 Arandom variable X has probability density function f(x) given by

3
= (4 — x?), -2<x<2,
f(x) = 32( )
0, otherwise.
a Sketch the probability density function of X.
b Write down the mode of X.

¢ Specify fully the cumulative distribution function of X.

ﬂ' d Find P(0.5 < X < 1.5).
=

8 Arandom variable X has probability density function f(x) given by

& % 0<x<1,
f(x) = %xz, l<x<2
0, otherwise.

a Find E(X).
b Specify fully the cumulative distribution function of X.
¢ Find the median of X.

A continuous random variable X has probability density function f(x) given by

kx — K, 1<x<3

f(x) =
@) 0, otherwise.

where k is a positive constant.

a Show thatk = %

b Find E(X).

¢ Work out the cumulative distribution function, F(x).
d Show that the median value lies between 2.4 and 2.5.

The continuous random variable X has probability density function given by

X, O=sx<1,
fw=3% 1<x<2

0, otherwise.

a Sketch the probability density function of X.

b Find the mode of X.

¢ Find E(2X).

d Find Var(2X + 1)

e Specify fully the cumulative distribution function of X.

f Using your answer to part e find the median of X.




Continuous random variables

Summary of key points

1 For a continuous random variable, X

[ Zf(x)dx =1

o]

u=EX) = f_ mxf(x)dx
0> =EX? — u? = [szf(x)dx — u?

2 Cumulative distribution function, F(x)

0<Fx)=<1
X

F(x) = P(X < x) = f _ f(pdt

3 The median m satisfies F(m) = 0.5.
The Lower Quartile Q, satisfies F(Q;) = 0.25.
The Upper Quartile Qs satisfies F(Q;) = 0.75.

4 The mode is the x value at the highest point of the function.




Review EXxercise

k(4x — x3), Osx<2,
0, otherwise,

It is estimated that 4% of people have
green eyes. In a random sample of size n,
the expected number of people with green

f(x) = {

where k is a positive constant.

eyes is S.
_1
a Calculate the value of . a Show thatk = 2.
The expected number of people with green Find
eyes in a second random sample is 3. b E(X),
b Find the standard deviation of the ¢ the mode of X,
number of people with green eyes in d the median of X.

this second sample. e Comment on the skewness of the

distribution.
#) 1n a manufacturing process, 2% of the f Sketch f(x). e
articles produced are defective. A batch of
200 articles is selected. e A fair coin is tossed 4 times.

a Giving a justification for your choice, Find the probability that

use a suitable approximation to a an equal number of heads and tails
estimate the probability that there are occur,
exactly 5 defective articles. b all the outcomes are the same,

b Estimate the probability there are less ¢ the first tail occurs on the third
than 5 defective articles. Q throw.

) Accidents on a particular stretch of
A continuous random variable X has motorway occur at an average rate of 1.5
probability density function per week.




a Write down a suitable model to
represent the number of accidents per
week on this stretch of motorway.

Find the probability that

b there will be 2 accidents in the same
week,

c there is at least one accident per week
for 3 consecutive weeks,

d there are more than 4 accidents in a
two-week period.

The random variable X ~ B(150, 0.02).
Use a suitable approximation to estimate
P(X > 7).

A continuous random variable X has
probability density function f(x) where,

2<x<3,

0, otherwise,

where K is a positive constant.

a Show thatk = %
Find
b E(X),

¢ the cumulative distribution function
F(x).

d Show that the median value of X lies
between 2.70 and 2.75.

The probability of a bolt being faulty is
0.3. Find the probability that in a random
sample of 20 bolts there are

a exactly 2 faulty bolts,
b more than 3 faulty bolts.

These bolts are sold in bags of 20. John
buys 10 bags.

¢ Find the probability that exactly 6 of
these bags contain more than 3
faulty bolts.

g a State two conditions under which a
Poisson distribution is a suitable model
to use in statistical work.

The number of cars passing an observation
point in a 10-minute interval is modelled
by a Poisson distribution with mean 1.

b Find the probability that in a randomly
chosen 60-minute period there will be

i exactly 4 cars passing the
observation point,

ii atleast S cars passing the
observation point.

The number of other vehicles, (i.e. other
than cars), passing the observation point
in a 60-minute interval is modelled by a
Poisson distribution with mean 12.

¢ Find the probability that exactly
1 vehicle, of any type, passes the
observation point in a 10-minute
period.

The continuous random variable Y has
cumulative distribution function F(y)
given by

0/ y < 1,
F(y) = \k(*+y*~2), 1sys<2,
11 y > 2
_ 1
a Show that k = s

b Find P(Y > 1.5).

¢ Specify fully the probability density
function f(y).

The continuous random variable X has
probability density function f(x) given by

200 —2), 2<x<3,

f(x) = .
0, otherwise.

a Sketch f(x) for all values of x.




b Write down the mode of X.
Find

¢ EX),

d the median of X.

e Comment on the skewness of this
distribution. Give a reason for your
answer.

An engineering company manufactures an

electronic component. At the end of the
manufacturing process, each component is
checked to see if it is faulty.

Faulty components are detected at a rate
of 1.5 per hour.

a Suggest a suitable model for the
number of faulty components detected
per hour.

b Describe, in the context of this
question, two assumptions you have
made in part a for this model to be
suitable.

¢ Find the probability of 2 faulty
components being detected in a 1-hour
period.

d Find the probability of at least one
faulty component being detected
in a 3-hour period.

m a Write down the conditions under which

the Poisson distribution may be used
as an approximation to the binomial
distribution.

A call centre routes incoming telephone
calls to agents who have specialist
knowledge to deal with the call. The
probability of the caller being connected
to the wrong agent is 0.01.

b Find the probability that 2 consecutive
calls will be connected to the wrong
agent.

¢ Find the probability that more than 1
call in 5 consecutive calls are connected
to the wrong agent.

The call centre receives 1000 calls each
day.

d Find the mean and variance of the
number of wrongly connected calls.

e Use a Poisson approximation to find,
to 3 decimal places, the probability
that more than 6 calls each day are
connected to the wrong agent.

The continuous random variable X has

probability density function given by

1

gx, 0<x <3,
@ =12-2x, 3<x<y4,
0, otherwise.

a Sketch the probability density function
of X.

b Find the mode of X.

¢ Specify fully the cumulative distribution
function of X.

d Using your answer to part ¢, find the
median of X.

The random variable ] has a Poisson

distribution with mean 4.
a Find P(] = 10)

The random variable K has a binomial
distribution with parameters n = 25,
p=0.27.

b Find P(K < 1) (E)



The continuous random variable X has
cumulative distribution function

0, x <0,
Fix) = Y202 a3, O=sx<l,
1, x> 1.
a Find P(X > 0.3).

b Verify that the median value of X lies
between x = 0.59 and x = 0.60.

¢ Find the probability density function
f(x).

d Evaluate E(X).
e Find the mode of X.

f Comment on the skewness of X.
Justify your answer.




After completing this chapter you should

e be able to decide when to use the continuous uniform
distribution

e be able to derive the mean, variance and cumulative
distribution function of a continuous uniform
distribution

e be able to use the formulae for the mean, variance
and cumulative distribution function of a continuous
uniform distribution.

Continuous uniform
distribution

LEVEL4 ENERGY

\\ TIME:

5

In a computer game an alien appears every 2
seconds. The player stops the alien by pressing a
key. The object of the game is to stop the alien as
soon as it appears. A simple model of the game
assumes that the time taken, Ts, to stop the alien
is a continuous uniform random variable defined
over the interval [0, 1].

Find the probability that the alien is stopped within
0.2 seconds of it appearing.

When you have finished this chapter you will be
able to answer such questions.



Continuous uniform distribution

4,1 Continuous uniform/rectangular distribution.

The continuous random variable X with p.d.f.

1
f(x) ={b—a’
0, otherwise.

asx <),

where a and b are constants is called a continuous uniform (rectangular) distribution.

It is denoted by X ~ Ula, b].
A sketch of the p.d.f. is as follows.
f(x)

1
b-a . Area = 1.

0| a b X

The continuous random variable X ~ U[3, 5]
a Write down the distribution of Y = 5X — 4.
b Find P(3.2 < X < 4.3).

a Substitute the lower and upper limits of 3 and
5into Y =5X — 4 toget
lower limit: E(Y) = BE(X) — 4 »

=5X3—-4
=11
upper limit: E(Y)=5 X 5 — 4

= 21
Y~ UM, 21]
1 _ 1 _
2 b—a 5-23 ok
f(x)
0.5

0 332 43 5 *

P(32 < X < 4.3) = (43 — 3.2) X 0.5
= 0.55

Remember:
E(aX + b) = ak(X) + b.

When dealing with a uniform
distribution it is easier to sketch
the p.d.f. and work out the area of
the rectangle

P(3.2 < x < 4.3) is area of the
shaded section on the sketch.

d
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Example 3

The continuous random variable X has p.d.f as shown in the diagram.

f(x)

=)

w

N
KY

Find
a the value of k,
b P(3 < X < 3.5).

a Area =1
_ 04X (4 — Kk =1
il 4—k=25
k=1b

b P(3<X<35)=04X(35-3)=0.2

1 The continuous random variable X ~U|[2, 7].
Find
a PB<X<)),
b P(X > 4).

2 The continuous random variable X has p.d.f. as shown in the diagram.

flx)t

0.1+

0] 2.6 kK X

Find
a the value of k,
b P4<X<79).

3 The continuous random variable X has p.d.f.

£ k) —-2<x< 6,
x =
) 0, otherwise.



Find
a the value of k,
b P(—-1.3 <X <4.2).

4 The continuous random variable Y ~ U[a, b]. Given that P(Y < 5) = yand P(Y > 7) = 1, find

the value of a and the value of b.

5| The continuous random variable X ~U|2, §].
a Write down the distribution of Y = 2X + 5.
b Find P(12 < Y < 20).

Continuous uniform distribution

4,2 The properties of a continuous uniform distribution.

Example [}

The continuous random variable X has p.d.f.

1 <
, Sx<b,
fy ={b—a’" “
0, otherwise.
Find
a E(X),
b Var(X),
¢ F(x).
a f(x)
1
b—a
O| a b X
atb

By symmetry E(X) = >

The formulae for E(X) for the
continuous uniform distribution
is given in the formula book.
However, you should be able to
derive it from first principles.
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3(b — a) a
(- (=) (- (=5Y)
3(b — a) 3(b — a)
=A==
3(b— a)
I
3(b — a)
(b-ap  (b—ap
_ & &
3(b — a)
(b—ay
"5 -7
_(b—ap
C12(b— a)
_(b—ar
12

ab_ﬁ
:[__E__]x
b_aa
S
b— a
0, x < a,
= — (| X—a <x<
(x) T, X< b,

This is using the continuous
Y(x — x)?
—

You could use E(X?) — (E(X))? but
it is more difficult in this case.

version of Variance =

(x + a)*!

Usmgf(x+a)dx= PR

Using —(a — b)® = (b — a)?

The formulae for Var(X) for the
continuous uniform distribution
is given in the formula book.
However, you should be able to
derive it from first principles.

You may learn and then use the
formula for F(x) for the uniform
continuous distribution. However,
you should be able to find F(x)
from first principles.



For a continuous uniform distribution Ula, b]

n E(X)=a;'b
[ Var(X)=(b1;2a)2
0, x<a
B FX) = Z:;’, a<x<b,
1, x > b.

Continuous uniform distribution

The continuous random variable Y is uniformly distributed over the interval [4, 7].

Find:
a E(X),
b Var(X),

¢ the cumulative distribution function of X, for all x.

-2l
_x—4
%
0, x < 4,
F(x) = x—gﬁ 4<x<

You can write this down straight
away if you learn the formula
for F(X) of a continuous uniform
distribution.
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The continuous random variable Y is uniformly distributed over the interval [a, b].
Given E(Y) = 1 and Var(Y) = 176, find the value of a and the value of b.

E(Y)
atb_ 1
2
atb= (M
Var(Y)
b—aF_16
12 )
(b— a)? =04 (2)
Solving equations (1) and (2) simultaneously
b=2—-a2a
(2—-—2a—-a2=0c4
(2 —2a)=*b&
2—-2a2=56 2—2a=-6
a= -5 a=b
b=2--3 b=2-5

Sincea< b,a= —3andb=D5.

Example |3

The continuous variable X is uniformly distributed over the interval [-3, 5].
a Write down E(X).
b Use integration to find the Variance of X.

a EX)=1
b Var(X) E(5X ) [E(X)] You could have done
:f 2CEolx—12 fS(x—Uz: (x_1)3]5
Y 3 8 24 |3
5
241-» 24 24
_ 125 [ 27 = 5]
27 27! s
—5)

)



Continuous uniform distribution

Example

The trunk of a small tree varies in diameter from 10 cm at the bottom to 2 cm at the top. A small
child is asked to measure the diameter of the trunk. The random variable R is the radius of the
cross section of the tree as measured by the child. R ~ U [1, §].

Find the expected value of the area, A, of the cross-section of the tree.

A= wR?
E(A) = E(wR?)
= @E(R?)
Var (R) = E(R?) — [E(R)]? To find E(R?) you could have used
Rearranging gives EX2) = fxzf(x)dx
E(R?) = Var(R) + [E(R)]? ;
= 1 2g, - [1 3 1 _ 1 _1 e
Var(R) = (_5__1_2_92 _’]% ‘/1‘ 4rdr [12r}1 (Slnceb_ 5-1 4
=125 _ 1
E(R):§_2+_1:5 12 12
1 = 101§
2) = 1L +
E(R?) 15 9
ol
105
_ dlm
E(A) = 21

1| The continuous variable Y is uniformly distributed over the interval [—3, 5].
Find:
a E(X),
b Var(X),
c E(X?),
d the cumulative distribution function of X, for all x.

2 Find E(X) and Var(X) for the following probability density functions.

) 1=sx<35,
a fix) =44
0, otherwise.
1
o —2<x <6,
b f(x) =148

0, otherwise.
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The continuous random variable X has p.d.f as shown in the diagram.

f(x)4

Find:

a E(X),

b Var(X),

¢ EX?),

d the cumulative distribution function of X, for all x.

The continuous random variable Y ~ Ula, b]. Given E(Y) = 1 and Var(Y) = g, find the value
of a and the value of b.

The continuous random variable X has probability density function

1
f(x) = 6’
0, otherwise.

Given that Y = 4X — 6, find E(Y) and Var(Y).

The random variable X is the length of a side of a square. X ~ U[4.5, 5.5].
The random variable Y is the area of the square.
Find E(Y).

In a computer game an alien appears every 2 seconds. The player stops the alien by pressing
a key. The object of the game is to stop the alien as soon as it appears. Given that the player
actually presses the key T's after the alien first appears, a simple model of the game assumes
that T is a continuous uniform random variable defined over the interval [0, 1].

a Write down P(T < 0.2).
b Write down E(T).
¢ Use integration to find Var (T).



Continuous uniform distribution

4.3 Choosing the right model.

The length of a pencil is measured to the nearest cm. Write down the distribution of the
rounding errors R.

The error is the difference between the true

length and the recorded length.

If a pencil is recorded as 20 cm long then its

length is anywhere in the interval
19.5¢cm < length < 20.5cm

The error is therefore in the interval The uniform distribution is often

_ used as a model for errors made by e
—0.5 s error < 0.5. rounding up or down when recording
As it is reasonable to assume that the measurements.

error is equally likely to take any of the

values in this range
R~U[-0.b, 0.5]

Example E]

A bus arrives, on time, at a bus stop every 20 minutes. Jimmy arrives at the bus stop at a random
time without knowing when the next bus is due. Let X represent the time Jimmy has to wait for
a bus to arrive at the bus stop.

a Suggest a suitable model for the distribution of X.

b Using your model calculate the probability that Jimmy will wait more than 6 minutes for a bus
to arrive.

Since the bus arrives on time and
Jimmy arrives at a random time then
his waiting time is uniformly distributed
over the 20 minutes.

a X~ U(0,?20)

> = X —
b PX>0)=14 50 A

1
=07 20
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Example [}

Write down the name of the distribution you would recommend as a suitable model for each of
the following situations.

a The weights of 200 g tins of tomatoes produced on a production line.
b The difference between the true length and the length of metal rods measured to the nearest
centimetre.

You expect more tins to be near the
a Normal 200 g mark.

It is reasonable to assume that the
difference is equally likely to take any of
the values in the range —0.5 to 0.5.

b Continuous uniform

Mixed exercise [f1dq

1| The continuous random variable X is uniformly distributed over the interval [-2, 5].
a Sketch the probability density function f(x) of X.
Find
b E(X),

¢ Var(X),
d the cumulative distribution function of X, for all x,

e P(3.5<X <55,
f P(X = 4).

o

The continuous random variable X has p.d.f. as shown in the diagram.

fx)4

0.2

QY

—4 0 x

Find

a the value of k,

b P(-2<X < -1),

¢ E(X),

d Var(X),

e the cumulative distribution function of X, for all x.

The continuous random variable Y is uniformly distributed on the intervala < Y < b.
Given E(Y) = 2 and Var(Y) = 3.

Find

a the value of a and the value of b,

b P(X > 1.8).




Continuous uniform distribution

A child has a pair of scissors and a piece of string 20 cm long, which has a mark on one end.
The child cuts the string, at a randomly chosen point, into two pieces. Let X represent the
length of the piece of string with the mark on it.

a Write down the name of the probability distribution of X and sketch the graph of its
probability density function.

b Find the values of E(X) and Var(X).

¢ Using your model, calculate the probability that the shorter piece of string is at least 8 cm
long.

Joan records the temperature every day. The highest temperature she recorded was 29 °C to
the nearest degree. Let X represent the error in the measured temperature.

a Suggest a suitable model for the distribution of X.
b Using your model calculate the probability that the error will be less than 0.2 °C.

¢ Find the variance of the error in the measured temperature. S

Jameil catches a bus to work every morning. According to the timetable the bus is due at
9a.m., but Jameil knows that the bus can arrive at a random time between three minutes
early and ten minutes late. The random variable X represents the time, in minutes, after
9 a.m. when the bus arrives.

a Suggest a suitable model for the distribution of X and specify it fully.
b Calculate the mean value of X.

¢ Find the cumulative distribution function of X.

Jameil will be late for work if the bus arrives after 9.05a.m.

d Find the probability that Jameil is late for work.

A plumber measures, to the nearest cm, the lengths of pipes.

a Suggest a suitable model to represent the difference between the true lengths and the
measured lengths.

b Find the probability that for a randomly chosen rod the measured length will be within
0.2 cm of the true length.

¢ Three pipes are selected at random. Find the probability that all three pipes will be within
0.2 cm of the true length.

A coffee machine dispenses coffee into cups. It is electronically controlled to cut off the flow
of coffee randomly between 190 ml and 210 ml. The random variable X is the volume of
coffee dispensed into a cup.
a Specify the probability density function of X and sketch its graph.
b Find the probability that the machine dispenses

i less than 198 ml,

ii exactly 198 ml.

¢ Calculate the inter-quartile range of X.
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9 Write down the name of the distribution you would recommend as a suitable model for each
of the following situations.

a the difference between the true height and the height measured, to the nearest cm, of
randomly chosen people.

b the heights of randomly selected 18-year-old females.

(]
Summary of key points
1 A random variable having a continuous uniform distribution over the interval (a, b) has
p.d.f.
1 ; a<x<hb,
fx) ={b—a
0, otherwise.

2 For a random variable X having a uniform distribution

E(X)=a;b
b — a)?
Var(X)=( 17 )
O/ x <a,
Fx) = Z:Z, a<x<Db,




After studying this chapter you should
e know when and how to apply a continuity correction

e know how to approximate a binomial distribution
with a normal distribution

e know how to approximate a Poisson distribution with
a normal distribution.

Sometimes the calculations using a binomial or
Poisson distribution can become quite cumbersome
because of the numbers involved. In many cases the
normal distribution provides a simple and accurate
approximation of the probability required.

Normal
approximations

This chapter will show you how to find out
how often a particular number of boats are
hired from a marina in a given period.
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5,1 Using a continuity correction.

The binomial and Poisson distributions are both discrete distributions but the Normal
distribution is continuous. This means that, for a discrete distribution, P(X < 5) and P(X < 5)
give different answers as P(X < 5) = P(X < 4). However, for a continuous distribution such as the
normal, P(X < 5) and P(X < 5) would have the same value since P(X = 5) is zero.

If you are approximating a discrete distribution, X, by a continuous distribution, Y, you need to
consider how to treat the decimal values of Y between the discrete values of X.

From GCSE, you will be familiar with the idea that, if X = S to the nearest integer, then
4.5 < X < 5.5 and we use this idea when approximating discrete distributions by a normal (or
any continuous) distribution and we call it a continuity correction.

.

If X is a discrete distribution, apply a continuity correction to the following probabilities.
aPX=<6), b P(X > 10), c P2=<X<)).

A diagram might help.

N+

Since any value of X such that
6.5 6 < X < 6.5 would round down
to 6, we write P(X < 6) =
P(X <6)=P(Y <6)5) P(Y < 6.5). The continuous
variable Y could take decimal
values. So a value such as 6.37
would round down to 6 so when
you approximate X < 6 you need
to use Y < 6.5.

\\e]
—
)

A value of ¥ < 10.5 would round
down to 10 but since you want
P(X > 10), 10 should not be
P(X >10) = P(Y = 10.5) included so you need Y = 10.5.

—
_O cooodlbacoo
9,

Of course, once the approximation
has been made there is no need
to worry about the difference
PO<X<B)=~PE<Y<A45 between P(Y = 10.5) and
c ( ) ( ) P(Y > 10.5) as both values will be
the same.

A value of 5 > Y = 4.5 would round
1.5 4.5 up to 5 so you want Y < 4.5.

Any value of 2 > Y= 1.5 would
round up to 2 so you want Y = 1.5.

Use these values for the
approximation.



Normal approximations

The continuity correction can be summarised in the following simple rules

1 First write your probability using < or =.
2 For P(X < n) you simply approximate by P(Y < n + 0.5).
For P(X = n) you simply approximate by P(Y = n — 0.5).

You may find these rules helpful but the required continuity correction can always be found
using a simple diagram.

Exercise [FY

1 The discrete random variable X takes integer values and is to be approximated by a normal
distribution. Apply a continuity correction to the following probabilities.

aPX=<7) b P(X < 10) c P(X>)5)
d P(X = 3) e P(17 < X < 20) f P(18 < X < 30)
g P(28 < X <40) h P(23 < X < 3))

5.2 Approximating a binomial distribution by a normal distribution.

The random variable X ~ B(n, p).

If n is large, calculating binomial coefficients can be difficult and if n is very large most
calculators will be unable to perform the calculation (try 5*°C,,, on your calculator).

If p is close to 0.5, then the binomial distribution will be fairly symmetric and so it is reasonable
to assume that a normal distribution might provide a suitable approximation.

It is clearly sensible to choose a normal distribution that has the same mean and variance as the
original binomial distribution and this leads to the following approximation.

If X ~ B(n, p) and
. ) The mean and variance
B nislarge of a binomial were given
in Section 1.5.

B piscloseto 0.5
Then X can be approximated by Y ~ N(np, np(1 — p))

i.e.c=/np(1 — p)

There is no definitive answer to the question of how large n should be or how close to 0.5 p
should be. The simple answer is that the larger n is and the closer p is to 0.5 the better. However,
the approximation does work quite well for relatively small values of n if p is close to 0.5, as the
following example illustrates.

The random variable X ~ B(20, 0.4).
a Use tables to find P(X < 6).
b Use a normal approximation to estimate P(X < 6).
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a P(X<6)=0.2500

b X~B(20,0.4)s0 Y~ N(&, (V4.8)?) — 3

P(X< 6) =~ P(Y < 6.5) \

P(Y < 65) = P(Z< %%_5) — |

=P(Z<-06846...) |

=1-0.7517

= 0.2483

Use the cumulative binomial distribution
tables with n = 20, p = 0.4 and x = 0.6.

Using u = np = 20 X 0.4 = 8 and
a?=np(1 — p) =20 X 0.4 X 0.6 = 4.8.
So o = V4.8.

Apply the continuity correction.

X = p

Standardise using z = —

Use 0.68 in the tables as this is the nearest
value.

Remember the normal tables are in the S1
section of the formula booklet.

NB A calculator would give 0.24678... here but both of these values are equal to 0.25 to 2 s.f.
thus demonstrating that the approximation has worked quite well.

Example [EJ

The random variable X ~ B(120, 0.25). Use a normal approximation to estimate P(35 < X < 45J).

X~ B(120, 0.25) s0 Y ~ N(30, (V22.5 )?)

P(3D0 = X< 4D) = P(245 < Y=< 455)

= p(245 =30 <
V225

= P(0.9486... < 7<327..) —

= 0.9994 — 0.6289

= 0.1705

120 X 0.25 = 30

M:
=120 X 0.25 X 0.75 = 22.5

7 < 455 — 20

Apply continuity corrections.

X—p

Standardise using z = —

Use 0.95 and 3.25 as these are
the nearest values in the tables.

NB Calculators will give 0.17084... here so the examiners would usually accept answers which

round to 0.171.

Some calculators will give an answer to the original question using a binomial distribution
(0.1700 in this case). However, if a question tells you to use a normal (or a suitable)
approximation then simply giving this answer will usually score no marks. This calculator value
can provide a useful check though and that is sometimes reassuring in an examination.



Normal approximations

For a particular type of flower bulb, 70% will produce yellow flowers. A random sample of 80
bulbs is planted.

Calculate the percentage error incurred when using a normal approximation to estimate the
probability that there are exactly 50 yellow flowers.

Let X = the number of bulbs producing yellow flowers
in a sample of &0. Define a suitable random variable.

Then X ~ B(80, 0.70)

Find the exact probability using a
binomial distribution.

P(x=50) = (£9)0.7% (03)*

= 0.032649...
Find u and o2 for the normal
Y~ N(56, V16.62) + approximation u = 80 X 0.7 = 56
02 =80X%X0.7x%X03=16.8

V10.6 V10.8

The continuity correction for
X = 50 gives 49.5 < Y < 50.5.

= P(—159 < Z< —134) Then standardise.
= [1 = 0.9099] — [1 — 0.9441]

Calculate Z to 2 decimal places.
= 0.0242

NB using a calculator for the approximation gives a
probability of 0.033435

(0.0342 — 0.03284...)
0.03284 ...

Percentage error = X 100

= 4.1%

[Using the calculator value gives 1.86%.]

1| The random variable X ~ B(150, %). Use a suitable approximation to estimate
a P(X < 40), b P(X > 60), ¢ P(45 < X < 60).

2 The random variable X ~ B(200, 0.2). Use a suitable approximation to estimate
a P(X < 45), b P(25 < X < 35), c P(X = 42).

3 The random variable X ~ B(100, 0.65). Use a suitable approximation to estimate
a P(X > 58), b P(60 < X < 72), c P(X =70).
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4 Sarah rolls a fair die 90 times. Use a suitable approximation to estimate the probability that
the number of sixes she obtains is over 20.

5 In a multiple choice test there are 4 possible answers to each question. Given that there
are 60 questions on the paper, use a suitable approximation to estimate the probability of
getting more than 20 questions correct if the answer to each question is chosen at random
from the 4 available choices for each question.

6 A fair coin is tossed 70 times. Use a suitable approximation to estimate the probability of
obtaining more than 45 heads.

5.3 Approximating a Poisson distribution by a normal distribution.

If the mean of a Poisson distribution is large then a normal approximation can be used. As for
the binomial distribution we choose the normal distribution to have the same mean as the
original Poisson distribution mean and the same variance as the original Poisson distribution.

If A is large In Section 2.2 you saw
that if X ~ Po(X) then
B X~ Po(A) can be approximated by Y ~ N(A, (VA)?) E(X) = A and Var(X) = A.

As before there is no simple answer, other than the larger the better, to the question of how large
A should be before a Poisson distribution can be approximated to a normal distribution.

The random variable X ~ Po(25). Use a normal approximation to estimate
a P(X > 30), b P(18 < X < 35).

Since A is quite large we can use
X~ Fo(25) a normal approximation with
p=A=25and o = A = 25 = 52

So Y~ N(25, 57)

a FP(X>30)=FP(Y>3205) Apply a continuity correction.
= P(Z > é@) Standardise using z = * ; £
= P(Z> 1)
=1—-0.6645

= 0.1257



Normal approximations

b FB=X<38) =75 =Y < 545 then sandardise,

5 5

_ P(17.5 — 20 L 5 545 - 25)

= P(— 15 < Z<19)
= 04713 + 0.4332

= 0.9045

NB Your calculator may be able to calculate these probabilities using the original Poisson
distribution (part a would be 0.13669... and b 0.90568) but, in S2, if you are asked to use an
approximation you will not receive any credit for simply giving these values.

Example |3

A car hire firm has a large fleet of cars for hire by the day and it is found that the fleet suffers
breakdowns at the rate of 21 per week. Assuming that breakdowns occur at a constant rate,
randomly in time and independently of one another, use a suitable approximation to estimate
the probability that in any one week more than 27 breakdowns occur.

Let X represent the number of breakdowns per week.

Since A is large a normal
approximation can be used.

P(X> 27) = P(Y > 27.5) e N |
Apply the continuity correction.

275 — 21
= Pl z> el =L
V21 T Standardise.

X~ Po(21) s0 Y ~ N(21, 21)

=P(Z>1416...) N |
The nearest value in the tables
=1 — 0.9222 is 1.42.

= 0.0778

NB A calculator would give 0.078034...so the examiners would probably accept answers which
round to 0.078.

Exercise

1 The random variable X ~ Po(30). Use a suitable approximation to estimate
a P(X < 20), b P(X > 43), ¢ P(25 < X < 35).
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2 The random variable X ~ Po(45). Use a suitable approximation to estimate
a P(X < 40), b P(X = 50), c P43 <X <52).

3 The random variable X ~ Po(60). Use a suitable approximation to estimate
a P(X < 62), b P(X = 63), c P(55 < X <6)5).

4 The disintegration of a radioactive specimen is known to be at the rate of 14 counts per
second. Using a normal approximation for a Poisson distribution, determine the probability
that in any given second the counts will be

a 20, 21 or 22, b greater than 10, ¢ above 12 but less than 16.

5 A marina hires out boats on a daily basis. The mean number of boats hired per day is 15.
Using the normal approximation for a Poisson distribution, find, for a period of 100 days

a how often 5 or fewer boats are hired,
b how often exactly 10 boats are hired,
¢ on how many days they will have to turn customers away if the marina owns 20 boats.

54 Choosing the appropriate approximation.

In Section 2.5 you saw that a binomial distribution can sometimes be approximated by a
Poisson distribution and in Section 5.2 you saw that sometimes it can be approximated by a
normal distribution. The approximations you need in S2 can be summarised by the following
diagram.

Large n
p close to 0.5

Discrete Continuous

Binomial (, p)

Letu = np
and ¢?> = np(1 — p)
Large n B \
Small p Let4 = np Normal (4, 0?)
Letu =4
and 0% = 1
Poisson (1) Large 4

If the approximation
crosses this line a
continuity correction
is required.




Normal approximations

If you are approximating a binomial distribution to a normal distribution you should always go
directly to the normal distribution and not via a Poisson distribution as this involves one not
two approximations and should therefore be more accurate.

So for a binomial distribution there are two possible approximations, depending upon whether
p lies close to 0.5 (in which case a normal distribution is used) or p is small (in which case a
Poisson distribution is used). If you are in doubt over which approximation is appropriate a
useful ‘rule of thumb’ is to calculate the mean np and, if this is less than or equal to 10, you
should be able to use the Poisson tables so that approximation can be used. If the mean is more
than 10 then a normal approximation is usually suitable.

Example

A spinner is designed to land on red 10% of the time. Use suitable approximations to estimate
the probability of
a fewer than 4 reds in 60 turns of the spinner,

b more than 20 reds in 150 turns of the spinner.

a Let X = the number of reds in 60 turns of the spinner.

X~ B(60, 0.1) Cglculzf\te the mean of the
binomial.
E(X) = 60 X 0.1 = 6 50 a Poisson approximation can
be used.
No continuity correction is
S0 X = ~Fo(©) required — simply use the
P(X< 4) = P(X< %) zo;ss;n tables with A = 6 and

= 0.1512

b Let R = the number of reds in 150 turns of the spinner.

R~ B(150, O.1) Since the mean is >10 use a

| imation. Th
E(R) =150 X 0.1 = 15 g0 use a normal approximation. «—— C;)Ieraofag)zpr:o?gr(\)a;ogj ><eo.9

~ o~ 125 V2 = 13.5 and a continuity
20 8 N5, (/15.57)%) correction is needed.
P(R>20)= P(Y = 20.5)

bl 75 205 =15

V13.5
_ i Use z = 1.50 as this is the
= F(Z£>1496...) nearest value in the tables.
=1— 09332

= 0.06656

NB The exact binomial probabilities in these cases are @ 0.13739... and b 0.072088.
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1

Mixed exercise [

A fair die is rolled and the number of sixes obtained is recorded.
Using suitable approximations, find the probability of

a no more than 10 sixes in 48 rolls of the die,
b at least 25 sixes in 120 rolls of the die.

A fair coin is spun 60 times.
Use a suitable approximation to estimate the probability of obtaining fewer than 25 heads.

The owner of a local corner shop calculates that the probability of a customer buying a
newspaper is 0.40 but the proportion of customers who spend over £10 is 0.04.

A random sample of 100 customers’ shopping is recorded. Use suitable approximations to
estimate the probability that in this sample

a at least half of the customers bought a newspaper,
b more than 5 of them spent over £10.

Street light failures in a town occur at a rate of one every two days. Assuming that X, the
number of street light failures per week, has a Poisson distribution, find the probabilities that
the number of street lights that will fail in a given week is

a exactly 2,

b less than 6.

Using a suitable approximation estimate the probability that

c there will be fewer than 45 street light failures in a 10-week period.

Past records from a supermarket show that 20% of people who buy chocolate bars buy the family
size bar. A random sample of 80 people is taken from those who had bought chocolate bars.

a Use a suitable approximation to estimate the probability that more than 20 of these 80
bought family size bars.

The probability of a customer buying a gigantic chocolate bar is 0.02.

b Using a suitable approximation estimate the probability that fewer than S customers in a
sample of 150 buy a gigantic chocolate bar.

Summary of key points
1 The random variable X ~ B(n, p) can be approximated by Y ~ N(np, np(1 — p)) when

n is large
p is close to 0.5

A continuity correction should be used.

2 The random variable X ~ Po()) can be approximated by Y ~ N(A, A) when

A is large
A continuity correction should be used.



After completing this chapter you should

e know what is meant by a population

e know the difference between a census and a sample
e know what is meant by a sampling frame

¢ know what is meant by a sampling unit

e know the advantages and disadvantages of taking a
census and taking a sample

¢ know what is meant by the sampling distribution of a
statistic

e be able to find the sampling distribution of samples in
simple cases.

Populations
and samples

Consider articles produced by a machine. Some may
be faulty and some may be satisfactory.

By taking a number of articles (a sample) and finding
how many of them are faulty we can draw conclusions
about the number of faulty articles among all of the
articles being produced (the population).



6.] Populations, censuses and samples.

B A population is a collection of individual people or items. Examples include manufactured
items, plants, supermarkets, members of a club, etc.

B A population may be of finite size. For example, the number of students at a particular
school is finite because you can give each student a number and count how many of them
there are.

B A population may be considered to be of infinite size if it is impossible to know exactly how
many members there are in the population. For example the number of grains of sand on a
stretch of beach. It would be impossible to count them all.

B A population may be of countably infinite size if we know that the population could be
infinite but in practice we can count the number of individual members of it. For example
the number of throws of a dice in order to obtain a 6 is countably infinite.

B If information is to be obtained from all members of the population, the investigation is
known as a census.

Give an example of the following types of population
a finite b infinite.

a The number of students in a sixth form in the This is a small population. By

academic year 2007/2008 is a finite population. «—— contrast the yearly output of a
machine would be a large but
finite population.

b The number of telephone calls made in a year

throughout the world can be considered infinite. These are not the only possible
answers. Perhaps you can think
(It would be impossible to count them.) up some for yourself.

6.2 The advantages and disadvantages of taking a census.

B The advantages of taking a census are
o every single member of the population is used
@ it is unbiased
@ it gives an accurate answer.

B The disadvantages of taking a census are
@ it takes a long time to do
® it is costly
e it is often difficult to ensure that the whole population is surveyed.




Populations and samples

6.3 Understanding the concept of sampling.

For a large population where a census is ruled out as being impractical the required information
is obtained from selected members that form a sub-set of the population.

The chosen members are referred to as a sample.

An investigation using a sample is called a

sample survey.
p Y For example, John, Sandra and

The individual units of a population are known as Tony IC0U|d be threke of the )
. . *—— sampling units making up the
sampling units. population of students in a sixth

When the sampling units within a population are form.
individually named or numbered to form a list then this
list of sampling units is called a sampling frame.

A sampling frame can take a variety of forms — a list, For example, the class register of
index, map, file, database — but whatever its form, «~— all the students in the sixth form
how well a sampling frame covers a population would be a sampling frame.
and its accuracy are important as the sampling

frame is the basis of any sample drawn.
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a Give two reasons why a census may not be used.

A factory manager is suggesting that overalls with the company logo be provided for workers. It
is decided to ask a sample of workers for their opinion about the proposed change.

b Suggest what would be suitable sampling units for this investigation.
¢ Suggest a suitable sampling frame.

a A census is time consuming. Another reason could be that it
: is difficult to ensure the whole
A census is costly. population is surveyed. Any two

reasons would be accepted.

b The workers in the factory.

¢ A numbered list of all the workers at the factory. «——— You need to use the context

here.
6.4 The advantages and disadvantages of sampling.
The advantages of sampling For example, if a sample is taken from
a production line producing breakfast
B If a population is large and well mixed a cereal, the fat content of the sample is
sample will be representative of the whole representative of the fat content of all

population. This has many advantages. the cereal being produced.




Sampling is generally cheaper than taking a
census.

Sampling is advantageous where the testing
of items results in their destruction.

When using a sample rather than a census,
data is generally more readily available.

The disadvantages of sampling

B There is an uncertainty about sampling in

that there will be a natural variation between
any two samples due to the natural variation
between the individual units that make up the
samples.

Another source of uncertainty is called bias.
Bias is anything which occurs when taking a
sample which prevents it from being truly
representative of the population from which
it is taken.

Bias can occur if you sample from an incomplete

sampling frame, or if you get responses only
from people that have a particular interest in
the topic being studied.

Bias can occur if the person taking the sample
allows their personal feelings to influence the
choice.

1 a Write down a brief description of a census.

Checking every item on a production
line could make the process
uneconomic.

For example, testing the life-time of
light bulbs.

For example, if you picked out three
individuals from your class, and then
picked out another three, you just
might get the three smallest people in
the first sample and the three tallest in
the second sample.

For example, a sample chosen from
the people getting off a train cannot
provide a good representation of the
views of people who drive into the city.

For example, a student asked to
interview people might only pick people
in his family.

b Write down two advantages of using a census rather than a sample.

¢ Write down two disadvantages of using a census rather than a sample.

Write down which of the following are finite populations and which are infinite

populations.
a Stars in the sky.
b Workers in a supermarket.

¢ The number of cows in Farmer Jacob’s herd of cows.



Populations and samples

3 a Write down a brief description of a sample.
b Write down one disadvantage of taking a sample rather than a census.
¢ Write down two advantages of taking a sample rather than a census.

4 A city council wants to know what people think about its recycling centre.
The council decides to carry out a sample survey to get the opinion of resident’s views.

a Write down one reason why the council should not take a census.
b Suggest a suitable sampling frame.
¢ Identify the sampling units.

5 A factory manufactures climbing ropes. The manager of the factory decides to investigate
the breaking point of the ropes.

Write down a reason, other than easier and cheaper, why he would not use a census.

6 A supermarket manager wants to find out whether customers are satisfied with the range of
products in the supermarket. He decides to do a survey.

a Write down a reason why the manager decides to use a sample rather than a census.
He decides to do a sample survey.

b Describe the sampling units for the sample survey.

¢ Give one advantage and one disadvantage of using a sample survey.

7 A manager of a garage wants to know what his mechanics think about a new pension
scheme designed for them. He decides to ask all the mechanics in the garage.

a Describe the population he will use.
b Write down the main advantage there will be in asking all his mechanics.

8 Each computer produced by a manufacturer is stamped with a unique serial number.
ITPro Limited make their computers in batches of 1000. Before selling the computers, they
test a random sample of 5 to see what electrical overload they will take before breaking
down.

a Give one reason, other than to save time and cost, why a sample is taken rather than a
census.

b Suggest a suitable sampling frame.
¢ Identify the sampling units.

6.5 Simple random sampling.

A sample should be a true (unbiased) representation of the population from which it is taken.
One way of achieving this is by obtaining the data by a process known as random sampling.

B Arandom sample of size n is one where every possible sample of size n has an equal chance
of being chosen.

t 4



In a random sample each sampling unit is chosen entirely by chance, and each member of the
population has a known, but possibly not equal, chance of being included. For example if you
have 8 balls in a bag then the initial probability that a given ball will be selected is % If, however,
a ball is drawn and not replaced before drawing a second ball, the probability that a given ball
will be drawn has increased to 1.

B A simple random sample, of size n, is one taken with replacement, so that every member of
the population has an equal chance of being selected.

B An unrestricted random sample is one taken without replacement so every member does not
have an equal chance of being selected.

In practice if the population is small in number, random sampling is carried out by sampling
with replacement. This means that the member of the population chosen at each draw is
replaced in the population before the next draw is made, so a member can appear more than
once in the sample. In practice if a member has already appeared you ignore it and draw another.

If the population is infinite, or so large that the probability change due to not replacing a
member of population is small enough to be ignored, then sampling without replacement can be
considered to be simple random sampling.

The theory in this and the next chapter is based on the assumption that the population is
numerical and that simple random sampling is used.

In book S1 you learnt that a random variable represents the outcome obtained as the result of an
experiment. A random variable always has a numerical value.

Choosing a number from a population is an experiment (being selected) and the outcome is a
number so we can define the outcome of the first member of the sample as being the random
variable X;.

In the same way the outcome of the second and third members of the sample are the random
variables X, and Xj;.

If there are to be n in the sample then the nth member of the sample will be the random
variable X,,.

The distribution of a discrete random variable is defined by listing its possible values and the
probability with which they occur.

B A simple random sample of size n consists of the observations X;, X,, ..., X, from a population
where the X;
e are independent random variables
® have the same distribution as the population.

Following previous custom we will use x,, x,, x5 etc. to describe particular values of the random
variables X, X,, X;, etc.



Populations and samples

For example the population might consist of a set of 48 balls in a bag numbered from 1 to 48.
X, can take any of the values between 1 and 48, and the probability of getting any number

is %. We can define X, as being a uniform distribution over the set of values 1 to 48 with
P(Xl = xl) = %.
1

TS and

X, and Xj; are also uniform distributions over the set of values 1 to 48 with P(X, = x,) =
P(X3 = x3) = %

6.6 The concept of a statistic.

Any characteristic of a population which is measurable For example the population mean,
is called a population parameter. (We usually use «——— p, and the population variance, o2,
Greek letters for population parameters.) A parameter are population parameters.
is a numerical property of a sample.

If we drew the numbers 3, 8, 32,

Usually the population is too large to calculate 38, 43 and 44 from our bag the
these parameters. In order to estimate a population _ XX

sample mean x = =
parameter we take a random sample from the n
population and use observations from the 3+8+32+38+43+44_ 59

6

could be an estimate for the
parameter w.

items in it to estimate the required parameters.
For example, we could use the sample mean as
an estimate for the population mean.

B A statistic is a quantity calculated solely from the observations in a sample. It does not
involve any unknown parameters i.e. a statistic is a numerical property of a sample.

> 2X XX - X)?
The sample mean X = —— and sample variance §* = 511_—1)() are statistics
YX;— w?
but M is not (it involves the population parameter w).

n-—1

Example [FJ

a Define a statistic.
A random sample X, X, ..., X,, is taken from a population with unknown mean u.
b For each of the following state whether or not it is a statistic.

L X+ X + X .. DX2 (EX)Z e LX)

a A quantity calculated solely from the

observations in a sample.

b iandii are statistics but iii is hot (it involves u

which is unknown).




6.7 The sampling distribution of a statistic.

If we repeatedly take samples from a population and calculate the same statistic each time there
is a range of values that the statistic can take. The statistic will have its own distribution which
we call the sampling distribution.

B The sampling distribution of a statistic gives all the values of a statistic and the probability
that each would happen by chance alone.
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A school wishes to introduce a school uniform and is seeking to find out the support this idea
has among the students at the school. The random variable X is defined as

1, if the student would support the idea,
0, otherwise.

a Suggest a suitable population and the parameter of interest.

A random sample of 15 students is asked if they would support the idea. The random sample is
represented by X;, Xy, ..., Xis.

15
b Write down the sampling distribution of the Statistic Y = Z X
i=1

a The population is the responses of all the school students.

In terms of the random variable X, it will consist of 1's or O’s.

The parameter of interest is p, the proportion of the population

who support the idea.

b Y)Y = the number of students in the sample who support the idea.

Since the sample is random each observation is independent, p is

constant, and the responses will be either success(1) or failure(O)

These are the conditions for a binomial distribution. Y ~ B(15, p) «—— See Chapter 1.

A manufacturer of light bulbs sells 60 watt and 100 watt bulbs in the ratio of 3:1.

a Find the mean and variance of the wattage of the light bulbs in this population.

A random sample of 3 light bulbs is taken from a store containing bulbs in this ratio.
b List all the possible samples.

¢ Find the sampling distribution of the mean, X.

d Find the sampling distribution of the mode, M.



Populations and samples

a The distribution of the population is
X 60 100

P(X = x): 2 .

— — — 3 1 —

p = 2xP(X=x) = 60 X 2+ 100 X 1 = 70 watts

0? = Mx?P(X = x) — u? = 602 X 2 + 1002 X £ — (70)?
= 300 watts?®

b The possible samples are Here we have written out all

(60, 60, 60) the possible samples of size 3.
(100, ©0, 60) (60, 100, 60) (00, 60, 100)
(100,100, 60) (100, 60, 100) (60, 100, 100)
(100, 100, 100)

P(X = 60) is constant at %.

Y = — (3\3 — 27 .
¢ PXx=060)= () =& i.e the case (60, 60, 60)

I T 1 B0 _ 27 i.e. cases (100, 60, 60)
PX=723) =3 XX ()" =& * (60, 100, 60) (60, 60, 100)
PX=8662)=3X (1)2x2=29 i.e. cases (100, 100, 60)

( 5) @ X2~ (100, 60, 100) (60, 100, 100)
P(X=100) = 3)° = & . i.e. the case (100, 100, 100)

The distribution of X is
X: 60 731 862 | 100 This shows the distribution
5 5 of the statistic X by writing
P(%): 27 27 9 1 down all the possible values
i 64 64 64 64 and the probability with

which each is likely to occur.

d The mode M can only take the values 60 and 100.
i.e. cases (60, 60, 60)

_ _ 27 27 — 27
FM=@60)=zt e~ % (100, 60, 60) (60, 100, 60)
(60, 60, 100)
PIM=100)=2+ L =2 .\
The distribution of M is: i.e. the other cases.
M: o0 100

p(m): | 2 | =
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A large bag of counters has 10% with the number 0 on, 40% with the number 1 on and 50% with
the number 2. A random sample of 3 counters is taken from the bag.

b Find the sampling distribution of the median N.

a The possible samples are

(0,0,0) (0,0,1)(0,1,0) (1,0, 0) (0,0,2) (0,2,0) (2,0, 0)
(1L1Lo)onOLnL2)(120@ 110011
0.,1,2)(0,2D(10,2)(1L20)(210)(20,1) Median = 1 in these
(2.20)(202)0.22)221(212)(122)(222) — Median = 2 in these
b The median can only take the values O, 1 and 2.

Let PO) =p=LP()=q=2andP(2)=r=2

Median = 0 in these

P(N = 0) = P(0,0,0) + P(0,0,1) + P(0,1,0) + P(1,0,0) + P(0,0,2) + P(0,2,0) + P(2,0,0)
=ppp  tpra tpp tapp  tper  tpp  trpp
— <1><1><1) L <1><1><4—) s (1><4><1) s (4—><1><1) 45 (1><1><5) L (1><5><1) e (5><1><1)

1000 1000 1000 1000 1000 1000 1000
_ 28 _ 7
1000 ~ 250

PIN=1)=P(1,1,0) + P01 +POLY) + PO1L2) + P21 + P211) + P(1,11)
+P(0,1,2) + P(0,21) + P(1,0,2) + P(1,2,0) + P(2,1,0) + P(2,0,)
=qap  tppa tpaqa  Taqr  taq  trgq T 4999
tpgr  tprg  tapr tqp  trmMp tirpq
:< 4><4><1) _|_( 4><1><4) + (1><4><4) + <4><4><5) + (4><5><4) o (5><4><4) A (4><4><4)

1000 1000 1000 1000 1000 1000 1000
1X4%5 1X5 X4 4X1X5 4X5X1 5X4X1 5X1X4) — 59
+< 1000 ) T ( 1000 )+( 1000 )+ ( 1000 ) t ( 1000 ) T ( 1000 ) 125

o\ — 4 18\ — 125 _ 1
PIN=2) =1 (25o+25o>_%_§

The distribution of N is

— ). 7 59

N[ —




Populations and samples

1 A forester wants to estimate the height of the trees in a forest. He measures the heights of 50
randomly selected trees and works out the mean height. State with a reason whether or not
this mean is a statistic.

2 Arandom sample M;, M,, M, ..., M,, is taken from a population with unknown mean pu.
For each of the following state whether or not it is a statistic.

M; + M
i% llE—NI lllE—NI w?

3 The owners of a chain of hairdressing shops want to introduce the use of overalls in all the
shops. The random variable Y is defined as

Y = 0 if the staff are happy to wear the overalls and

Y = 1 if the staff are unhappy about wearing the overalls.
a Suggest a suitable population and identify any parameter of interest.
A random sample of 20 of the hairdressers are asked whether they are happy or unhappy
about wearing the overalls.

b Write down the name of the sampling distribution of the statistic X = ZY

4 A secretary makes spelling mistakes at the rate of 5 for every 10 pages. He has just finished
typing a six-page document.

a Write down a suitable sampling distribution for the number of spelling mistakes in his
document.

b Find the probability that there has been fewer than 2 spelling mistakes in the document.

5 A bag contains a large number of coins. 50% are 50 pence coins.
25% are 20 pence coins. 25% are 10 pence coins.

a Find the mean, u, and the variance, o, for the value of this population of coins.
A random sample of 2 coins is chosen from the bag.

b List all the possible samples that can be chosen.

¢ Find the sampling distribution for the mean

X; + X,
5 .

X =

6 A manufacturer makes three sizes of toaster. 40% of the toasters sell for £16, 50% sell for £20
and 10% sell for £30.

a Find the mean and variance of the value of the toasters.

A sample of 2 toasters is sent to a shop.

b List all the possible prices of the samples that could be sent.

¢ Find the sampling distribution for the mean price X of these samples.



7 A supermarket sells a large number of 3-litre and 2-litre cartons of milk.
They are sold in the ratio 3:2

a Find the mean and variance of the milk content in this population of cartons.
A random sample of 3 cartons is taken from the shelves (X;, X, and Xj3).

b List all the possible samples.

¢ Find the sampling distribution of the mean X.

d Find the sampling distribution of the mode M.

e Find the sampling distribution of the median N of these samples.

Mixed exercise

1 A doctor’s surgery is to offer health checks to all its patients over 65. In order to estimate the
amount of time needed to do these health checks the doctor decides to do the health check
for a random sample of 20 patients over 635.

a Write down a suitable sampling frame that the doctor might use.

b Identify the sampling units.

2 The owners of a large gym wish to change the opening hours. They want to find out
whether the members will be happy with the new hours. They ask a random sample of 30
members.

a Write two likely reasons why the owners did not ask all the members.
b Suggest a suitable sampling frame.

¢ Identify the sampling units.

3 a Write down a reason why a sampling frame and a population may not be the same.

b Explain briefly why a sample is often used rather than a census.

4 a Explain what a statistic is.
A random sample Y, Y,, ..., Y, is taken from a population with unknown mean pu.
b For each of the following state with a reason whether or not it is a statistic.

LY+ Y, + Y %
144 llT_,LL

5 A company manufactures electric light bulbs. They wish to see how many hours the light
bulbs will work before failing. The company decides to test every 200th light bulb coming
off the assembly line.

a Write down why the company does not test every light bulb.
b Identify the sampling units.
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Populations and samples

A call centre has 400 people operating the telephones. The manager decides that he needs to
know how long the operatives are spending on each call. He times a random sample of 30
operators over one day and works out the mean time per call.

a Write down two advantages of using a sample rather than a census in this case.
b Write down one disadvantage of using a sample in this case.

A sample is to be taken.

¢ Suggest a sampling frame.

d Identify the sampling units

e Is the mean time the manager works out from the sample a statistic? Give a reason for
your answer.

A flower shop has ten florists. The owner wants to know whether the florists are happy with
the quality of the flowers being delivered to the shop. The owner asks all the florists their
views. Write down two reasons why the owner of the florist shop used a census.

The weights of tomatoes in a greenhouse are assumed to have mean p and standard
deviation o.

A sample of 20 tomatoes were each weighed and their weights were recorded. If the sample
is represented by X;, X,, ..., Xy, state whether or not the following are statistics.

2 Xt Xy b ZX e

= 2
3 20 ¢ LX+ p 450

A large box of coins contains Sp, 10p, and 20p coins in the ratio 3:2:1.

a Find the mean yu and the variance o2 of the value of the coins.

A random sample of 2 coins is taken from the box and their values Y, and Y, are recorded.
b List all the possible samples that can be taken.

¢ Find the sampling distribution for the mean (Y).

A bag contains a large number of counters

60% have a value of 6
40% have a value of 10.

A random sample of 3 counters is drawn from the bag.
a Write down all the possible samples.

b Find the sampling distribution for the median N.

¢ Find the sampling distribution for the mode M.




Summary of key points

1 A population is a collection of individual items.

2 Asample is a selection of individual members or items from a population.

3 A finite population is one in which each individual member can be given a number.
4 An infinite population is one in which it is impossible to number each member.

5 A sampling unit is an individual member of a population.

6 A sampling frame is a list of sampling units used in practice to represent a population.
7 A statistic is a quantity calculated solely from the observations in a sample.

8 A statistic has a sampling distribution that is defined by giving all possible values of the
statistic and the probability of each occurring.



After completing this chapter you should
e understand what is meant by an hypothesis
e understand what is meant by an hypothesis test

e be able to form null and alternative hypotheses for
binomial or Poisson distributions

e understand when to use one- and two-tailed tests
e understand what is meant by a critical region
e know what is meant by a significance level

e be able to find critical regions for binomial and
Poisson distributions.

Hypothesis testing

Accidents occur on a stretch of road at the rate
of 5 a month. The council reduces the speed
limit on the road from 40 miles per hour to

30 miles per hour. During the next month the
number of accidentsis only 3. The council says
that the speed reduction is effective: Are the
council correct'in their claim? After doing this
chapter you will be able to find out.




/.1 The concept of an hypothesis test.

B An hypothesis is a statement made about the value of a population parameter that we
wish to test by collecting evidence in the form of a sample.

B In a statistical hypothesis test the evidence comes from a sample which is summarized in the
form of a statistic called the test statistic.

We form two hypotheses.

B The null hypothesis, denoted by H,, is the hypothesis that we assume to be correct unless
proved otherwise.

B The alternative hypothesis, denoted by H;, tells us about the value of the population
parameter if our assumption is shown to be wrong.

Example [

John wants to see whether a coin is unbiased or whether it is biased towards coming down heads.
He tosses the coin 8 times and counts the number of times, X, that it lands head uppermost.

a Describe the test statistic.
b Write down a suitable null hypothesis.
¢ Write down a suitable alternative hypothesis.

The test statistic is X (the number of heads) in & tosses.

If the coin is unbiased the probability of a coin landing heads is 0.5 so

Ho: p = 0.5 is the null hypothesis.

¢ If the coin is biased towards coming down heads then the probability

of landing heads will be greater than 0.5.

Hi: p > 0.5 is the alternative hypothesie.

There are other alternative hypotheses.

We might think that the coin is biased to come
down tails more often than heads so that the
probability of landing heads will be less than 0.5.

In this case H;: p < 0.5 is the
alternative hypothesis.

We might think the coin is biased but not know

if it is biased towards heads, or whether it is . In this case Hq: p # 0.5 is the
biased towards tails. The probability of landing alternative hypothesis.
heads could be smaller or larger than 0.5.




Hypothesis testing

/.] The significance level of a hypothesis test.

You will have realised that, in Example 1, X is a random

variable, and, if the coin is unbiased, theoretically X can You met random variables in
take any of the values 0, 1, 2, 3,4, 5, 6, 7, or 8. | ggt)rl?bsl}tioTnhE ('g tges)b'”om'al
We can write the distribution of X as T

x| O 1 2 3 4 S 6 7 8 These probabilities
can be obtained
P(X = x)[0.004 {0.031/0.1090.2190.273|0.219|0.109 | 0.031 | 0.004 - by using the
binomial tables.
See Chapter 1.

How many heads do we have to get before we decide we have enough
evidence to decide that the coin is biased towards heads?

If we assume that the null hypothesis is true then no value of x between 0 and 8 is impossible.
For example,
there is a (10.9 + 3.1 + 0.4)% = 14.4% chance of getting 6, 7 or 8 heads,

a (3.1 +0.4)% = 3.5% chance of getting 7 or 8 heads,

and a 0.4% chance of getting 8 heads.

The decision whether or not to reject the null hypothesis for your observed value has to be based
upon the idea that some values of X are unlikely under the null hypothesis and would be better
explained by the alternative hypothesis.

We can divide the x values into two regions.

1. The one that contains the values that collectively have a small chance of happening under
the null hypothesis. We call this region the critical region.

2. The rest.

B The critical region is the range of values of the test statistic that would lead to you rejecting H,,.
B The value(s) on the boundary of the critical region are called critical value(s).
How small is ‘small’? To some extent this is a subjective matter, but statisticians generally regard

a probability of 5% as being unlikely and a probability of 1% as being very unlikely.

Clearly there is a threshold probability, be it 5% or 1%, and that threshold may vary depending
on the nature of the problem.

We call this threshold the level of significance.

We use the Greek letter « to represent the level of significance.
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In Example 1, John wished to see if a coin was unbiased or biased towards coming down heads.
He decides that the level of significance of his test will be 5%.

If the random variable X represents the number of heads, what values of X would cause the null
hypothesis to be rejected?




Ho: p = 0.5 (the coin is not biased)

H,: p > 0.5 (the coin is biased towards heads)
The probability of getting 7 or & heads is

1% + 0.4% = 3.5%

The probability of x = 6
or greater is 14.4%

. o , _ - which is greater than the
This is less than 5% and either X = 7 or X = & would cause significance level so x = 6

the null hypothesis to be rejected. would not cause the null
hypothesis to be rejected.

7,3 One- and two-tailed tests.

If the hypothesis test is abou.t a popu‘latlon p'flrameter 6, In this book ¢ will either be

then we test a null hypothesis H, which specifies a the proportion p of a binomial
particular value for 6, against an alternative hypothesis H;. distribution or the mean A (or )
It is this alternative hypothesis which will indicate of a Pms;on distribution. th;u VIZIQB
whether the test is one-tailed or two-tailed. meet other parameters in book 33.

B A one-tailed test looks either for an increase in the value of a parameter or for a decrease in
the value of a parameter.

B If the null hypothesis is of the form H, : § = m (for some number m), then a one-tailed test is
used when the alternative hypothesis is of the form H; : # > m, (a definite increase in 6), or
when it is of the form H, : # < m, (a definite decrease in 0).

B A one-tailed test will have a single part to the critical region and one critical value.

We can show this with two diagrams for the coin tossing experiment. In this case the parameter
being tested is the proportion of heads so 6 = p in this case.

0.3 Critical values of X for
H,: p> 0.5 at 5% level
of probability. Either
value would cause the
null hypothesis to be
rejected.

¢ o

- 2

g N DN
1 1 1

0.1+

Probability under
null hypothesis
= =
o
T

o

Value of parameter

5. 0.3 Critical values of X for
T g 0.251 H; : p < 0.5 at 5% level
=< (2A of probability. Either of
28 0.15- these would cause the
B2 null hypothesis to be
/ .

s = 0.1 rejected.
S & 0.05- —
L‘ O ! 1 1 1 1 ! 1 1

012 3 45 6 7 89

Value of parameter




Hypothesis testing

B A two-tailed test arises when the alternative hypothesis is of the form H, : 6 # m.
(That is to say that the alternative could be an increase or a decrease in 6).

B If the test is two-tailed, there will be two parts to the critical region and two critical values.
B If we want a 5% significance level the usual convention is to allow 2%% at either tail.

We can again show how this works with a diagram.
Critical values for

5, 07 Ho: p # 0.5 at 5% level
Bg 0257 of probability, (21% at
55 0.2 each end). Either of
E 2 0.15- these would cause the
==y 0 1 - null hypothesis to be
g = ] rejected.
) _
s (=] 0.05 I /

0 1 1 1 1 1

012 3 56 7 809
Value of parameter

If the observed value of our test statistic x lies in the critical region we have sufficient evidence
to reject the null hypothesis H,,

If the observed value of our test statistic x does not lie in the critical region then we do not have
sufficient evidence to reject the null hypothesis H,,.

This does not mean that the null hypothesis is true, rather that it remains a possibility and can
be accepted at the moment, but later samples may cause it to be rejected.

We can summarise these test procedures as follows.

1 Identify the population parameter 6 (proportion p for a binomial or mean A (or u) for a
Poisson) that you are going to test.

2 Write down the null (Hy) and alternative (H;) hypotheses. The alternative hypothesis will
determine whether you want a one- or two-tailed test.

3 Specity the significance level a.

4 Find out whether the observed value x of your test statistic falls in the critical region.

Note: you should justify why you have chosen the critical region by giving the appropriate
binomial probabilities from tables.

For some given number m
One-tailed tests
Hy:0=m H;:0>m Reject if P(X = x)
Hyp:0=m H;:6<m Reject if P(X < x)

S
S
Two-tailed test

Ho:0=m Hy:0#m  Rejectif (X =>x)<laorP(X<x)<la

1
2
5 State your conclusion.

The following points should be addressed.

a Is the result significant or not?

b What are the implications in terms of the context of the original problem?




Accidents used to occur at a road junction at a rate of 6 per month. After a speed limit is placed
on the road the number of accidents in the following month is 2. The planners wish to test, at
the 5% level of significance, whether or not there has been a decrease in the rate of accidents.

a Suggest a suitable test statistic.
b Write down two suitable hypotheses.
¢ Explain the condition under which the null hypothesis is rejected.

The test statistic is the number of accidents in a month.

It is important that you
b Hy:A=06 H:A<o identify which is Hy and
which is H;.

¢ If the probability of getting 2 (or fewer) accidents is < 5%

the null hypothesis is rejected.

Exercise

1 a Describe what is meant by the expression ‘a statistical hypothesis’.
b Describe the difference between the null hypothesis and the alternative hypothesis.
¢ What symbols do we use to denote the null and alternative hypotheses?

2 Dmitri wants to see whether a die is biased towards the value 6.
He throws the die 60 times and counts the number of sixes he gets.

a Describe the test statistic.
b Write down a suitable null hypothesis to test this die.
¢ Write down a suitable alternative hypothesis to test this die.

3 Shell wants to test to see whether a coin is biased. She tosses the coin 100 times and counts
the number of times she gets a head.

a Describe the test statistic.
b Write down a suitable null hypothesis to test this coin.
¢ Write down a suitable alternative hypothesis to test this coin.

4 Over a long period of time it is found that the mean number of accidents, A, occurring at a
particular crossroads is 4 per month. New traffic lights are installed. Jess decides to test to see
whether the rate of occurrence has increased, decreased or changed in any way.

a Describe the test statistic.
b Write down a suitable null hypothesis to test Jess’ theory.
¢ Write down three possible alternative hypotheses to test Jess’ theory.

5 Inasurvey it was found that 4 out of 10 people supported a certain particular political party.
Chang wishes to test whether or not there has been a change in the proportion (p) of people
supporting the party.




Hypothesis testing

a Write down whether it would be best to use a one-tail test or a two-tail test.
Give a reason for your answer.

b Suggest suitable hypotheses.

In a manufacturing process the proportion (p) of faulty articles has been found, from long
experience, to be 0.1.

The proportion of faulty articles in the first batch produced by a new process is measured.
The proportion of faulty articles in this batch is 0.09.

The manufacturers wish to test at the 5% level of significance whether or not there has been
a reduction in the proportion of faulty articles.

a Suggest a suitable test statistic.
b Write down two suitable hypotheses.

¢ Explain the condition under which the null hypothesis is rejected.

A spinner has 4 sides numbered 1, 2, 3 and 4. Hajdra thinks it is biased to give a one when
spun. She spins S times and counts the number of times, M, that she gets a 1.

a Describe the test statistic M.
She decides to do a test with a level of significance of 5%.
b What values of M would cause the null hypothesis to be rejected.

14 Hypothesis tests for the proportion p of a binomial distribution and hypothesis

tests for the mean A of a Poisson distribution.

Farlier, in Section 7.2, we described the critical region as being the region containing the values
that collectively have a small chance of happening - typically 5% or less (or 1% or less).

If the observed value x falls in the critical region, then, for one-tailed tests, the P(X < x)is < aor
the P(X = x) is < «, depending on the alternative hypothesis.

You should note that it is possible for P(X = x) to be less than say 5% but for x to not be in the
critical region.

For example the diagram below shows part of the tail of a B(30, 0.3) distribution.

Probability

0.05+ The probability of gettingx =0, 1, 2, 3, or
4 is 0.0302.

0.04- The probability of gettingx = 0, 1, 2, 3, 4,
or 5is 0.0766.
Using a 5% one-tail test the critical region

0.03 1 therefore includes = 0, 1, 2, 3, and 4 but
not 5.

0.024 The probability of getting x = 5 is

’ 0.0766 — 0.0302 = 0.0464. This is less than

5% but x = 5 is not in the critical region.

0.01+
Critical values in red.

0 T ! T T
0 1 2 3 4 5




The phrase ‘as bad or worse’ is sometimes helpful. We calculate the probability of getting
evidence as bad or worse than that we have been presented with to make our judgement.

Testing the observed proportion p of a binomial distribution

If the proportion of successful outcomes in the population is p then the test statistic X ~ B(n, p),
where 7 is the number in the sample.

If x is a particular value of X then P(X < x) may be read directly from the table of the cumulative
binomial distribution function, while P(X = x) can be calculated from P(X =x) =1 - P(X <x — 1).

PENTIY 4 |

The standard treatment for a particular disease has a % probability of success. A certain doctor has
undertaken research in this area and has produced a new drug which has been successful with

11 out of 20 patients. The doctor claims that the new drug represents an improvement on the
standard treatment.

a Write down suitable null and alternative hypotheses.

b Write down the distribution of the random variable X that represents the number of patients
that would be cured if the null hypothesis were true.

¢ Work out the probability of X taking a value equal to, or greater than, 11.
d If the significance level is to be 5%, does 11 patients out of 20 provide evidence to reject H,?

Ho:p > % The doctor claims the drug

— 2
a Hp:p=¢ .
0'P~ 5 represents an improvement.

b X~ B(20,%)
c PX=1M=1-PX=<10)
=1-0.8725
= 01275
= 12.75%
d 12.75% > 5% s0 there is not enough evidence to

reject Ho.

The new drug is no better than the old one.

Sometimes a question is set that does not have values of p that are in the table.

Over a long period of time it has been found that in Enrico’s restaurant the ratio of non-
vegetarian to vegetarian meals is 2 to 1. In Manuel’s restaurant in a random sample of 10 people
ordering meals, 1 ordered a vegetarian meal. Using a 5% level of significance, test whether or not
the proportion of people eating vegetarian meals in Manuel’s restaurant is different to that in
Enrico’s restaurant.



Hypothesis testing

The proportion of people eating vegetarian meals at

Enrico’s is %

Let p be the proportion of people at Manuel's that

: Identify population parameter.
order a vegetarian meal.

Let X be the number of people in the sample who are  «——— Test statistic is X.

eating vegetarian meals.

Hypotheses. The test will be two-
Ho:p=1 H:p#L. 4 o

0P~ 3 1P 73 tailed as we are testing if they are
different.

Significance level 5%
If Ho is true X ~ B(10, 1)
F(XS 1) = F(X=0) + FOX= 1) I time e e 0 ol
= (5)° +10()°(3)
= 0.01724... + 0.06670...
= 0.10404 ...

= 0.104 (3 of)

0104 > 0.025 We use 0.025 because the test is
two-tailed.

There is insufficient evidence to reject Ho.

There is no 6Vld€:l’106 that propor"mom of vegetarjlaT Conclusion and what it means in
tmeals at Manuel's restaurant is different to Enrico’s. context.

Testing the observed rate A of a Poisson distribution

When testing the mean or rate of a Poisson distribution the table for the Poisson cumulative
distribution function may be used.

Accidents used to occur at a certain road junction at the rate of 6 per month. The residents
petitioned for traffic lights. In the month after the lights were installed there was only 1 accident.
Does this give sufficient evidence that the lights have reduced the number of accidents? Use a 5%
level of significance.

Let the random variable X represent the number of Test statistic X.
Identify population parameter.

accidents in a month and A represent the rate per month.

e e Hypotheses. The test will be
Under Hy, X~ Fo(©6) one-tailed.

Significance level 5%




PX<1|A=06)=0.0174 Find the probabilities.

0.0174 <0.05 (5%) »—w
There is sufficient evidence to reject Ho.

We use 0.05 because the test
is one-tailed.

Lights may have reduced the number of accidents.

Again questions may be asked which cannot be answered using the tables.

Example

==
f it

Over a long period of time, Jessie found that the bus taking her to school was late at the rate of
6.7 times per month. In the month following the start of the new summer bus schedules, Jessie
finds that her bus is late twice. Assuming that the number of times the bus is late has a Poisson
distribution, test at the 1% level of significance, whether or not the new schedules have in fact
decreased the number of times the bus is late.

Let A be the average number of times late.

X~ Fo(A)

Ho:A=06.7 H:A<67

Level of significance 1%

PX<21X=06.7)
=PX=0)+PX=1)+P(X=2)

=e %1+ 67+ —6'272

= ¢ %1+ 6.7 + 22.445)
= ¢%7(30.145)
= 0.0371 (3 e. 1)
0.0371 > 0.01
There is insufficient evidence to reject He.

The new schedule has not decreased the number of times
the bus is late.

\ Exercise

For each of the questions 1 to 7 carry out the following tests using the binomial
distribution where the random variable, X, represents the number of successes.

1 Hy:p=0.25H,:p>0.25n=10,x = 5 and using a 5% level of significance.

2 Hy:p=040;H,:p<0.40;n=10,x = 1 and using a 5% level of significance.



Hypothesis testing

3 Hy:p=030;H;:p>0.30;n=20,x = 10 and using a 5% level of significance.
4 Hy:p=045H,:p<0.45; n=20x =3 and using a 1% level of significance.
5 Hy:p=0.50;H;:p+#0.50; n=30,x = 10 and using a 5% level of significance.
6 Hy:p=0.28;H :p<0.28;n=20,x = 2 and using a 5% level of significance.
7 Hy:p=032;H;:p>032;n=8,x =7and using a 5% level of significance.

For each of the questions 8 to 10 carry out the following tests using the Poisson
distribution where A represents its mean.

8 Hy:A=8;H;:12<8;x=3and using a 5% level of significance.
9 Hy:A=6.5H,:1<6.5;x =2 and using a 1% level of significance.
10 Hy: A =35.5; H;: 2> 5.5;x = 8 and using a 5% level of significance.

11 The manufacturer of ‘Supergold’ margarine claims that people prefer this to butter. As part
of an advertising campaign he asked S people to taste a sample of ‘Supergold’ and a sample
of butter and say which they prefer. Four people chose ‘Supergold’. Assess the manufacturer’s
claim in the light of this evidence. Use a 5% level of significance.

12 Itossed a coin 20 times and obtained a head on 6 occasions. Is there evidence that the coin
is biased? Use a 5% two-tailed test.

13 A die used in playing a board game is suspected of not giving the number 6 often enough.
During a particular game it was rolled 12 times and only one 6 appeared. Does this represent
significant evidence, at the 5% level of significance, that the probability of a 6 on this die is
less than £?

14 The success rate of the standard treatment for patients suffering from a particular skin
disease is claimed to be 68%.

a In a sample of n patients, X is the number for which the treatment is successful.
Write down a suitable distribution to model X. Give reasons for your choice of model.

A random sample of 10 patients receives the standard treatment and in only 3 cases was the
treatment successful. It is thought that the standard treatment was not as effective as it is
claimed.

b Test the claim at the 5% level of significance.

15 Every year a statistics teacher takes her class out to observe the traffic passing the school
gates during a Tuesday lunch hour. Over the years she has established that the average
number of lorries passing the gates in a lunch hour is 7.5. During the last 12 months a
new bypass has been built and the number of lorries passing the school gates in this year’s
experiment was 4. Test, at the 5% level of significance, whether or not the mean number of
lorries passing the gates during a Tuesday lunch hour has been reduced.



16 Over a long period, John has found that the bus taking him to school arrives late on average 9
times per month. In the month following the start of the new summer schedule the bus arrives
late 13 times. Assuming that the number of times the bus is late has a Poisson distribution, test,
at the 5% level of significance, whether the new schedules have in fact increased the number of
times on which the bus is late. State clearly your null and alternative hypotheses.

1.5 Hypothesis tests for the proportion p of a binomial distribution and
hypothesis tests for the rate A of a Poisson distribution using critical regions.

Sometimes it is helpful to consider what is the least (or greatest) value of the test statistic that
would provide sufficient evidence for rejecting H,. These are called the critical values.

Nearly all other hypothesis tests are done by finding the critical values and thus the critical
regions. If you have a choice it is easier not to use critical values, but examination questions
often ask for the critical regions to be found and used.

Testing the proportion p of a binomial distribution

AN
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A psychologist is attempting to help a student improve his short term memory. One of the tests
the psychologist uses is to present the student with a tray of 10 objects and let him look at them
for one minute before taking the tray away and asking the student to write down as many of the
objects as he can. Over a period of several weeks the psychologist ascertains that the proportion,
p, of objects that the student remembers is 0.35. The student has just been on a long adventure
holiday and the psychologist is interested to see if there has been any change in p. Find the
critical values for a two-tailed test using a 5% level of significance.

Let p represent the proportion of objects the student remembers.

Significance level 5%
Ho:p =035 Hi:p+# 055

Two-tailed as

Assuming Hy is true then X ~ B(10, 0.39) psychologist is
This is a two-tailed test so let ¢, and ¢, be the two critical values, ——— |<;1°kin9 for a
change. -

Then P(X < ¢;) < 0.025 and P(X = ¢,) < 0.025 J
From the binomial table P(X<0) = 0.0135 We look for two adjacent

’ values of X with probabilities
and P(X<1) = 0.0660 either side of 0.025. )
s0 the value of ¢, is O since P(X < O0) = 0.0135 < 0.025. «—
From the binomial table PX=7)=1—-FPXs0©6)=1—-0.9740 = 0.0260
and PX=8)=1-PX<7)=1—-0.9952 = 0.0045
s0 the value of ¢, = & since P(X = &) = 0.00456 < 0.025. These lines should be i
The critical region for Xis X = O or X = &. included to justify your choice

and show which values have
been compared. j =




Hypothesis testing

Because we are dealing with a discrete distribution the values of X have to be taken to the nearest
integer. The test that results will usually have a probability of rejecting Hy, which is lower than
the intended significance level of the test.

B The actual level of significance of the test is the probability of rejecting H,.
The actual significance level is P(X < ¢) or P(X = ¢) for a one-tailed test or P(X < ¢;) + P(X = ¢,)

for a two-tailed test.

In Example 8

P(rejecting Hy)) = P(X =0 | p = 0.35) + P(X = 8)
= 0.0135 + 0.0048
=0.0183

and this is not very close to the 5% significance level required.

It is the usual practice, if a 5% two-tailed test is required, to use 2%% at each end, but sometimes
we make the tails as close to 2%% as possible, rather than < 2%%.

FENTIY 9 |

A psychologist is attempting to help a student improve his short term memory. One of the tests
the psychologist uses is to present the student with a tray of 10 objects and let him look at them
for one minute before taking the tray away and asking the student to write down as many of the
objects as he can. Over a period of several weeks the psychologist ascertains that the proportion,
p, of objects that the student remembers is 0.35. The student has just been on a long adventure
holiday and the psychologist is interested to see if there has been any change in p. Find the
critical values for a two-tailed test using as close as possible to 2%% level of significance at each
tail.

Let p represent the proportion of objects the student remembers.

Significance level 5%
Ho:p= 035 H:p# 0.25
Assuming H is true then X ~ B(10, 0.25)

This approach
This is a two-tailed test so let ¢, and ¢, be the two critical values. should only be used
From the binomial table FP(X < 0) = 0.0135 when specifically

told to use it.

and P(X<1) = 0.0660

s0 the value of ¢, is O.

From the binomial table P(X=6) =1 - P(X<5)=1— 0.9051 = 0.0649
PX=7)=1-PX<s0©6)=1-0.9740 = 0.0260

and PX=8)=1-PX<7) =1—0.9952 = 0.0045

50 the value of ¢, = 7

The actual level of significance is
The critical region for Xis X = O or X=7. +~————— now 0.0260 + 0.0135 = 0.0395
or 3.95%.




Testing the mean A of a Poisson distribution

When testing the mean of a Poisson distribution the table for the Poisson cumulative
distribution function may be used.

Example [

An office finds that over a long time incoming telephone calls from customers occur at a rate of
0.325 per minute.

They believe that the number of calls has increased recently. To test this, the number of
incoming calls during a random 20-minute interval is recorded.

a Find the critical region for a two-tailed test of the hypothesis that the number of incoming
calls occur at the rate of 0.325 per minute. The probability in both tails should be as close to
2.5% as possible.

b Write down the actual significance level of the above test.
Later the office runs an advertising campaign and records 1 call in a 10-minute interval.

c Test, at the 5% level of significance, whether or not there is evidence that the rate of incoming
calls has decreased.

a |If the rate of calls is 0.225 calls per minute then in 20 minutes you would expect

20 X 0.325 = 6.5 calls

The hypotheses can E
Let X be the number of telephone calls then X ~ Fo(6.5) be stated in terms of
Ho:A=65 H :A* 65 the rate.
Significance level 5% (as near as possible 2.5% at each tail)

In terms of rate the
hypotheses would be =

This is a two-tailed test so let ¢, and ¢, be the critical values. :0 tA= 8-’;22
A #F 0. F
From the tables P(X<2| A = 6.5) = 0.0430 ‘

and PX<1|X=65)= 0013

50 ¢; = 1 (0.0113 is nearer to 0.025 than is 0.0430)

From the tables P(X=12 | A = 65) =1-P(X<11| A = 6.5)

=1-0.9001 = 0.0539

and PX=13|A=65)=1-P(X<12| A= 065) 77 ] .
=1-0.95640 = 0.0160 used nearest to
‘I [—
60 ¢, = 12 (0.0%39 is nearer to 0.025 than is 0.0160) 23% the actual
significance level —
The critical region will be X < 1 and X = 12 would have been

b The actual significance level will be 0.011% + 0.0339 = 0.0452 ¢ 90273

¢ If there are 0.525 calls per minute there will be 10 X 0.525 = 3.25 calls in 10 minutes.

This will be a Fo(3.25) distribution.

Ho: A = 325 Hip A < 3.25

This is a one-tail test. Significance level 5%




Hypothesis testing

Let ¢ be the critical value.

P(X=0|A=3.25) = e 2% = 0.0588

PX=1] A =23.25) = 0.0388 X 3.25 = 0.1260

50 ¢ = O and the critical region is X = O since P(X = 0) = 0.03656 < 0.05

X = 1is not in the critical region so there is insufficient evidence to reject Ho,.

There is no evidence that the rate of telephone calls has decreased.

Using approximations

Whether you are using critical regions or not, with both the binomial and Poisson distributions,
the numbers in the sample could be large in practice. This makes the calculations very difficult.
In these cases a normal approximation could be considered if the conditions are suitable. If you
have a binomial with n large and p small then you can use a Poisson as an approximation for a
binomial distribution. The following examples illustrate these.

P11

A shop sells grass mowers at the rate of 10 per week. In an attempt to increase sales, the price was
reduced for a six-week period. During this period a total of 75 mowers were sold.

Using a 5% level of significance, test whether or not there is evidence that the average number of
sales per week has increased during this six-week period.

Ho: A =10,H,: A > 10

Let Y represent the number sold in a six-week period then,

under Hp, Y ~ Fo(©0)

P(Y = 75) = P(W > 74.5) where W ~ N(60, 60) Don't forget the 0.5

continuity correction.

745 — 60
~PlZ> 2020 = P(Z>187) = 0.0307
= ( )

0.0307 < 0.05, therefore reject Ho.

There is evidence that the sales per week have increased.

Example [P

A manager thinks that his sales staff make a sale to 45% of customers entering their shop.
He randomly selects 100 customers. Of the 100 customers, 35 were sold something.

Using a suitable approximation test, at the 5% level of significance, whether or not what the
manager thinks is justified.




Ho:p = 045,H:p# 045
Here nis large and p is near 0.5 s0 a normal

approximation can be used. ~ means approximately equal.

~ means the distribution.
B(100, 0.45) = ~N(45, 24.75) So this line reads as:

~ B(100, 0.45) is approximately equal
< ~
= 28 = i< 2big) to the distribution N(45, 24.75).

P(W < 355) = [z < 22245

V24,75
=P(Z< —1.91)
=1-— 0.9719

= 0.0261
0.0281 > 0.025, therefore accept H.

There is no evidence that the manager is wrong.

During an influenza epidemic, 4% of the population of a large city was affected on a given day.

The manager of a factory that employs 100 people found that 12 of his employees were absent,

claiming to have influenza.

a Using a 5% significance level, find the critical region that would enable the manager to test
whether or not there is evidence that the percentage of people having influenza at his factory
was greater than that of the large city.

b State the conclusion the manager came to giving a reason for your answer.

a Hp:p=004 Hi:p>0.04

Let X be the number of absentees.

Under Hy, X~ B(100, 0.04) =~ ~Fo(4)

PX=9)=1-P(X<8&)=1- 09786 = 0. 0214

P(X=8)=1—-P(X<7) =1— 09489 = 0.05

Critical region X = 9 since P(X = 9) = 0.0214 < 0.05

b Since 12 > 9 the manger concluded that the percentage of people having influenza at

his factory was larger than that of the city.

B Exercise

For each of the questions 1 to 6 find the critical region for the test statistic X
representing the number of successes. Assume a binomial distribution.

1 Hy:p=0.20; H;:p > 0.20; n = 10, using a 5% level of significance.




5

6

For each of the questions 7 to 9 find the critical region for the test statistic X given
that X has a Po(A) distribution.

7

8

9

10

11

12

Hypothesis testing

Hy:p = 0.15; H, : p < 0.15; n = 20, using a 5% level of significance.
Hy:p = 0.40; H, : p # 0.40; n = 20, using a 5% level of significance (2.5% at each tail).
Hy:p =0.18; H, : p < 0.18; n = 20, using a 1% level of significance.
Hy:p=0.63; H;: p > 0.63; n = 10, using a 5% level of significance.

Hy:p=0.22; H, : p # 0.22; n = 10, using a 1% level of significance (0.005 at each tail).

Hy: A =4; H;: A > 4; using a 5% level of significance.
Hy: A =9; H,: A <9;using a 1% level of significance.
Hy: A =3.5; H; : A < 3.5; using a 5% level of significance.

A seed merchant usually kept her stock in carefully monitored conditions. After the
Christmas holidays one year she discovered that the monitoring system had broken down
and there was a danger that the seed might have been damaged by frost. She decided to
check a sample of 10 seeds to see if the proportion p that germinates had been reduced
from the usual value of 0.85. Find the critical region for a one-tailed test using a 5% level of
significance.

The national proportion of people experiencing complications after having a particular
operation in hospitals is 20%. A particular hospital decides to take a sample of size 20 from
their records.

a State all the possible numbers of patients with complications that would cause them to
decide that their proportion of complications differs from the national figure at the 5%
level of significance, ensuring that the probability in each tail is as near to 2.5% as possible.

The hospital finds that out of 20 such operations, 8 of their patients experienced

complications.

b Find critical regions, at the 5% level of significance, to test whether or not their
proportion of complications differs from the national proportion. The probability in each
tail should be as near 2.5% as possible.

¢ State the actual significance level of the above test.

Over a number of years the mean number of hurricanes experienced in a certain area during
the month of August is 4. A scientist suggests that, due to global warming, the number of
hurricanes will have increased, and proposes to do a hypothesis test based on the number of
hurricanes this year.

a Suggest suitable hypotheses for this test.

b Find to what level the number of hurricanes must increase for the null hypothesis to be
rejected at the 5% level of significance.

¢ The actual number of hurricanes this year was 8. What conclusion did the scientist come to?




13 An estate agent usually sells properties at the rate of 10 per week.
During a recession, when money was less available, over an eight-week period he sold 55
properties.
Using a suitable approximation test, at the 5% level of significance, whether or not there is
evidence that the weekly rate of sales decreased.

14 A manager thinks that 20% of his workforce are absent for at least one day each month.
He chooses 100 workers at random and finds that in the last month 2 had been absent for at
least one day.
Using a suitable approximation test, at the 5% level of significance, whether or not this
provides evidence that the percentage of workers that are absent for at least 1 day per month
is less than 20%.

Mixed exercise

1 Mai commutes to work five days a week on a train. She does two journeys a day.
Over a long period of time she finds that the train is late 20% of the time.
A new company takes over the train service Mai uses. Mai thinks that the service will be late
more often. In the first week of the new service the train is late 3 times.
You may assume that the number of times the train is late in a week has a binomial
distribution.
Test, at the 5% level of significance, whether or not there is evidence that there is an increase
in the number of times the train is late. State your hypothesis clearly.

2 Over a long period of time it was observed that the mean number of lorries passing a
hospital was 7.5 every 10 minutes.
A new by-pass was built that avoided the hospital. In a survey after the by-pass was opened,
it was found that in one particular week the mean number of lorries passing the hospital was
4 every 10 minutes. It is decided that a significance test will be done to test whether or not
the mean number of lorries passing the hospital has changed.

a State whether a one- or two-tailed test will be needed. Give a reason for your answer.
b Write down the name of the distribution that will be tested. Give a reason for your choice.

¢ Carry out the significance test at the 5% level of significance.

3 A marketing company claims that Chestly cheddar cheese tastes better than Cumnauld
cheddar cheese.
Five people chosen at random as they entered a supermarket were asked to say which they
preferred. Four people preferred Chestly cheddar cheese.
Test, at the 5% level of significance, whether or not the manufacturers claim is true. State
your hypothesis clearly.

4 In 2006 and 2007 much of Greebe suffered earth tremors at a rate of 5 per month.
A survey was done in the first two months of 2008 and 13 tremors were recorded.
Stating your hypothesis clearly test, at the 10% level of significance, whether or not there is
evidence to suggest the rate of earth tremors has increased.




Hypothesis testing

Historical information finds that nationally 30% of cars fail a brake test.

a Give a reason to support the use of a binomial distribution as a suitable model for the
number of cars failing a brake test.

b Find the probability that, of 5 cars taking the test, all of them pass the brake test.

A garage decides to conduct a survey of their cars. A randomly selected sample of 10 of their
cars is tested. Two of them fail the test.

c Test, at the 5% level of significance, whether or not there is evidence to support the
suggestion that cars in this garage fail less than the national average.

a Explain what you understand by an hypothesis test.

During a garden fete cups of tea are thought to be sold at a rate of 2 every minute. To test
this, the number of cups of tea sold during a random 30-minute interval is recorded.

b State one reason why the sale of cups of tea can be modelled by a Poisson distribution.

¢ Find the critical region for a two-tailed hypothesis that the number of cups of tea sold
occurs at a rate of 2 every minute. The probability in each tail should be as close to 2.5%
as possible.

d Write down the actual significance level of the above test.

The probability that Jacinth manages to hit a coconut on the coconut shy at a fair is 0.4.
She decides to practise at home. After practising she thinks that the practising has helped
her to improve. After practising Jacinth is going to the fair and will have 20 throws.

a Find the critical region for an hypothesis test at the 5% level of significance.
After practising, Jacinth hits the coconut 11 times.

b Determine whether or not there is evidence that practising has helped Jacinth improve.
State your hypothesis clearly.

The proportion of defective articles in a certain manufacturing process has been found from
long experience to be 0.1.

A random sample of 50 articles was taken in order to monitor the production. The number
of defective articles was recorded.

a Using a 5% level of significance, find the critical regions for a two-tailed test of the
hypothesis that 1 in 10 articles has a defect. The probability in each tail should be as near
2.5% as possible.

b State the actual significance level of the above test.
Another sample of 20 articles was taken at a later date. Four articles were found to be
defective.

c Test at the 10% significance level, whether or not there is evidence that the proportion of
defective articles has increased. State your hypothesis clearly.

It is claimed that 50% of women use Oriels powder. In a random survey of 20 women 12 said
they did not use Oriels powder.

Test at the 5% significance level, whether or not there is evidence that the proportion of
women using Oriels powder is 0.5. State your hypothesis carefully.




10 A large caravan company hires caravans out for a week at a time. During winter the mean
number of caravans hired is 6 per week.

a Calculate the probability that in one particular week in winter the company will hire out
exactly 4 caravans.

The company decides to reduce prices in winter and do extra advertising. This results in the
mean number of caravans being hired out rising to 11 per week.

b Test, at the 5% significance level, whether or not the proportion of caravans hired out has
increased. State your hypothesis clearly.

11 The manager of a superstore thinks that the probability of a person buying a certain make of
computer is only 0.2.
To test whether this hypothesis is true the manager decides to record the make of computer
bought by a random sample of 50 people who bought a computer.

a Find the critical region that would enable the manager to test whether or not there is
evidence that the probability is different from 0.2. The probability of each tail should be
as close to 2.5% as possible.

b Write down the significance level of this test.
15 people buy that certain make.
¢ Carry out the significance test. State your hypothesis clearly.

12 At one stage of a water treatment process the number of particles of foreign matter per
litre present in the water has a Poisson distribution with mean 10. The water then enters a
filtration bed which should extract 75% of foreign matter.
The manager of the treatment works orders a study into the effectiveness of this filtration
bed. Twenty samples, each of 1 litre, are taken from the water and 64 particles of foreign
matter are found.
Using a suitable approximation test, at the 5% level of significance, whether or not
there is evidence that the filter bed is failing to work properly. 9

13 A shop finds that it sells jars of onion marmalade at the rate of 10 per week. During a
television cookery program, onion marmalade is used in a recipe.
Over the next six weeks the shop sells 84 jars of onion marmalade. Using a suitable
approximation test at the 5% significance level whether or not there is evidence that the rate
of sales after the television program has increased as a result of the television program.

14 A manufacturer produces large quantities of patterned plates. It is known from previous
records that 6% of the plates will be seconds because of flaws in the patterns.
To verify that the production process is not getting worse the manager takes a sample of 150
plates and finds that 15 have flaws in their patterns. Use a suitable approximation to test, at
the 5% significance level, whether or not the process is getting worse.

15 Jack grows apples. Over a period of time he finds that the probability of an apple being
below the size required by a supermarket is 0.45.
He has recently set another orchard using a different variety of apple. A sample of 200 of this
new type of apple had 60 rejected as being undersize.
Use a suitable approximation to test, at the 5% significance level, whether or not the new
variety of apple is better than the old type of apple.




Hypothesis testing

Summary of key points

1 An hypothesis test is a mathematical procedure to examine a value of a population
parameter proposed by the null hypothesis H,, compared to the alternative hypothesis H;.

2 In an hypothesis test the evidence comes from a sample which is summarised in the form
of a test statistic.

3 The critical region is the range of values of a test statistic that would lead you to reject
H,.

4 The boundary value(s) of a critical region is (are) called the critical value(s).

5 A one-tailed test looks either for an increase or for a decrease in a parameter, and has a
single critical value.

6 A two-tailed test looks for both an increase and a decrease in a parameter, and has two
critical values.

7 The actual significance level of a test is the probability of rejecting H,,.



Review EXxercise

The random variable X is uniformly
distributed over the interval [—1, 5].

a Sketch the probability density function,
f(x), of X.

Find
b E(X),
¢ Var(X),

d P(-0.3 < X < 3.3). (E)

A bag contains a large number of coins.
Half of them are 1p coins, one third are 2p
coins and the remainder are Sp coins.

a Find the mean and variance of the
value of the coins.

A random sample of 2 coins is chosen
from the bag.

b List all the possible samples that can be
drawn.

¢ Find the sampling distribution of the
mean value of these samples.

A teacher thinks that 20% of the pupils in
a school read the Deano comic regularly.

He chooses 20 pupils at random and finds
9 of them read Deano.

a i Test, at the 5% level of significance,
whether or not there is evidence that
the percentage of pupils that read
Deano is different from 20%. State
your hypotheses clearly.

ii State all the possible numbers of
pupils that read Deano from a
sample of size 20 that will make the
test in part a i significant at the 5%
level.

The teacher takes another 4 random
samples of size 20 and they contain 1, 3, 1
and 4 pupils that read Deano.

b By combining all 5 samples and using a
suitable approximation test, at the 5%
level of significance, whether or not this
provides evidence that the percentage
of pupils in the school that read Deano
is not 20%.

¢ Comment on your results for the tests
in part a and part b.

The continuous random variable X is
uniformly distributed over the interval 2, 6].



Write down the probability density
function f(x).

Find
b E(X),
¢ Var(X),

d the cumulative distribution function of
X, for all x,

e P23 <X <3.4). (E)

The random variable X is the number of
misprints per page in the first draft of a
novel.

a State two conditions under which a
Poisson distribution is a suitable model
for X.

The number of misprints per page has a
Poisson distribution with mean 2.5. Find
the probability that

b a randomly chosen page has no
misprints,

¢ the total number of misprints on 2
randomly chosen pages is more than 7.

The first chapter contains 20 pages.

d Using a suitable approximation find, to
2 decimal places, the probability that
the chapter will contain fewer than
40 misprints.

Explain what you understand by
a a sampling unit,
b asampling frame,

¢ a sampling distribution. Q

A drugs company claims that 75% of
patients suffering from depression recover
when treated with a new drug.

A random sample of 10 patients with
depression is taken from a doctor’s
records.

a Write down a suitable distribution to
model the number of patients in this
sample who recover when treated with
the new drug.

Given that the claim is correct,

b find the probability that the treatment
will be successful for exactly 6 patients.

The doctor believes that the claim is
incorrect and the percentage who will
recover is lower. From her records she took
a random sample of 20 patients who had
been treated with the new drug. She found
that 13 had recovered.

¢ Stating your hypotheses clearly, test, at
the 5% level of significance, the doctor’s
belief.

d From a sample of size 20, find the
greatest number of patients who need
to recover for the test in part ¢ to be
significant at the 1% level.

a Explain what you understand by a
census.

Fach cooker produced at GT Engineering
is stamped with a unique serial number.
GT Engineering produces cookers in
batches of 2000. Before selling them, they
test a random sample of 5 to see what
electric current overload they will take
before breaking down.

b Give one reason, other than to save
time and cost, why a sample is taken
rather than a census.

¢ Suggest a suitable sampling frame from
which to obtain this sample.

d Identify the sampling units. G

Dhriti grows tomatoes. Over a period

of time, she has found that there is a
probability 0.3 of a ripe tomato having a
diameter greater than 4 cm. She decides
to try a new fertiliser. In a random sample
of 40 ripe tomatoes, 18 have a diameter




greater than 4 cm. Dhriti claims that the
new fertiliser has increased the probability
of a ripe tomato being greater than 4 cm
in diameter.

Test Dhriti’s claim at the 5% level of
significance. State your hypotheses
clearly.

The probability that a sunflower plant

grows over 1.5 metres high is 0.25.

A random sample of 40 sunflower plants
is taken and each sunflower plant is
measured and its height recorded.

a Find the probability that the number
of sunflower plants over 1.5 m high is
between 8 and 13 (inclusive) using
i a Poisson approximation,

ii a normal approximation.

b Write down which of the
approximations used in part a is a more
accurate estimate of the probability.
You must give a reason for your
answer.

m a Explain what you understand by

i an hypothesis test,
ii a critical region.

During term time, incoming calls to a
school are thought to occur at a rate of
0.45 per minute. To test this, the number
of calls during a random 20-minute
interval is recorded.

b Find the critical region for a two-tailed
test of the hypothesis that the number
of incoming calls occurs at a rate of 0.45
per 1-minute interval. The probability
in each tail should be as close to 2.5%
as possible.

¢ Write down the actual significance level
of the above test.

In the school holidays, 1 call occurs in a
10-minute interval.

d Test, at the 5% level of significance,
whether or not there is evidence that
the rate of incoming calls is less during
the school holidays than in term
time.

A string AB of length Scm is cut, in a

random place C, into two pieces. The
random variable X is the length of AC.

a Write down the name of the probability
distribution of X and sketch the graph
of its probability density function.

b Find the values of E(X) and Var(X).
¢ Find P(X > 3).

d Write down the probability that AC
is 3cm long

(5) Bacteria are randomly distributed in a

river at a rate of 5 per litre of water. A
new factory opens and a scientist claims
it is polluting the river with bacteria. He
takes a sample of 0.5 litres of water from
the river near the factory and it contains
7 bacteria. Stating your hypotheses
clearly, test his claim at the 5% level of
significance.

%) A bag contains a large number of coins

75% are 10p coins,
25% are Sp coins.

A random sample of 3 coins is drawn from
the bag.

Find the sampling distribution for the
median of the values of the 3 selected
coins.

m Linda regularly takes a taxi to work five

times a week. Over a long period of time
she finds the taxi is late once a week. The
taxi firm changes her driver and Linda
thinks the taxi is late more often. In the
first week with the new driver, the taxi is
late 3 times.



You may assume that the number of times
a taxi is late in a week has a binomial
distribution.

Test, at the 5% level of significance,
whether or not there is evidence of an
increase in the proportion of times the
taxi is late. State your hypotheses
clearly.

a i Write down two conditions for
X ~ B(n, p) to be approximated by a
normal distribution Y ~ N(u, o).
ii Write down the mean and variance
of this normal approximation in
terms of n and p.

A factory manufactures 2000 DVDs every
day. It is known that 3% of DVDs are
faulty.

b Using a normal approximation,
estimate the probability that at least 40
tfaulty DVDs are produced in one day.

The quality control system in the factory
identifies and destroys every faulty DVD
at the end of the manufacturing process. It
costs £0.70 to manufacture a DVD and the
factory sells non-faulty DVDs for £11.

¢ Find the expected profit made by the
factory per day.
a Define a statistic.

A random sample X;, X,, ..., X,, is taken
from a population with unknown mean .

b For each of the following state whether
or not it is a statistic.

X+ X,
2 ’
. LX2
i = - w2, 9

For a particular type of plant 45% have
white flowers and the remainder have
coloured flowers. Gardenmania sells plants
in batches of 12. A batch is selected at
random.

Calculate the probability this batch
contains

a exactly 5 plants with white flowers,

b more plants with white flowers than
coloured ones.

Gardenmania takes a random sample of 10
batches of plants.

¢ Find the probability that exactly 3 of
these batches contain more plants with
white flowers than coloured ones.

Due to an increasing demand for these
plants by large companies, Gardenmania
decides to sell them in batches of 50.

d Use a suitable approximation to
calculate the probability that a batch of
50 plants contains more than 25 plants
with white flowers.

a State the condition under which the
normal distribution may be used as
an approximation to the Poisson
distribution.

b Explain why a continuity correction
must be incorporated when using
the normal distribution as an
approximation to the Poisson
distribution.

A company has yachts that can only be
hired for a week at a time. All hiring starts
on a Saturday. During the winter the mean
number of yachts hired per week is 5.

¢ Calculate the probability that fewer
than 3 yachts are hired on a particular
Saturday in winter.

During the summer the mean number of
yachts hired per week increases to 25. The
company has only 30 yachts for hire.

d Using a suitable approximation find the
probability that the demand for yachts
cannot be met on a particular Saturday
in summer.




In the summer there are 16 Saturdays on
which a yacht can be hired.

e Estimate the number of Saturdays in
the summer that the company will
not be able to meet the demand for
yachts.

The continuous random variable X is

uniformly distributed over the interval
a<x<p.

a Write down the probability density
function of X, for all x.

b Given that E(X) = 2and P(X < 3) = 3,
find the value of « and the value of B.

A gardener has wire cutters and a piece

of wire 150 cm long which has a ring
attached at one end. The gardener cuts the
wire, at a randomly chosen point, into 2
pieces. The length, in cm, of the piece of
wire with the ring on it is represented by
the random variable X. Find

¢ EX),
d the standard deviation of X,

e the probability that the shorter piece of
wire is at most 30 cm long.

Past records from a large supermarket

show that 20% of people who buy
chocolate bars buy the family size bar. On
one particular day a random sample of

30 people was taken from those that had
bought chocolate bars and 2 of them were
found to have bought a family size bar.

a Test, at the 5% significance level,
whether or not the proportion p of
people who bought a family size bar of
chocolate that day had decreased. State
your hypotheses clearly.

The manager of the supermarket thinks
that the probability of a person buying
a gigantic chocolate bar is only 0.02. To
test whether this hypothesis is true the
manager decides to take a random sample
of 200 people who bought chocolate bars.

b Find the critical region that would
enable the manager to test whether
or not there is evidence that the
probability is different from 0.02. The
probability of each tail should be as
close to 2.5% as possible.

¢ Write down the significance level of this
test.



Examination
practice paper

1 a Explain briefly what you understand by
i asampling frame,
ii a statistic. 3)

A random sample X, X, ..., X,, is taken from a population with unknown mean u.
b For each of the following state whether or not it is a statistic. Give a reason for each of

your answers.
X, + Xs + X,
3

ﬁ%?—w (4)

2 The time people take to complete a simple puzzle is modelled by the continuous random
variable X which is uniformly distributed over 1 <x < §.

a Write down the probability distribution function f(x). (1)
Find

b E(X), (1)
¢ Var(X), 2)
d P(1.5 < X < 4.5). (2)

Given that John has already spent 3 minutes on the puzzle find the probability that John will
complete the puzzle during the next minute. (2)

3 The probability of a mug produced at a pottery being faulty is 0.25.
Find the probability that in a random sample of 6 mugs

a exactly 1 mug is faulty, 3)
b more than 2 mugs are faulty. (2)
The mugs are sold in sets of six. Zafran buys 10 sets.

¢ Find the probability that exactly 3 of the sets contain more than 2 faulty mugs. 3)




Examination practice paper

4 a State two conditions under which a Poisson distribution is a suitable model to use in
statistical work. (2)

A van hire company has 5 vans which they rent out by the day. Assuming that the number
of vans hired out per day follows a Poisson distribution with mean 3, calculate, for a period
of 100 days, the expected number of days when

b no vans will be hired, 3)
¢ the demand for van hire is not satisfied, 4)
d exactly 3 vans are hired. 3)

5 A manufacturer of coloured drawing pins introduces a purple pin that is to make up 15% of
the total production. The pins are sold in boxes of 20.

a Find the critical region for a two-tailed test of the hypothesis that the probability that a
pin chosen at random is purple is 0.15. The probability in either tail should be as close to
2.5% as possible. 3)

b Write down the actual significance level of the test above. (2)
A teacher buys a box of pins and discovers that it contains only 1 purple pin.

c Test, at the 5% level of significance, whether or not there is evidence that the probability
of a pin chosen at random being purple is less than 0.15. (6)

6 The probability that a man is over 1.8 m tall is 0.2. A random sample of 50 men is taken and
each man is measured and his height recorded.

a Find the probability that the number of men in the sample over 1.8 m tall is between
7 and 10 (inclusive) using
i a Poisson approximation,
ii a normal approximation. (10)

b By finding the actual value of the probability state which is the better apporoximation.  (3)

7 A continuous random variable X has a probability density function given by

1—- kx, 1<x<3

f(x) =
@) 0, otherwise.

where k is a positive constant.

a Sketch f(x). 3)
b Show that k = % (2)
¢ Calculate E(X). 3)
d Define fully the cumulative distribution function F(x). (4)
e Find the median of X. 3)

f Comment on the skewness of the distribution of X. (1)




Appendix

f(z)T

The normal distribution function !Zl

V4

D(2)=P(Z < 2)

The function tabulated below is ®(z), defined as ®(z) = 1\v2= [ ¢ dt.

z d(2) z D(z) z D(2) z D(z) z D(z)
0.00 0.5000 0.50  0.6915 1.00 0.8413 1.50 0.9332 2.00 0.9772
0.01 0.5040 0.51 0.6950 1.01 0.8438 1.51 0.9345 2.02 0.9783
0.02 0.5080 0.52 0.6985 1.02 0.8461 1.52 0.9357 2.04 0.9793
0.03 0.5120 0.53 0.7019 1.03 0.8485 1.53 0.9370 2.06 0.9803
0.04 0.5160 0.54 0.7054 1.04 0.8508 1.54 0.9382 2.08 0.9812
0.05 0.5199 0.55 0.7088 1.05 0.8531 1.55 0.9394 2.10 0.9821
0.06 0.5239 0.56 0.7123 1.06 0.8554 1.56 0.9406 2.12 0.9830
0.07 0.5279 0.57 0.7157 1.07 0.8577 1.57 0.9418 2.14 0.9838
0.08 0.5319 0.58 0.7190 1.08 0.8599 1.58 0.9429 2.16 0.9846
0.09 0.5359 0.59 0.7224 1.09 0.8621 1.59 0.9441 2.18 0.9854
0.10 0.5398 0.60  0.7257 1.10 0.8643 1.60 0.9452 2.20 0.9861
0.11 0.5438 0.61 0.7291 1.11 0.8665 1.61 0.9463 2.22 0.9868
0.12 0.5478 0.62 0.7324 1.12 0.8686 1.62 0.9474 2.24 0.9875
0.13 0.5517 0.63 0.7357 1.13 0.8708 1.63 0.9484 2.26 0.9881
0.14 0.5557 0.64 0.7389 1.14 0.8729 1.64 0.9495 2.28 0.9887
0.15 0.5596 0.65 0.7422 1.15 0.8749 1.65 0.9505 2.30 0.9893
0.16 0.5636 0.66 0.7454 1.16 0.8770 1.66 0.9515 2.32 0.9898
0.17 0.5675 0.67 0.7486 1.17 0.8790 1.67 0.9525 2.34 0.9904
0.18 0.5714 0.68 0.7517 1.18 0.8810 1.68 0.9535 2.36 0.9909
0.19 0.5753 0.69 0.7549 1.19 0.8830 1.69 0.9545 2.38 0.9913
0.20 0.5793 0.70  0.7580 1.20 0.8849 1.70 0.9554 2.40 0.9918
0.21 0.5832 0.71 0.7611 1.21 0.8869 1.71 0.9564 2.42 0.9922
0.22 0.5871 0.72  0.7642 1.22 0.8888 1.72 0.9573 2.44 0.9927
0.23 0.5910 0.73 0.7673 1.23 0.8907 1.73 0.9582 2.46 0.9931
0.24 0.5948 0.74 0.7704 1.24 0.8925 1.74 0.9591 2.48 0.9934
0.25 0.5987 0.75 0.7734 1.25 0.8944 1.75 0.9599 2.50 0.9938
0.26 0.6026 0.76 0.7764 1.26 0.8962 1.76 0.9608 2.55 0.9946
0.27 0.6064 0.77 0.7794 1.27 0.8980 1.77 0.9616 2.60 0.9953
0.28 0.6103 0.78 0.7823 1.28 0.8997 1.78 0.9625 2.65 0.9960
0.29 0.6141 0.79 0.7852 1.29 0.9015 1.79 0.9633 2.70 0.9965
0.30 0.6179 0.80  0.7881 1.30 0.9032 1.80 0.9641 2.75 0.9970
0.31 0.6217 0.81 0.7910 1.31 0.9049 1.81 0.9649 2.80 0.9974
0.32 0.6255 0.82  0.7939 1.32 0.9066 1.82 0.9656 2.85 0.9978
0.33 0.6293 0.83 0.7967 1.33 0.9082 1.83 0.9664 2.90 0.9981
0.34 0.6331 0.84 0.7995 1.34 0.9099 1.84 0.9671 2.95 0.9984
0.35 0.6368 0.85 0.8023 1.35 0.9115 1.85 0.9678 3.00 0.9987
0.36 0.6406 0.86 0.8051 1.36 0.9131 1.86 0.9686 3.05 0.9989
0.37 0.6443 0.87 0.8078 1.37 0.9147 1.87 0.9693 3.10 0.9990
0.38 0.6480 0.88 0.8106 1.38 0.9162 1.88 0.9699 3.15 0.9992
0.39 0.6517 0.89 0.8133 1.39 09177 1.89 0.9706 3.20 0.9993
0.40 0.6554 090  0.8159 1.40 0.9192 1.90 0.9713 3.25 0.9994
0.41 0.6591 0.91 0.8186 1.41 0.9207 1.91 0.9719 3.30 0.9995
0.42 0.6628 092  0.8212 1.42 0.9222 1.92 0.9726 3.35 0.9996
0.43 0.6664 0.93 0.8238 1.43 0.9236 1.93 0.9732 3.40 0.9997
0.44 0.6700 0.94 0.8264 1.44 0.9251 1.94 0.9738 3.50 0.9998
0.45 0.6736 0.95 0.8289 1.45 0.9265 1.95 0.9744 3.60 0.9998
0.46 0.6772 0.96 0.8315 1.46 0.9279 1.96 0.9750 3.70 0.9999
0.47 0.6808 0.97 0.8340 1.47 0.9292 1.97 0.9756 3.80 0.9999
0.48 0.6844 0.98 0.8365 1.48 0.9306 1.98 0.9761 3.90 1.0000
0.49 0.6879 0.99 0.8389 1.49 0.9319 1.99 0.9767 4.00 1.0000
0.50 0.6915 1.00  0.8413 1.50 0.9332 2.00 0.9772
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Percentage points of the normal distribution

The values z in the table are those which a random variable f(2)4
Z ~N(0,1) exceeds with probability p; that is, P(Z>z) = p. /P
It d
p z p z oz oz
0.5000 0.0000 0.0500 1.6449
0.4000 0.2533 0.0250 1.9600
0.3000 0.5244 0.0100 2.3263
0.2000 0.8416 0.0050 2.5758
0.1500 1.0364 0.0010 3.0902
0.1000 1.2816 0.0005 3.2905
Statistics $2
The following formulae and tables are the ones in the
Edexcel formula booklet under S2.
Discrete distributions
Standard discrete distributions:
Distribution of X P(X = x) Mean Variance
Binomial B(n, p) (Z)px(l —pn np np(l — p)
Poisson Po(X) e‘AJF A A
Continuous distributions
For a continuous random variable X having probability density function f
Expectation (mean): E(X) = u = fx f(x) dx
Variance: Var(X) = ¢ = f (x — w)?fx)dx = fxz f(x)dx — u?
For a function g(X): E(g(X)) = / g(x)f(x)dx
Xo
Cumulative distribution function: F(x,) = P(X < x,) = f f(t)dt
Standard continuous distribution:
Distribution of X P.D.E Mean Variance
Uniform (Rectangular) on [a, b] 5 _1 a %(a + b) %(b — a)?




Binomial cumulative distribution function

The tabulated value is P(X < x), where X has a binomial distribution with index n and
parameter p.

p:
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0.7738

0.9774
0.9988
1.0000
1.0000

0.5905

0.9185
0.9914
0.9995
1.0000

0.4437

0.8352
0.9734
0.9978
0.9999

0.3277

0.7373
0.9421
0.9933
0.9997

0.2373

0.6328
0.8965
0.9844
0.9990

0.1681

0.5282
0.8369
0.9692
0.9976

0.1160

0.4284
0.7648
0.9460
0.9947

0.0778

0.3370
0.6826
0.9130
0.9898

0.0503

0.2562
0.5931
0.8688
0.9815

0.0312

0.1875
0.5000
0.8125
0.9688

0.7351

0.9672
0.9978
0.9999
1.0000
1.0000

0.5314

0.8857
0.9842
0.9987
0.9999
1.0000

0.3771

0.7765
0.9527
0.9941
0.9996
1.0000

0.2621

0.6554
0.9011
0.9830
0.9984
0.9999

0.1780

0.5339
0.8306
0.9624
0.9954
0.9998

0.1176

0.4202
0.7443
0.9295
0.9891
0.9993

0.0754

0.3191
0.6471
0.8826
0.9777
0.9982

0.0467

0.2333
0.5443
0.8208
0.9590
0.9959

0.0277

0.1636
0.4415
0.7447
0.9308
0.9917

0.0156

0.1094
0.3438
0.6563
0.8906
0.9844

0.6983

0.9556
0.9962
0.9998
1.0000
1.0000

1.0000

0.4783

0.8503
0.9743
0.9973
0.9998
1.0000

1.0000

0.3206

0.7166
0.9262
0.9879
0.9988
0.9999

1.0000

0.2097

0.5767
0.8520
0.9667
0.9953
0.9996

1.0000

0.1335

0.4449
0.7564
0.9294
0.9871
0.9987

0.9999

0.0824

0.3294
0.6471
0.8740
0.9712
0.9962

0.9998

0.0490

0.2338
0.5323
0.8002
0.9444
0.9910

0.9994

0.0280

0.1586
0.4199
0.7102
0.9037
0.9812

0.9984

0.0152

0.1024
0.3164
0.6083
0.8471
0.9643

0.9963

0.0078

0.0625
0.2266
0.5000
0.7734
0.9375

0.9922

0.6634

0.9428
0.9942
0.9996
1.0000
1.0000

1.0000
1.0000

0.4305

0.8131
0.9619
0.9950
0.9996
1.0000

1.0000
1.0000

0.2725

0.6572
0.8948
0.9786
0.9971
0.9998

1.0000
1.0000

0.1678

0.5033
0.7969
0.9437
0.9896
0.9988

0.9999
1.0000

0.1001

0.3671
0.6785
0.8862
0.9727
0.9958

0.9996
1.0000

0.0576

0.2553
0.5518
0.8059
0.9420
0.9887

0.9987
0.9999

0.0319

0.1691
0.4278
0.7064
0.8939
0.9747

0.9964
0.9998

0.0168

0.1064
0.3154
0.5941
0.8263
0.9502

0.9915
0.9993

0.0084

0.0632
0.2201
0.4770
0.7396
0.9115

0.9819
0.9983

0.0039

0.0352
0.1445
0.3633
0.6367
0.8555

0.9648
0.9961

0.6302

0.9288
0.9916
0.9994
1.0000
1.0000

1.0000
1.0000
1.0000

0.3874

0.7748
0.9470
0.9917
0.9991
0.9999

1.0000
1.0000
1.0000

0.2316

0.5995
0.8591
0.9661
0.9944
0.9994

1.0000
1.0000
1.0000

0.1342

0.4362
0.7382
0.9144
0.9804
0.9969

0.9997
1.0000
1.0000

0.0751

0.3003
0.6007
0.8343
0.9511
0.9900

0.9987
0.9999
1.0000

0.0404

0.1960
0.4628
0.7297
0.9012
0.9747

0.9957
0.9996
1.0000

0.0207

0.1211
0.3373
0.6089
0.8283
0.9464

0.9888
0.9986
0.9999

0.0101

0.0705
0.2318
0.4826
0.7334
0.9006

0.9750
0.9962
0.9997

0.0046

0.0385
0.1495
0.3614
0.6214
0.8342

0.9502
0.9909
0.9992

0.0020

0.0195
0.0898
0.2539
0.5000
0.7461

0.9102
0.9805
0.9980
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0.5987

0.9139
0.9885
0.9990
0.9999
1.0000

1.0000
1.0000
1.0000
1.0000

0.3487

0.7361
0.9298
0.9872
0.9984
0.9999

1.0000
1.0000
1.0000
1.0000

0.1969

0.5443
0.8202
0.9500
0.9901
0.9986

0.9999
1.0000
1.0000
1.0000

0.1074

0.3758
0.6778
0.8791
0.9672
0.9936

0.9991
0.9999
1.0000
1.0000

0.0563

0.2440
0.5256
0.7759
0.9219
0.9803

0.9965
0.9996
1.0000
1.0000

0.0282

0.1493
0.3828
0.6496
0.8497
0.9527

0.9894
0.9984
0.9999
1.0000

0.0135

0.0860
0.2616
0.5138
0.7515
0.9051

0.9740
0.9952
0.9995
1.0000

0.0060

0.0464
0.1673
0.3823
0.6331
0.8338

0.9452
0.9877
0.9983
0.9999

0.0025

0.0233
0.0996
0.2660
0.5044
0.7384

0.8980
0.9726
0.9955
0.9997

0.0010

0.0107
0.0547
0.1719
0.3770
0.6230

0.8281
0.9453
0.9893
0.9990
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0.9998
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0.9994

0.9999
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0.9961

0.9991
0.9998
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0.0008
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0.0004
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0.7323
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0.9957
0.9988
0.9997
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0.0001
0.0005
0.0023
0.0086
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0.0639
0.1340
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0.5426
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0.9826
0.9942
0.9984
0.9996
0.9999
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0.0000

0.0000
0.0000
0.0001
0.0005
0.0020

0.0073
0.0216
0.0539
0.1148
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0.5000
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0.2146

0.5535
0.8122
0.9392
0.9844
0.9967

0.9994
0.9999
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

0.0424

0.1837
0.4114
0.6474
0.8245
0.9268

0.9742
0.9922
0.9980
0.9995
0.9999

1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

0.0076

0.0480
0.1514
0.3217
0.5245
0.7106

0.8474
0.9302
0.9722
0.9903
0.9971

0.9992
0.9998
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

0.0012

0.0105
0.0442
0.1227
0.2552
0.4275

0.6070
0.7608
0.8713
0.9389
0.9744

0.9905
0.9969
0.9991
0.9998
0.9999

1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

0.0002

0.0020
0.0106
0.0374
0.0979
0.2026

0.3481
0.5143
0.6736
0.8034
0.8943

0.9493
0.9784
0.9918
0.9973
0.9992

0.9998
0.9999
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

0.0000

0.0003
0.0021
0.0093
0.0302
0.0766

0.1595
0.2814
0.4315
0.5888
0.7304

0.8407
0.9155
0.9599
0.9831
0.9936

0.9979
0.9994
0.9998
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

0.0000

0.0000
0.0003
0.0019
0.0075
0.0233

0.0586
0.1238
0.2247
0.3575
0.5078

0.6548
0.7802
0.8737
0.9348
0.9699

0.9876
0.9955
0.9986
0.9996
0.9999

1.0000
1.0000
1.0000
1.0000
1.0000

0.0000

0.0000
0.0000
0.0003
0.0015
0.0057

0.0172
0.0435
0.0940
0.1763
0.2915

0.4311
0.5785
0.7145
0.8246
0.9029

0.9519
0.9788
0.9917
0.9971
0.9991

0.9998
1.0000
1.0000
1.0000
1.0000

0.0000

0.0000
0.0000
0.0000
0.0002
0.0011

0.0040
0.0121
0.0312
0.0694
0.1350

0.2327
0.3592
0.5025
0.6448
0.7691

0.8644
0.9286
0.9666
0.9862
0.9950

0.9984
0.9996
0.9999
1.0000
1.0000

0.0000

0.0000
0.0000
0.0000
0.0000
0.0002

0.0007
0.0026
0.0081
0.0214
0.0494

0.1002
0.1808
0.2923
0.4278
0.5722

0.7077
0.8192
0.8998
0.9506
0.9786

0.9919
0.9974
0.9993
0.9998
1.0000
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0.1285 0.0148 0.0015 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.3991 0.0805 0.0121 0.0015 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
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POISSON CUMULATIVE DISTRIBUTION FUNCTION
The tabulated value is P(X < x), where X has a Poisson distribution with parameter A.
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Answers

Exercise 1A 8 a k=1 b r=9 c 0.9801

9 a X~B(10,0.30)
1 a 12 1 21 :
a 120 b 10 ¢ b 01503 ¢ s=8

d 2810 e 190 1% 10 a 0.2794 b 0.0378 c d=5
2 a g;;0r0.0186 b 5or0.112
0.000999 or 5 Exercise 1D
3 a 0279 b 0.0781 ¢ 0.000125 1 EX)=6
Var(X) = 5
Exercise 1B 2 a jor225 b 0.6840
3 a EX) =12
1 a 0273 b 0.0683 c 0.195 Var(X) = 7.2
2 a 0.132 b 0.356 c 0.00464
3 a 000670 b 0.214 ¢ 000178 b 04022
4 a 0358 b 0.189 ‘; ans 60 b 1.69
5 a f: 213(520, 0.01) 6 p=1landn=225
p=0.01
Assume bolts being defective are independent of Mixed exercise 1E
each other. 1 a 0.04390r-2 b 0273
b X~B(60.52) 2 a 0.01383s.f) b 0.747 3 d.p.)
n=6 3 a 0987 0983 b 109
p =052 . . 4 a 1 Therearenindependent trials.
Assume the lights operate independently and the 2 nis a fixed number.
time hghtslare on/off is constant. 3 The outcome of each trial is success or failure.
¢ X~B@30,y 4 The probability of success at each trial is
n= ?0 constant.
P=3 5 The outcome of any trial is independant of any
Assume serves are independent and probability of other trial.
an ace is constant. b 0.0861 c n=60 d n=90
6 a X~B(14,0.15) is OK if we assume the children in 5 a 0879 b 0.773
the class being Rh~ is independent from child to 6 a 0.000977 b 0.0547
child (so no siblings/twins). 7 a 0.0531 b 0.243
b This is not binomial since the number of tosses is 8 a X~B(10,0.15)
not fixed. b 0.0099 ¢ 0.2759
The probability of a head at each toss is constant 9 a 0.8692 b 0.0728
(p = 0.5) but there is no value of n.
¢ Assuming the colours of the cars are independent Exercise 2A
(which should be reasonable).
X = number of red cars out of 15 1 a 0.117 b 0.900 ¢ 0.0538
X ~B(15, 0.12) 2 a 0.130 b 0.0224 c 0.923
3 a 0247 b 0.295 c 0.290
7 & 5501 0.0965 b 0.155 4 a 0138 b 0.412 ¢ 0.126
8 a ;50r0.0658 b 0.307 or 25
Exercise 2B
. 1 a 02052 b 0.4562 c 0.9580 d 0.4142
Exercise 1C 2 a 01512 b 07149 ¢ 0.1606 d 0.6820
1 a 09804 b 0.7382 c 0.5638 d 0.3020 3 a 01125 b 0.0611 c 0.4679 d 0.7700
2 a 09468 b 0.5834 c 0.1272 d 0.5989 4 a a=6 b b=9 c c=5 d d=5
3 a 0.6844 b 0.6815 c 0.2068 d 0.3111 5 a a=5 b b=2 c c=7 d d=9
4 a 0.0278 b 0.5245 c 0.9423 d 0.2028 6 a 0.00248 or 0.0025
5 a 0.0039 b 0.9648 c 0.3633 b 0.1512 ¢ 0.0174 d 0.0620
6 a 0.2252 b 0.4613 c 0.7073 7 a9 b 3 c 0.3473 d 0.2068
7 a k=13 b r=28 8 a 02231 b 0.8088




ANSWERS

Exercise 2C

1 a
2 a

0.1730 b 0.0302

0.0235 (3 s.f.) b 0.0293

Assume that defects occur independently and at
random in the cloth and defects occur at a
constant rate.

If the misprints occur independently and at random
and at a constant average rate then this could be
Poisson.

Yes because after 1 hour the pigs are probably
dispersed fairly randomly and independently
around the field.

No because after 1 minute the pigs will probably be
clustered around the feeding trough and so will not
be randomly and independently scattered.

No because the salt needs to diffuse so that it is
randomly dissolved at a constant average rate
throughout the contents of the bucket.

Yes, this may be Poisson provided that the runners
are not in groups, since they need to pass the post
independently and at random.

4 a 0.0668 b 0.0835
5 a 0.2510 b 0.5874
6 a X~TPo(2)5) b 0.2424
¢ The sheep will no longer be randomly scattered.
7 a 0.5578 b 0.0656 c 0.0025
8 a 0.513@3s.tf) b n=6
9 a 0.2971 b 0.0038 < 0.01
¢ They would need 10 boats.
10 a 0.8088 b 0.1847 c n=14
Exercise 2D
1 a 0.9997 b 0.3134
2 a 0218 b 0.430
3 0.58%
4 a 0.0174 b 0.1339
5 a 0.0235(3s.f) b 0.8883
6 a 0.0337 (3s.f) b 0.0842 (3 s.f.)
c 0.875@3s.f)
7 a 0.0183 (Poisson table)
b 0.0733 (Poisson table)
¢ 0.2381 (Poisson table)
8 a 0.0000454 (3s.f) b 0.0671
9 a Forlarge nand small p
B(n, p) = Po(np)
b 0.00992 c 0.3233

Exercise 2E

1 a

w
pepoe g

If the outcomes occur:

1 singly

2 at a constant rate

3 independently and at random

then a Poisson distribution can be suitable.

0.9502 c 0423 d 0.702

0.879 (3 s.f.) b 0.773 (3 s.f.)
0.7764 (Poisson tables) d m=7

0.0177 b 0.2236 c 0.1251 d 0.0773
0.221 3 d.p.) b 0.998 3d.p.)
0.050 (3 d.p.) d 0.925(3d.p.)

X ~Po(0.25) b 0.221

Mixed exercise 2F

1

2

=

X NSO

10

a i0.2233d.p.)
b 0.0987 (3s.f.)
Items occur in continuous space or time:

ii 0.442 3 d.p.)

1 singly
2 at a constant rate
3 independently of one another and at random.
a 0.3032 b 0.0279 3s.f.)
a B(n, p) can be approximated to Po(np)
if n is large and p is small
then mean = np
b i 0.908 (3d.p.) ii 0.00370 (3 s.f.)
c 0.000264 (3 s.f.)
a Binomial b Poisson ¢ DPoisson
d Binomial e DPoisson f DPoisson
a 10 b 0.0067
a X~DPo(0.25 b 0.0265 c 0.276 (3s.f.)
a 0.2138 b 0.1378 c 0.0457
a X~Po(0.6) b 0.549(3sf) ¢ 0.0231 (3s.tf)
d Not suitable.
The rate of telephone boxes will be different in
cities and they are more likely to occur in clusters.
a 0.0756 b 0.925 (3 d.p.)
c 0.065 d 0.4005 (4 d.p.)

a 0.181 3d.p.) b 0.0191

Exercise 3A

1

a There are negative values for f(x) when x < 0 so this
is not a probability density function.

b Area of 8% not equal to 1 therefore it is not a valid
probability density function.

¢ There are negative values for f(x) so this is not a
probability density function.
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8 a k=;0r0.25

b 0.8
0.6
0.4
0.2 X X
Ol T T T
0 1 2 3
Exercise 3B
1 0 x<0
3
Fx) = 32% 0<x<2
1 x>2
2 0 x<1
2
F(x) = x—%—% 1<x<3
1 x>3
3 ( 0 x<0
xZ
18 0<x<3
F(x)={2x ,
& x <x<
3 18 1 3<x<6
\ 1 x>6
4 a f(x)a
Sk
4k
3k
2k
1k
O T T T T T -
01 2 3 4 5%
b k=1
¢ 0 x<0
5 0<x<3
Flx) =
x_z_s_x+1 3<x=<S$
9 9
1 x>35
5 2x
fx) = 3 2=<x=<3
0 otherwise
6 a 075 b 0.75 c 0.5
7 a 0 x<0
3
Fo)={ % o0=x<2
1 x=2
1
b 3§

ANSWERS

@) = ;2—29C+% 1<x<2
0 otherwise
b f(x)
3
2
1
04 . . . .
0 0.5 1 1.5 2 2.5 %
c 0.1875
9 a k=2
b 0 x<0
Fx) = %(4,6_%3) 0<x<2
1 x=2
¢ 0.007 (1s.f)
Exercise 3C
1 a k=3 b 15 c 0.15
2 a 225 b 0.3375 ¢ 0.581
3 a? b c 0.943
d 0.556 e 8 f 42
4 a k=2 b : c & d ;
5 a >or03125 b 0.60r?
6 a
3 -2 -1 0 1 2 3 Y
b 0 c 04 d 0.538
7 a k=1 b 1.6 c 62
d 7 e 3 f 5%
8 a gy,
0.4
0.3
0.2
0.1
) 0 2 4 6 x
b 3.417 ¢ 1.0152 d 1.01
9 a f(x) 4
0.6
0.5
0.4
0.3
0.2
0.1
101 23 45 6°%
b 22 c B

—_
o]




ANSWERS

10 a k= 0.003 b 75 c 3.75 d 0.386 5 a f(y)
¢ f(x) o 0.6
0.35- 0.4
0.3- 0.2
0.254 ; T T :
0 1 2 4
0.2
b 0
0.154 c
0.1 0 y<0
0.05- F(y) = %—113’2 0<y=<3
T T T ¥ ; y > 3
-1 0 5 10 15
d Median = Q_T“?"/S =1.15
6 a f(x)a
Exercise 3D 2.5
1 a f(x), 2
0.4_ 1.5_
0.3 14
0.2 0.5
O.l_ T T x
0 T T ;C 0 1 2
0 2 4 6 b 2
b The mode is 1. c 0 x<0
2 a 0 <0 F(x) = %x‘* O<x<
2
F(x) = ic_6 O<sx<4 1 x>2
1 x>4 d 1.68
F(x) A 7 a f(x) A
1_ __________
p 1 x —2 -1 0 1 2 ¥
b Median = 2.83 since —2.83 is not in the range. b bimodal —1and 1
3 a Median = 1.73 since —1.73 is not in the range. ¢ median =0
b IQR = 2.134 — 1.225 = 0.909
Q d 0 x<-1
4 a f(x)
={ls, 3,1 <x<
1.5 F(x) g tgxty <sx<1
1 1 x>1
0.5
> 8 a f(x) A
0 05 1 1.5 2 25% 0.8-
0 0.6+
¢ 0 x<0 0.4+
Fo)={x-12*  o=x<2 0-27
T T T T oy
1 x>2 -1 0 1 2 3 %

d Median = 2 — v2 as 2 + V2 is not in range. b mode = 1.5



¢ 0 x<0
F@) = { 02— 1bx°  0<=x<2
1 x>2

d Since 0.5 lies between 0.495 and 0.501 the median

lies between 1.23 and 1.24.

9 a 1, . 3
T <x<
fx) = {4 *

0 otherwise
b mode =3
f(x) A
0.25------
0 T T T >
0 1 2 3 X
c V5 B
d lower quartile = V3

upper quartile = V7
10 a - 12021 -x) O=x<1
x =
0 otherwise

b mode =2

¢ 0.2853
11 a 0 x<0
F(x){gvﬁ(zsw) 0<x<5
1 x>5
b 0.650
12 a 0 x <0
{ Z—C O0sx<1
Fx) = 1
E+§ Il<sx<2
1 x>2

b median = 1.57 IQR = 0.821

Mixed exercise 3E

1 a 5 b 2.89 c 3
d = e 0S5
2 a; b 5 € 5=35
d 0 x<0
F) = { 2x — &2 0<x=<1
1 x>1
e median = 0.293 as 1.71 is not in the range
3 a k=3 b 0.375
¢ median = 1.62 as —0.618 is not in the range
d
) = y - % 1sy<2

0 otherwise

ANSWERS

a 0.648
b median = 2.55 as —2.55 is not in the range
¢ 2x 2<x<3
fr) = { 9
0 otherwise
38 _
d e e mode =3
_3
a k=g b 1.5
¢ 0 x<0
Flx) = %3 0<x<2
1 x>2
d 1.59 e mode =2
_3
a k—@
b 0 y<1
Yo 3y s
Fy) = 62+§+ﬁ 3T 1<sy=<3
1 y>3
11
¢ 3
a
T T } —>
-3 1 2 3 ¥
b mode =0
¢ 0 x< -2
_l12x  x%1
Fx)=({ % -~ + 2 -2=<x<2
@=133 33732
1 x> 2
35
d 125 0r 0.273
26
a o1
b 0 x<0
3 0<x<1
Flx) =
.5 <x<
21+ﬁ I<sx<2
1 x>2
¢ median = 1.40
_1 7
a k—2 b 3
¢ 0 x<1
- ?_x, 1
Fix) = T 273 1<x<3
1 x>3

d Since 0.5 lies between 0.49 and 0.5625 the median
is between 2.4 and 2.5




ANSWERS

10 a f(x) A 11 a f(x)a
1.2
1 27
0.8+
0.6
0.4+
0 1 l
0.2_ O 2 3 x
0 ' b Mode of X is 3. c 22 d m=271
0 0.5 e Negative skew
b mode = 1 c mean (2.6) < median (2.71) < mode (3)
12 a X~Po(l.5)
¢ 0 x<0 b Faulty components occur at a constant rate.
x2 Faulty components occur independently and
> 0<x<1 randomly.
Fx) = 3 Faulty components occur singly.
f_4+% 1<x<2 c 0251
d 0.989 (3s.f)
1 x>2 13 a IfX~B(n p)and
f median =1 n is large
p is small
then X can be approximated by Po (np).
. . b 0.0001
Review Exercise 1 ¢ 0.00098
1 a n=125 b 1.70 d mean = np = 10
2 a 0.1563 b 0.6288 variance = np(1 — p) = 9.9
=1 16 e 0.870 (3s.f)
3 a k=3 b “ a )
c 1.15@3s.f) d m=1.08
e mean (1.07) < median (1.08) < mode (1.15)
= negative skew 0.5
f fx)
X
b Modeisx =3
0 2 x ¢ 0 x<0
1
4 a 0375 b 0.125 c 0125 ) = 2% O0<x=<3
5 a X~Po(L5) b 0251 (3s.tf) ) = )
c 0.469 3s.f) d 0.185(3s.f) 2x — 44 =3 3<x<4
6 0.0119 (3s.f) .
7 a k=3 b 21or2.6875 x=4
c d m=6=245
0 x=2 15 a 0.0081 b 0.00392
F(x) = l(x3 — 3x2 + 4) 2<x<3 16 a 0.847
4 b 0.5 lies between F(0.59) and F(0.60)
1 x=3 so median lies between 0.59 and 0.60
[
d m between 2.70 and 2.75 since the cubic ) = 40— 3x*  Osxs<l1
changes sign. 0 otherwise
8 a 0.0278 b 0.8929 c 0.0140 .
9 a Events occur at a constant rate. d Sor0.583
Events occur independently or randomly. e x= % or 0.6
Events occur singly. ¢ . di d .
b i 0.134 (3s.1) i 0.715 (3 s5.f) mean (0:583) < median (0.59 — 0.6) < mode (0.6)
c 0.149 so negative skew
10 a k= b 0.705 [or 22¢]
18 288 .
c . Exercise 4A
) 0 otherwise 1 a 04 b 0.6
Loys 4 y) l<y<2 2 a k=126 b 0.39
? 3 a k=1 b 0.6875



ANSWERS

4  f(x)a
Shaded area =1 — 0.25 — 0.5
=0.25
k_
0.25 0.5
0 a 5 7 b ¥
k=g b=11 a=3
5 a Y~U[9,21] b 2
Exercise 4B
1 a1l b 5 c 6
d 0 x< -3
Flx) = x;—3 -3<x<5
1 x>5
2 a1} b 5!
3 a 45 b 1 ¢ 205 =20.6
d 0 x<3.5

F(x) = % - 175 35<x<55
1 x>5.5

4 g=-landb =3

_5+(-1)

E(X)_T
=2

Var(x) = 8= D) _1(2_1))2
=3
E(Y) = 4E(X) — 6
=8-6
=2
Var(Y) = 16 Var(X)
=48
6 E(X?) =25

7 a 02 b 0.5 c L

Mixed exercise 4C

2 a k=1 b 0.2 c -15 d 25
¢ 0 x < —4
F(x) = x;‘* —4=x<1
1 x>1
3 a b=5 a= -1
b 0.533
4 a f(x)s
1
20
0 >
0 20 ¥
b E(X) =10 Var(X) =331 c 02
5 a X~U(-05,0.5) b 0.4 c &
6 a 1 _3<x<10
fx) = {13
0 otherwise
b 3.5 minutes
¢ 0 x< -3
x+ 3
= (22 -3=<x<10
F(x) 3 X
1 x> 10
5
d 5
7 a U(-0.5,0.5 b 04 c 0.064
8 a 1 190<x<210
fex) = {20
0 otherwise
b i? ii 0 c 10
9 a Uniform b Normal
Exercise 5A
1 a P(X<7.5) b P(X<09.5)
¢ PX=5)5) d PX=2)5)
e P(16.5<X<20.5) f P(18.5<X<29.5)
g P(28.5 < X < 40.5) h P(22.5 <X < 34.5)

Exercise 5B

1 a ) 4 1 a 0.0500 b 0.0340 ¢ 0.795
2 a 0.780~0.787 b 0.162~0.163
) ¢ 0.0640 ~ 0.0660
7 3 a 0913~0914 b 0.768 ~0.769
¢ 0.0483 ~ 0.0485
4 0.059 ~0.060
5 0.0505
6 0.006
_, 0 3s y Exercise 5C
1 a 0.0410 ~0.0420 b 0.0069
b 15 c 4 ¢ 0.683~0.685
d 2 a 0.206 b 0251
0 x< -2 ¢ 0.456~0.457
Py = { % ;r 2 <5 3 zz 8.Z§8N8.2§Z b 0.0480
1 x>5 4 a 0.0590 ~0.0600 b 0.825~0.826
, ¢ 0311~0312
€ i £ 0 5 a 1day b 4 or 5 days c 8days




ANSWERS

Mixed exercise 5D

N b W N =

a 0.8159 b 0.135~0.136

0.0778

a 0.0262 b 0.2149

a 0.1849 b 0.8576 c 0.946
a 0.104 b 0.8153

Exercise 6A

1

a A census is when every member of a
population is used.

b ANY TWO FROM:
It is unbiased.
It gives an accurate, reliable answer.
It looks at every single member of the
population.

¢ ANY TWO FROM:
It can take a long time to do.
It is often costly.

It is not easy to ensure that every member of the

population is taken into account.
a is an infinite population.
b and c are finite populations.
a FEITHER: A sample is a subset of the population.
OR: A sample consists of a selected group of the
members of the population.
b ANY ONE FROM:
It may be biased.
It may be subject to natural variation.
¢ ANY TWO FROM:
It is generally cheaper.
Data is often easier to get.
It generally takes less time.
It avoids testing to destruction.
a ANY ONE FROM:
It would be expensive.
It would be time consuming.
It would be difficult.
b A list of residents.
¢ Aresident.
The climbing ropes would all be destroyed.
a ANY ONE FROM:
It will be easier.
It will be quicker.
It will be cheaper.
b Customer.
¢ Advantages:
ANY ONE FROM:
It will be quick to do.
It will be easy to do.
It will not cost too much.
PLUS
Disadvantages:
ANY ONE FROM:
Not everyone’s views will be known.
It might be biased.
a All the mechanics in the garage.
b Everyone’s views will be known.

a If a census were used all the computers would be

destroyed.
b The list of unique serial numbers.
¢ A computer.

Exercise 6B

1

2

=

This mean is from the values of a sample so it is a
statistic.
i and ii are statistics.

sse

iii is not a statistic since it uses pu.

a

[~

All the hairdressers who work for the chain of
hairdressing shops.

The proportion of p of the staff happy to wear
overalls.

This is a binomial distribution since we are only
interested in two options — whether or not the
hairdressers are happy to wear the overalls.
Po(3) b 0.1991
o=318.75 w=32.5

(50, 50)

(50, 20) (20, 50)

(50, 10) (10, 50)

(20, 20)

(20, 10) (10, 20)

(10, 10)

X [50[35]30] 20 15 10
P(X) | 0.25 | 0.25 | 0.25 | 0.0625 | 0.125 | 0.0625

Mean = 19.4
(16, 16)

(16, 20) (20, 16)
(16, 30) (30, 16)
(30, 30)

(30, 20) (20, 30)
(20, 20)

Variance = 16.04

X 16 18 | 20 | 23 | 25 30

PX) | 0.16 | 0.4 | 0.25|0.08 | 0.1 |0.01

Mean = 2.6
3,3,3)

3,3,2)(3,2,3)(2,3,3)
3,2,2)(2,3,2)(2,2,3)

Variance = 0.24

2,2,2)

X 3 22 1 2
P(X) | 0.216 | 0.432 | 0.288 | 0.064
M| 3 2

P(M) | 0.648 | 0.352

N | 3 2

P(N) | 0.648 | 0.352

Mixed exercise 6C
1 a Alistof all the patients on the surgery books.

2

b
a

[}

A patient.
ANY TWO FROM:

It would take too long.

It could cost too much.

It could be difficult to get hold of all members.
A list of all members of the gym.
A member of the gym.
A sampling frame has to be some sort of list - it
may not be possible to list a population.
A sample is usually easier to do, quicker to do and
not as costly as a census.




10

a A statistic is a quantity calculated solely from the
observations of a sample.
b i isastatistic  1ii isnot a statistic as it depends
on the value u.
a The light bulbs would all be destroyed.
b A light bulb.
a ANY TWO FROM:
It is quicker to do.
It is cheaper to do.
It is easier to do.
b It can be biased. OR it is subject to natural
variations.
A numbered list of all 400 call-centre operatives.
A call-centre operative.
e Yes, because he is using only the values from a
sample. There are no parameters.
ANY TWO FROM:
It takes into account everyone’s views.
It is unbiased.
To take a sample when the population is only 10
would be silly.
a and b are statistics
c and d are not statistics since they involve a
population parameter.
a Mean = 9% Variance = 28.47
b (5,5) (10, 10) (20, 20)
(5, 10) (10, 5) (5, 20) (20, 5)
(10, 20) (20, 10)

c | Y 5 |75 10
PY)| 1

a6

12.5 | 15 20

©l—
&=

1 1 1
3 9 6

a (6,6,6)
(6, 6, 10) (6, 10, 6) (10, 6, 6)
(6, 10, 10) (10, 6, 10) (10, 10, 6)

(10, 10, 10)
b N 6 10
P(N) | 0.648 | 0.352
c M 3 2
P(M) | 0.648 | 0.352

Exercise 7A

1

a This is an assumption made about a population
parameter that we test using evidence from a sample.
b The null hypothesis is what we assume to be correct
and the alternative hypothesis is what we conclude
if our assumption is wrong.
Null hypothesis = H, Alternative hypothesis = H;
The test statistic is N — the number of sixes.
H(): p = %
Hip>1
The test statistic is N — the number of times you get
a head.
Hg:p = %
Hl: p # %
The test statistic is the number of accidents (in a
given month or other specified time period).
b Ho: A=4
¢ Change H;: A # 4 (2 tail); or Decrease Hy: A < 4
or Increase H;: A > 4 (both one tail).

o6 g ee

(eI S

ANSWERS

a A two tail test would be best. The support could get
better or could get worse.

b Hyp=04
Hy:p#04

a A suitable test statistic is p — the proportion of
faulty articles in a batch.

b Hpp=0.1
Hpi:p<0.1

c If the probability of the proportion being 0.09 or
less is 5% or less the null hypothesis is rejected.

a The test statistic is M — the number of times Hajdra
getsa 1.

b If Nis 4 or 5 then the null hypothesis would be
rejected, since P(4 or more) = 1.6% < 5%.

Exercise 7B

1

2

10

11

12

13

14

15

0.0781 > 0.05
There is insufficient evidence to reject Hy.
0.0464 < 0.05
There is sufficient evidence to reject Hy so p < 0.04.
0.0480 < 0.05
There is sufficient evidence to reject Hy so p > 0.30.
0.0049 < 0.01
There is sufficient evidence to reject Hy so p < 0.45.
0.0494 > 0.025 (two-tailed)
There is insufficient evidence to reject Hy so there is no
reason to doubt p = 0.5.
0.0526 > 0.05
There is insufficient evidence to reject Hy so there is no
reason to doubt p = 0.28.
0.0020 < 0.05
There is sufficient evidence to reject Hy so p > 0.32.
0.0424 < 0.05
There is sufficient evidence to reject Hy so A < 8.
0.0430 > 0.01 (1% sig. level)
There is insufficient evidence to reject Hy,.
0.1905 > 0.05
There is insufficient evidence to reject H,,.
0.1875 > 0.05
There is insufficient evidence to reject H, (not
significant).
There is insufficient evidence to suggest that people
prefer Supergold to butter.
0.0577 > 0.025 (two-tailed)
There is insufficient evidence to reject Hy.
0.3813 > 0.05
There is insufficient evidence to reject Hy (not
significant).
There is no evidence that the probability is less than %.
There is no evidence that the die is biased.
a Distribution B(n, 0.68)

Fixed number of trials.

Outcomes of trials are independent.

There are two outcomes success and failure.

The probability of success is constant.
b 0.0155 < 0.05

There is insufficient evidence to reject Hy so

p <0.68.

The treatment is not as effective as is claimed.
0.1321 > 0.05
There is insufficient evidence to reject H, (not
significant).
There is no evidence of a decrease in the number of
lorries passing the gates in a lunch hour.




ANSWERS

16

0.1242 > 0.05

There is insufficient evidence to reject H, (not
significant).

There is no evidence that the new schedules have
increased the number of times the bus is late.

Exercise 7C

1

Dbk w

-0 0 X NS

e

12

13

14

The critical value is x = 5 and the critical region is

X = 5 since P(X = 5) = 0.0328 < 0.05.

The critical value is x = 0 and the critical region is
X=0.

The critical region is X = 13 and X < 3.

The critical value is x = 0. The critical region is X = 0.
The critical value is x = 10 and the critical region is
X =10.

Critical region is X = 7.

Critical region is X = 9.

Critical region is X < 2.

Critical region is X = 0.

Critical region is X < 6.

a Critical region X = 0 and X = 8.

b X = 8isin the critical region. There is enough
evidence to reject Hy. The hospital’s proportion of
complications differs from the national figure.
0.0436

Hpor=4 Hi:A>4

Critical region is X = 9.

8 is not in the critical region. The scientist
concluded there was not enough evidence to
suggest an increase in the number of hurricanes.
There is evidence that the rate of weekly sales has
decreased.

Reject Hy

There is evidence that the percentage of workers who
are absent for at least 1 day per month is less than 20%.

oo 6

Mixed exercise 7D

1

0.3222 > 0.05

There is insufficient evidence to reject H,,.

There is no evidence that the trains are late more often.

0.1321 > 0.025

There is insufficient evidence to reject H,,.

There is no evidence that the rate at which lorries pass

the hospital has changed.

0.1875 > 0.05

There is insufficient evidence to reject Hy.

There is insufficient evidence that the manufacturer’s

claim is true.

0.2084 > 0.10

There is insufficient evidence to reject H,,.

There is no evidence that the rate of tremors has

increased.

a Fixed number; independent trials; two outcomes
(pass or fail); p constant for each car.

b 0.16807

c 0.3828 > 0.05
There is insufficient evidence to reject Hy.

There is no evidence that the garage fails fewer than
the national average.

a A hypothesis test about a population parameter 0
tests a null hypothesis Hy, which specifies a particular
value for 6, against an alternative hypothesis H;
which is that 6 has increased, decreased or changed.
H, will indicate if the test is one- or two-tailed.

10

11

12

13

14

15

b You can count the number of cups of tea that were

served in a given time interval (30 minutes).

(You cannot count how many were not served.)

Critical region is X = 6.

0.0166

Critical region is X = 13.

There is insufficient evidence to reject Hy.

There is no evidence that practice has improved

Jacinth’s throwing.

Critical region X < 1 and X = 10.

0.0583

¢ Accept Hy. There is no evidence that the proportion
of defective articles has increased.

There is insufficient evidence to reject Hy,.

There is no evidence that the claim is wrong.

a 0.1339

b 0.0426 < 0.05

There is sufficient evidence to reject Hy.

There is evidence that the rate of hiring caravans

has increased.

Critical region is X < 4 and X = 16

0.0493

¢ There is insufficient evidence to reject H,.
There is no evidence to suggest that the proportion
of people buying that certain make of computer
differs from 0.2.

0.0282 < 0.05 Reject H,,.

There is evidence that the filter bed is failing to work

properly.

0.0011 < 0.05 Reject H,,.

There is evidence that the rate of sales of onion

marmalade has increased after the program.

0.0415 < 0.05 Reject H,,

There is evidence that the process is getting worse.

Reject Hy.

The new variety is better.

e a6

[~

=

Review Exercise 2

1

a f(x)

N

o
QY

-1
b 2 c 3 d 0.6
a Mean value is 2p or £0.02
Variance is 2
b (1,1)
(1,2)and (2, 1)
(1,5)and (5, 1)

2,2)
(2,5)and (5, 2)
S, 5)
C X 1 1.5 2
Px =] $xd=1]2xixi=1] ixi=)
X 3 3.5 5
P(X = x) % 2xixl=1 .




10

11

i Evidence that the percentage of pupils that read
Deano is not 20%, it is more than 20%.
ii All possible values are O or [9, 20]
or 0 and 9 or more.
Combined numbers of Deano readers suggests there
is no reason to doubt 20% of pupils read Deano.
In part a we rejected H,,.
In part b we had insufficient evidence to reject Hy.
The results are different.
Either sample size matters and larger samples give
more reliable results or not all pupils are drawn from
the same population.

1 2<x<6
fx) = {4
0 otherwise

b Ex)=4

(e}

YO

ceg e

P aeg

=

C
d

4

3
0 x <2

Fo)= { $0c-2)  2=x<6

1 x>6

0.275

Misprints occur randomly and independently.
Misprints occur singly in space.
Misprints occur at a constant rate.
0.0821 c 0.133(3s.f)
Element of the population.

A list of all the sampling units.

All possible samples are chosen from a population,
the values of a statistic and the associated
probabilities is a sampling distribution.

X ~ B(10, 0.75)

where X is the random variable ‘number of patients
who recover when treated’.

0.146

Insufficient evidence to reject H,,.

9

A census is when every member of a population is
investigated.

This is destructive testing, so there would be no
cookers left to sell if a census were taken.

A list of the serial numbers of the cookers.

A cooker.

d 0.07

Reject Hy,.
Dhiriti’s claim is supported by sample.

a
b

[}

i 0.644 (3s.f) ii 0.718 (3 s.f.)

Normal approximation as n large, p close to % and

np = 10 > 5. (Exact binomial is 0.7148.)

The Poisson approximation shouldn’t be used

because p isn’t small, it is bigger than 0.1.

i A hypothesis test is where the value of a
population parameter (whose assumed value is
given in Hy) is tested against what value it takes
if Hy is rejected (this could be an increase, a
decrease or a change).

ii A range of values of a test statistic that would lead
to the rejection of the null hypothesis.

Critical region X <3 or X = 16

0.0432 or 4.32%

Insufficient evidence to reject H,,.

The rate of incoming calls is less during the school

holidays is not supported.

12

ANSWERS

a f(x)a

wn|=

14

15

17

18

19

20

21

A

0 S

b EX) =25 Var (X) = 2

12
c 2 do
There is significant evidence that near the factory the

river is polluted with bacteria at the 5% level.
Median 5 = ;0 or =
Median 10 = 2} or Z
Insufficient evidence to reject Hy.
No evidence of an increase in the number of times the
taxi driver is late.
ai If X~B@np

n is large

pis close to 0.5

and np > 5

then X can be approximated by N(np, np(1 — p)
ii mean = np
variance = npq = np(1 — p)

b 0.996 (3s.f) c £19940
A random variable that is a function of known
observations from a population.
or A statistic is a numerical property of a sample.
b i Yes, itis a statistic.
ii No, it is not a statistic.
0.2225 b 0.2607
A > 10 or large
The Poisson distribution is discrete and the normal
distribution is continuous.
0.1247
0.1357
2 (or 3) Saturdays.

)

c 0.2567 d 0.1977

TP

e a6

1
f(x): F-a a<x<p

0 otherwise

=2

a= -2 B=6 ¢ 75cm

433(3sf) e 2=2

a Sufficient evidence to reject H,.
Conclude that the proportion of family size sold is
lower than usual.

b Critical region Y=0o0rY =9

c 3.97%

a




ANSWERS

Examination Practice Paper

1 a

egvsang

i A named or numbered list of all members of the
population.

ii A random variable consisting of any function
of the observations and no other
quantities. Or a numerical property of a
sample.

i A statistic.

Contains only observations.

ii Not a statistic.

Contains pu.
1 1<x<5
flx) = {4
0 otherwise
3 c 11 d 3 e 1
0.3559 b 0.1694 c¢ 0.159

Any 2 from events occur

¢ independently of each other and at random

® singly in a continuous space or time

® at a constant rate.

5 to nearest day.

8 to nearest day.

22

Critical regionis X =0 or X =7

0.0607

There is no evidence to reject the null hypothesis.
The probability that a pin chosen at random is not
less than 0.15.

(=)}

N

poTw

i 0.4529 ii 0.464
Normal
f(x) 4
1 — k-
1 — 3kA
U T T T 'x
01 2 3 4
_1 11
k=7 c <
0 x<1
F(x) = x—%xz—% 1sx<3
1 x>3
1.764
It has a positive skew since the mean is the largest

‘average’.
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accidents on motorways 23
alternative hypotheses 106,
108-10, 112
answers 142-53
appendices 133-41
approximation
binomial distribution by
Poisson 28-30
normal approximations 81-90
sign 28, 120
area of trapezium 40, 42
arrangements of objects 2-3
as bad or worse 112

bias 94, 106-8
binomial distribution 1-18

binomial expansion 5

coin throws 5

conditions required 6

cumulative distribution

function 9-12, 84, 134-8

dice rolling 3-4, 13

factorial notation 2—4

hard problems 15-16

hypothesis testing 107-8,
111-13, 116-17, 119-20

index of distribution 6

mean 12-14, 28, 83, 89

model suitability 6-8, 30-3

normal approximations 81-6,
88-9, 119-20

parameters of distribution 6

Poisson approximation 28-30

Poisson vs binomial 30-3

probability 5, 9-12, 29

variance 12-14, 83

calculators
binomial probabilities 29
exponential functions 20
normal approximations 84, 87
c.d.f. see cumulative distribution
function
censuses 92-3
coin throws 5, 106-8
continuity corrections 82-7, 119
continuous distributions 68-80,
82, 88

see also normal approximations
continuous random variables 37-63
cumulative distribution
function 43-8, 54
mean of p.d.f. 49-54
mode/median 54-60
probability density functions
38-54
properties 39
quartiles 54-60
variance of p.d.f. 49-54
continuous uniform distribution
68-80
model suitability 77-8
properties 71-6
rectangular 69-71
countably infinite populations 92
critical region/values 107-9, 111,
116-22
cumulative distribution
function (c.d.f.)
binomial distribution 9-12,
84, 134-8
continuous random variables
43-8, 54
Poisson distribution 224,
113, 139
probability density functions
43-8
tables 9-12, 22-4, 134-9

dice rolling 3-4, 13
discrete distributions
approximating distributions 88
mean 49
phrase meanings 10
variance 49
see also binomial distribution;
Poisson distribution
discrete random variables 96
distributions
continuous 68-80, 82, 88
discrete 10, 49, 88
sampling 98-102
sign 120
see also binomial distribution;
normal approximations;
Poisson distribution

errors in rounding 77

exact answers 49

examination practice paper 131-2,
153

exponential series 20-1

factorial notation 2-4
finite populations 92
formulae 133, 140
binomial distribution 3, 6, 12-14
continuous uniform
distribution 73
factorial 3
Poisson distribution 20, 21

histograms 38
hypothesis testing 105-25
alternative hypotheses 106,
108-10, 112
binomial distribution 107-8,
111-13, 116-17, 119-20
critical region/values 107-9,
111, 116-22
normal approximations 119-20
null hypotheses 106-10, 112
one-tailed tests 108-11, 113-14
Poisson distribution 108, 111-14,
116, 118-20
populations 106, 108, 113
significance levels 107-9, 116-18
two-tailed tests 108-11, 113, 116

independent events 6, 24

index of binomial distribution 6
infinite populations 92

infinite series 20

interquartile range 57

levels of significance 107-9, 116-18
lower quartiles 54, 57

mean
binomial distribution 12-14,
28, 83, 89
continuous uniform
distribution 71, 73
discrete distributions 49
normal distribution 83, 86
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Poisson distribution 21, 86,
111, 113-14, 118-19
population parameters 97
probability density functions
49-54
meanings of phrases 10
median 54-60, 100
mode 54-60
motorway accidents 23
multiple choice test design 14

normal approximations 81-90
appropriate approximations
88-9
binomial distribution 81-6,
88-9, 119-20
continuity corrections 82-7
hypothesis testing 119-20
Poisson distribution 81-3, 86-9,
119-20
normal distribution see normal
approximations
null hypotheses 106-10, 112

one-tailed tests 108-11, 113-14

parameters
binomial distribution 6
Poisson distribution 20
populations 97, 106, 108, 113
p.d.f. see probability density
functions
phrase meanings 10
Poisson distribution 19-36
approximating binomial 28-30
binomial vs Poisson 30-3
conditions required 24
cumulative distribution
function 22-4, 113, 139
exponential series 20-1
hypothesis testing 108, 111-14,
116, 118-20
mean 21, 86, 111, 113-14,
118-19
model suitability 23, 24-7, 30-3
motorway accidents 23
normal approximations 81-3,

86-9, 119-20
variance 21
Poisson, Simeon 19
populations 91-104
censuses 92-3
finite/infinite 92
hypothesis testing 106, 108, 113
parameters 97, 106, 108, 113
sampling 93-7
statistics 97-102
practice paper 131-2, 153
probability 5, 9-12, 29
probability density functions
(p.d.f.) 38-54
continuous random variables
38-54
continuous uniform
distribution 71, 73
cumulative distribution
function 43-8
mean 49-54
sketching 39, 50-1, 69
variance 49-54
proportion 30-1

quadratic formula 56
quartiles 54-60

random sampling 95-7

random variables 37-63, 96, 107

randomly-occurring events 24

rate, Poisson distribution 24-5,
30-2, 118

rectangular distribution,
continuous uniform 69-71

replacement in trials 7, 96

review exercises 64-7, 126-30

rounding errors 77

sampling 91-104
advantages/disadvantages 93-4
concept 93
distributions 98-102
frame 93
simple random 95-7
surveys 93

units 93, 96
series, exponential 20-1
significance levels 107-9, 116-18
simple random sampling 95-7
single events, Poisson

distribution 24

sketching graphs 39, 50-1, 55, 69
statistics 97-102

concept 97

sampling distribution 98-102

test statistics 106, 109, 113
sum of an infinite series 20
surveys 93

tables 134-9
binomial distribution 9-12, 134-8
cumulative distribution
function 9-12, 22-4, 134-9
Poisson distribution 22-4, 139
terminology 10
test statistics 106, 109, 113
tests
hypothesis testing 105-25
multiple choice 14
one-tailed 108-11, 113-14
two-tailed 108-11, 113, 116
trapezium, area of 40, 42
trials
binomial distribution 6, 30-1
replacement 7, 96
two-tailed tests 108-11, 113, 116

uncertainty 94

uniform distribution, continuous
68-80

upper quartiles 54

variables 37-43, 96, 107
variance
binomial distribution 12-14, 83
continuous uniform
distribution 72-3
discrete distributions 49
normal distribution 83
Poisson distribution 21
population parameters 97
probability density functions
49-54
votes in elections 13



